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SUMARY

In this paper we find to the quotient rule for the Fréchet derivative and to the general formular

of the Fréchet derivative of the rational function in a Banach space over a complex field C.

INTRODUCTION

We shall be concerned with a generalization,
due to M. Fréchet(1925) of the classical differential
calculus of real-valued functions of a real-variable.
Fréchet’s generalization of the differential cal-
culus applies to mappings of a normed linear
space X into a normed linear space Y. f Let f be
such a mapping. The derivative of at a point a
of X will be defind to be a linear transformation
T of X into Y which satisfies the following
condition; for each ¢>0, there exists §>0 such
that ||f(x)—f(a)—T(x—a)l|S£x—a whenever |lx~
4ll<8.

In (4), K.Chang and K.Hong find the product
rule for Fréchet derivative and obtain the formula
for the differentiation of polynomials in a Banach
algebra.

The purpose of the present paper is to find the
formula of Fréchet derivative of the rational
functions in a Banach algebra.

1. PRELIMINARY

This section is a collection of basic definitions

and propertiecs. We omit the prcofs of them,
which are well known(3).

DEFINITION (1.1) Let A and B be Banach
a]gebrés over complex field £, let S be a non-
empty open subset of A. Let f be a mapping of
S into B. Then the mapping f is said to be
differentiable at a point a in S if and only if
there is a linear transformation T of A into B
which satifies the following condition; for each
€ >0 there exists §>0 such that

) lif(x)=f(a)—T(x—a)llsx—all for all x in
A with ||x—ea||<8.

The mapping f is said to be differentiable on S
if and only if it is differentiable at each point
of S.

By the above definition, we cbtain the following
property.

PROPOSITION (1.1) If f is differentiable at a

point a in S then there is a unique linear trans-

formation of A into B wich satisfies the condition
™.

DEFINITION (1.2) Let f be differentiale at
a in S. The unique linear transformation of A
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into B which satisfies condition(*) is called the
derivative of f at & and is denoted by (Df ),.

The following properties of Frechet derivative
which are essential in section 2 are taken from
(4). We will state them without proofs.

PROPOSITION (1.2) (LINEARLITY) Let f and
£ be mappings of a nonemoty open subset S of
A into B that are differentiable at ain S and let
a,B in ¢. Then h=af+8 g is differentiable at
ain S and (Dh)s= a(Df)e+B(Dg)..

PROPOSITION (1.3) (CHAIN RULE) Letfbe a
mapping of non-empty open subset S of a Banach
algebra A into an open subset V of a Banach
algebra B and let ¢ be a mapping of V into a
Banach algebra C. Suppose that f is continuous
and differentiable at a in S and that g is contin-
uous and differentiable at d=f(g) in B. Then

g-f is continous and differentiable at a and (D

(&°f3)a=(Dgds"(Df Ja.

DEFINITION (1.3) (1) L: denotes the left-
multiplication mappings in a Banach algebra A
such that L.(z)=xz for all z in A

(2) R: denotes the right-multiplication mapp-
ings in a Banach algebra A such that R.(;)=for
all z in A.

(3) M, denotes the multiplication mapping in
a commutative Banach algebra. Note that if A is
a commutative Banach algebra then L:=R:= M-

PROPOSITION (1.4) (PRODUCT RULE) Let
Abe a Banach algebra (we do not require that A
be commutative) and let f and g be mappings A
into A itself. Suppose that f and g are continuous
and differentiable at a in A. Then A(x)=f(x)-
g(x) is continuous and differentiable at a in A
and (Dk)s =Lycer(Dg)s+ Recaro(DS Je.

PROPOSITION (1.5) Let A be a Banach alge-
bra. Suppose that f is a mapping of A into A
itself such that f(x)=x*(» is a natural number).

1
Then f(x) is differentiable at a in A and(Df ).=2':“.)
iz
Lin—j—1R.j.
In particular, if A is a commutative Banach
algebra, then (Df),=nM,n—1.

PROPOSITION (1.6) Let A be a Banach alge-
bra. Suppose that f is mapping of A into A such
that f(x)=ape+a,x+-+ayx® for all x in A and
for all g; in € (1=0,1,---,m).

Then f(x) is differentiable at a in A and

D=5z a3 (Lan—i=1" Ral.

2. THE FORMULA FOR THE DIFFERE-
NTIATION OF THE RATIONAL
FUNCTIONS

The purpose of this section is to find the for-
mula for the Frechet derivative of rational

functions.
The following lemma is an easy consequence of
the general theory of Banach algebra.(2)

LEMMA (2.1) The group U of invertible
elements in a Banach algebra A is an open subset.
Specifically, if x in U then {y|lly—xIi<lix*|I"*}
clU.

LEMMA (2.2) If z is in A, q isin € and llezl}
&1 then e—az is invertible. Clearly, the sequence
ye=e+az+(az)?+ - +(ez)* ! converges to a limit
y—usually, one writes y=§(az)"(the convention
is that 2%=¢)—and one has (e—az)y=y (e—az}
=e¢. Thus e—az is invertible, with inverse (e—
az) ‘= E (az)". v

Moreover |[(e—az) '|S1/(1—[lazll).

Now, we introduce one of the main results of
this section.

THEOREM (2.1) Les A be a Banach algebra

and let U be the set of all invertible elements
in A. Suppose that f is a mapping of U into A

— 256 —



Fréchet derivativ of the rational fundions in a Banaeh Space 3

such that /(x)—x"*. Then f(x) is differentiable
at a in U and (Df)e=R.,—1:L,—1.

PROOF) Let x(tllit—allSlla*-*/2} and ecU.
Then a+0,a 0, thatis, |la)l>0, lla-'|I>>0. And,
by lemma (2.1), xis invertible.

Hence |le—a txll=lla~)slla )| la—=xli<1/2. By
lemma (2.2), ll(a!x)"Y|S1/(1~lle—a 'sl)$2,
and therefore

xt=llx"'ada YIS llx all lla- ' s2lle!).

Thus ||x*{|<2lla"!|} whenever lix—allS|la-'fj-1/2.
Lete<0 be given. Then there exists §=min{||la"*
-'/2,lla"%|-3/2) such that {|x'—a '+ R.,—1L,—
1x-aislla ]l I(e—x)x4+(x—a)a !l slla|l
ix—all llx'(a —x)a | S2]la ' P)lx —al2 S €]lx—all
Whenever |lx—all<8 and (x|llx—all<8}c{x|llx
—allSlla~t)j-t}.

Hence, we obtain that f(x) is differentiable at
ain U and (Df )sy=R.,—1-L,-1

REMARK; If & is a non-zero complex: variable,
then the limit

1.12’1 ((x+he)-*—x*)/h exists and is equal to
~(x "2

By THEOREM(2.1), we have the following
result. ' s

SHEOREM(2.2) Let A be a Banach algebra and
let U be the set of all invertiable elements in A.
Supppse that f is a mapping of U into A such
that f(x) *(» is an arbitrary natural number).
Then f(x) is differentiable at a in U and (Df),

=§§,(R.,—n+j-L.—j—l).

(PROOF) It follows from PROPOSITION 1.4
that f(x)=x"" is differentiable at a in U. We

shall prove that (Df).:fz:(k..—nw-L,—j—l)
=

by mathematical induction on »#. Let =1, Then
the theorem is obvious by THEOREM(2.1).

Assume that the theorem holds for s=4. For n=
k+1, let f(x)=xb-1=g(x)h(x) where g(x)=x"%
and A(x)=x"%. Then, by product rule, (Df),=

(D(gh))a=Lgts>*(Dh)a+ Rucar*(Dg)e= Le—k(R.,
—1.L,~1) +R.—1-)::;_.:L,—j—l-R.-—lt+J')=§L,
—j—1eRs—k+j5+1 which completes the proof or
this theorem,

COROLLARY(2.3) Let A be a Banach algebra
and let U be the set of all invertible elements
in A. Suppose that f is ¢ mapping of U into A
such that f(x)=ayx*+ay.,x* "+ +ape+bx '+
bmx™(m, n are arbitrary natural numbers).
Then f(x) is differentiable at a in U and (Df),

o i- 'S
=320,(F Lai—j—1+Raf) +Tobi(oLa— k+1+R,
=1 j=0 . A=s 1=Q
—1-1).

COROLLARY (2.4) Let A be a commutative
Banach algebra and let U be the set of all inver-
tible elements in A. Suppose that f is @ mapping
of U into A such that f(x)=a,x*+ax- (X" '+ +
age+b,x" 1 +--+bux™ (m, n are arbitrary natural
numbers), Then(Df )=

_Z-lia.M,.z'—l-h::_.‘l‘ kbaM.o—k—1.

Using the above results, we obtain easily the

following theorem.

THEOREM(2.5) (QUOTIENT RULE) Let A be
a Banach algebra and let U be the set of all
invertible elements in A. Suppose that f is conti-
nuous and differentiable mapping of A into U
and g is continuous and differentiablé mapping of
U into A such that g(x)=x"*. Then(D(1/f))e=
(D(gf Na=L-gar—=1Rycey—1+(Df Jo.

COROLLARY(2.6) Suppose that f is continuous
and differentiable mapping of A into B and g is
continuous and differentiable mapping of A into
U. Then (D(fg *))e=L-siargter—1*Rptar—1+(Dg)e
+ Ryar—1(Df),.

COROLLARY (2.7) Suppose that f(x)=axx"*
+ay-,x* 14 +ape and g(x)=b..x""+b...x""+-~-
+b&oe are mappings of A into A and g(a) is inve-
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rtiable. Then (D(fg 1))e=L(Gxa*+++++0e)(bma™
S

» i-1
R-(bﬂn"'+---+boc)—l°zbi (Z Lai"‘].—‘l’Raj)+
i=1 i=0

Ld i-1 . . .
Reppa®seeispger—1e Z—. a; }j:ol' Li—j—1+R,j.
i= = .

In fact, we have well known the fundamental
theorem of algebra, that is, f(x)=axx"+ae-1%"*
++-+age has a factorization f(x)= @.(x—o;)(x
—atg)--(x—0ty) With a; in £ where the factors
x—a; are uniquely determined up to a permuta-
tion.

Using this property, we obtain the following
results,

LEMMA (2.3) Let A be a Banach algebra and

let x be in A. Then(x—ae)(x—Be)=(x—Be)(x
—ae) for all &, 8 in £.

PROOF) For all a,8 in £, (x—ae)(x—Be)=xt
—oax—PBx+afext—Bx—ox+PBoe=(x—LBe)(x—ae).
LEMMA (2.4) Let f(x)=axx"+Gg-1x" 1+ oo+
a¢e. Then there exist complex numbors o, &y, +=+
oy such that f(x)=a,(x—a,e)(x—otze) - (x—ctue)
By the above LEMMA, we Obtain the following

theorem.

THEQREM (2.8) If f(x)=as(x—0e)(x—atze) -
(x—aee) then
wr )-="é=l apMy(y,j» where we define T(n, )=
'fl'(a—a.-c) and TT(a—at;e)=1-
i=1 iS¢
i*y

PROOF) We prove this by induction. It is
obvious for the case #=1 by the (Df ).=éa;M,-
th=ap1=ap. We assume that it holds for the
case #—1. Let f(x)=as(x~ox;e)(x—atze)--(x—
ose)=g(x)h(z) where g(x)=a3T(m,n—1) and
h(x)=(x—ame). Then (Df)=(D(gh))e=Myt>*
(DhYa+ Micar*(Dgda=asMrcn-1,0+ Mia-ayor® %a,

Mrwo1,y  which completes the proof of this

theorem.

On the other hand, we have well known the
following property; if ,3, ---n, are distinct elem-
ents of &, then there exist ¢,,4s, -, ax in £
such that 1/(x—ot;)(x—0tz)-+(x—ata)=a,/(x—t,)
+a2/(x—ctp)+++ +au/(x—0y).
method, we have the following lemma.

Using the same

LEMMA(2.5) Let a,, oz, +++, 0ty be distinet ele-
ments of £ and let (x—a;e), (x—ctse), -+, (x—txe)
be invertible elements in Banach algebra A. Then
there exist elements @,,as, -+, a5 in £ such that
1/0(x—atie)(x—tze)-+- (x—0txe) 1= a,/x—ctie) +as/
(x—aze)+as/(x—otxe).

By LEMMA(2.2), we obtain that x—ae(+0) is
invertible in llxl<a and (x—ae)"=—a§’ (o

-1x)". Therefore, we have

COROLLARY (2.9) If f(x)='fl;(x—a,e) has »
distinct roots, o,’s are non-zero comlex numbers,
Iet a=min[ Ial's |a2|x "t {aﬂl ] and "x"<al then
there exist ay, @z, *-+, -+, @y in £ such that f(x) =

3= a(x—aie) =1 (- a(e .
= J= =

THEOREM (2.10) Let f@)*:é >";: (—a;ot)

(i), Then (Df () o= (Eo(~ae8) 2
Lii—k—1+R.k).

In the preceding discussions, we have derived
the formula of the Frechet derivative for rational
functions.

The author wishes to express his hearty thanks

to Professor KUN SO0 CHANG for his valuable
advices.
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