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Summary

The Bayes estimation theory is based on the prior space, the sample space, the loss function and the

posterior distribution, etc.

In this paper we observe some loss functions which are concerned with mean, median and mode of the

posterior distribution of the parameter, and we derive, using the predictive distribution and the posterior

distribution, the retation of Bayes risks.

Introduction

Let (£2,3C,Q) be a prior space of the parameter
@ and (£ Y, Po), 8ef) be a sample space of the
Let the
distribution Q be absolutely continuous

random variable or the random vector x.
prior
with respect to the o-finite measure » defined
on ¥, and let the o-finite measure u defined on
U dominate the family of sample distributions
(Po;ﬂeﬂl.

By Radon-Nikodym theorem and Fubini theo-
rem, we can define densities relative to v or u and
the predictive distribution P* as follows;

dQ
(1.1) a(8) =3, (0),

dPO
(1.2) f(x;0)—2(x),
du

(1.3) m(x) = {, f(x:f) q(6) d(B),
(1.4) P*(A) =J, m(x)du(x) for all Ae .
And we shall define the posterior density m(-;x)

relative to v and the posterior distribution V] x 88
follows;

(1.5) m(8;x) m(x)=f(x$) a(8),
(1.6) Hx(D)=fD1r(0 X) diA8) for all De K.
In the above statements, m(x)>o and q(8)>0

for all x & and 8¢S) are regarded as to be assumed.
Then for expectations

(1.7) EQBf W (x0T S5 ¥ (x9) fxP) a®) du
(x) di(6),
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(1.8) P’ E’o‘ v (x,0)=/gf o W(x,6) m(8;x) m(x)
di(8) du(x),

the following equations are established by Fubini
theorem;
(1.9) EQE} W(x0)=E*"E® W(x ),

(1.10) EQE] g(x=EP"ES s(x)=E"" g(x),
(.11 E*"ES n(6)=EQE n(6)=E? n(o).

We shall represent the estimator of ((8) to T(x),
the loss function to W(T(x)#), it’s weight to o{6)
and the indicator function of the .set A to lA.
We shall assume, as a matter of convenience, that
T(x) is a p-measurable function defined on £,
(@) and a(@) are v-measurable functions defined
on £2, and W(T(x)#) is a (uxv)-measurable func-
tion defined on FX 2.

The Bayes riske and the Bayes estimator are
defined as follows:

Definition 1.

(1.12) 7y, (D=EQEZ W(T(x)#)

is called the Bayes riske of T(with respect to Q).
If an estimator T? which minimizes 7W(T) exists,
then TQ is called the Bayes estimator and the quan-
tity 7w(TQ) is called the Bayes risk of Q.

Theorems

The squared-erro loss, the linear loss and the
*“0-1 loss are concermned with mean, median and
mode of the posterior distribution of the parame-
ter 6, respectively.

We deal with these loss functions. And we shall
describe the relation of Bayes risks, using the pre-
dictive distribution P* and the posterior distribu-

tion ﬂx.

The following lemma is well-known [1].

Lemma 2. For the weighted squared-erro loss

function
W(T(x)$) = o(8) (T(x)-(8))? , a(6)>0,

the Bayes estimator of ¢(@) is given by

ETXx(8)a(6) ~

Qx)=
(2.1) T2(x) Fra(d)

fq AB)(0)(x H)a(B)d(#)
Jo (0)(x P)q(8)d(0).

Theorem 3. If

W(T(x) #)=ad8 )(T(x)—(6))? , a(6)>0,
T (T) <eo,

then
(3.1 Yy (D=1 (T +EP" (B al@XT0-1R(0)2.
Proof :

(3.2) 1y(T) = E2E} a(d) (T(x)-p(6))?

EP*E? a(0)(T(x)—y (6))

EP*E? a(0)(TUx)-p(9))?

+

EP'ES o(0) (T(0-T%(x))?

+

2EPE] o(0) (T(0-T20)(T %0 -t x))
= E2E} o(0) (T20)—p(0))

+ EM (S a(@XT(0)-T0))?

+ 2B (TS a(8)) (T(0)-T%(x)

— 2EP" (E® 0(0)a(8)a(6)) (T()-T(x)).

Since, on the last 6f (3.2),
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EQE} a(6) (T2 -9 (0)? =7y, (TY)
by definition 1 and
TUx) B} a(0)=E}  (8) a(6)
by lemma 2, we obtain
T D=1y (TO+EP" (B a (0)) (T(0)-Tx))?.
Corrolary 4. If

W(T(x)H)=(T(x)-6)?,
Tw(TI<e,

then the Bayes estimator of @ is given by the mean

of the posterior distribution of 8, ie.,

(4.1) TU=E"x (8),
and
(4.2) Ty (D=1 (TO+EP (10 -T))?.

The following lemmas are well-known [1].

Lemma 5.1. For the weighted linear loss func-

tion,

W(T(x)#)=a(8)|T(x)—y (6)], a(8)> 0,
if
Elx o) < oo,
EMX a(0) I(_eo, M(x)) (¢ (6))
1
<?Enx a8),
E™ a(6) l(_m’M(x)] (»(8))
1
> ;Enx ad),
then the Bayes estimator of (@) is given by

(5.1.1) TUx)=M(x).

Lemma 5.2. For the loss function

kik, K3k,
W(T(x) £ )=(8) [—2- IT(x)—p(0)]1- 5

(T(x)-
O], x(8)>0,k,>0,k,> 0,
if
Ellx o §)<oo,
k
T1 0
EMx a(6) I o Mcx)) (;p(ﬂ)){——ko . Ex af8),

ko

E™xa(8),
k, +k,

EMx a(6) (oo M(x) 6>
then
(5.2.1) TUx)=M(x).

Theorem 6. For the loss function

W(T(x)P)=a(8)IT(x)—p(8)], &(6)>0.
if
B a(f) <oo,

then
(6.1) 1y (D<A (TOEP” (B2 al0))T(x)-TR(x)).

Proof :

Tw(T)=EQE} a(6)IT(x)—4(6)|
=EP"ES a(0)IT(x) (0]
<EP*E? o0)ITUx) (0|
+EP"E® a(0)IT(x)- T(x)|
=EQE% a(@)TUX)-TA(x)!
+ EP* (B8 ao)IT(0-T0)|
=1y TO+EP " (B 0)1T0-T0)1.

Corrolary 7. If

— 153 —



46 = F 4

W(T() 9)={T(x)-6],
Ty (T) <oo,

then the Bayes estimator of @, TQ(x) is given
by the median of the posterior distribution of 8,

and

(7.1) 7y (M<py (TO+EP" 1T(x) -Tx)1.

Corrolary 8, If
kﬂ +k1 kﬂ—kl
W(T(x)f#)= 2_|T(X)—0|— 5 (T(x)-6),

K,>0,k, >0,
7w(T)<°°,

then the Bayes estimator of 8, TQ(x) is given by

the K,
k, +k

0 L

of 8, and

— fractile of the posterior distribution

* ko+kl
(B.1) 7y M=y TE" (== 1T00-T%001-

ko'kl

2—(T(x)—T°(x))1.

The following lemma can be obtained.
Lemma 9. For the weighted “0-1" loss function

if IT(x)—p(8)>€

W(T(X)#)= {:(o)
0 if [T(x)—p8)<E’

o6)>0
for arbitrary small £ >0, if

v ({8;1T(x)~p(8)I=w})=0,

Ap ¢ = (BT —p(0)I<w) NQ.

EMx o )<o0,

E™ a(0) 1,y  (O3>Ex a(6) 1, (6)

for all T, then the Bayes estimator of @(f) is given
by

(9.1) Tx)=M(x).
Proof : Let
By ¢ =0T —p(8)> € ) NG

Then from the hypotheses,

(9.2) EM W(M(x) 8)=/ ;, WM(x)#)m(8 x)d(8)

= fBM,e o(0)m(8;x)dm(f)

=Ja.ap. ¢ o0)mE:x)d6)
= E' a(6)—Ex a(py lAM.s(m’

similarly
(9.3) EMX W(T(x)9)=E"% o(8)—E™ a(0) Tap ¢ O,

and therefore
(9.4) E' W(M(x) 9)<E™x W(T(x)$).
Theorem 10. Under the hypotheses of lemma
9, if
Yo (TI<,
then

(10.1)
'yw(T)=7w(TQ)+EP*Ez a0l (0)-T,1.¢(®)]

Proof. Subtracting (9.2) from (9.3) and appling

T x)=M(x),
We obtain

EM W(T(x) ) —EM(T2(x) #)

=EMx o(0)(1 6)-1 o1,

ATQ ¢ ATg
EP"E? WTe0 9)-EP T ES w(r@(x) )

=EP"ES o®)l1, O 1aTg @)
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EQEX W(T(x)$)-EQE} W(TA()H)
- pP*po
=EFE} a0l g )Ty (O]
Therefore

1.

Q\_pP* o
1w (D=1 (T=E" E @)l g ¢ )-T,r.0

Corrolary 11, If

W(T(x)#)={ 1 if [T(x})-81>¢€

t oif IT(x)-0|1< €
for arbitrary small £>0, v is the usual measure
on =R and m(#;x) is continuous, then the Bayes
estimator of 8, TQ(x) is given by the mode of the
posterior distribution of &, and

(11.1)
Ty (D7, TO+28 B (T ) -n(T(020).
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