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ZADEH’S EXTENSION PRINCIPLE FOR TWO
NON-POSITIVE TRIANGULAR FUZZY NUMBERS

Hyun KiMm

ABSTRACT. There are many results for fuzzy expansion operations based on
Zadeh’s expansion principle. In particular, many results of extended algebraic
operations between two triangular fuzzy numbers are well known. We calculate
a max-min composition operator for two non-positive triangular fuzzy numbers.

1. Introduction

Traditional logic is either true or false. Which element belongs to which set? Or
does not belong? Dichotomous set theory actually represents only a part of our lives.
In order to express the characteristics of uncertain and complex life better, we need
a more extended logic concept and an extended proposition concept. Fuzzification
plays an important role in solving this problem. So as a solution to this problem,
Zadeh introduced a fuzzy set in the early 1960s. It is not limited to two cases where
an element belongs to a particular set or does not belong to a particular set. The
term ”membership function” is used to denote a real number corresponding to the
degree of truth that falls between the elements of the closed interval [0, 1] ([2], [5],
[6]). In fuzzy set theory, various types of operations between two fuzzy sets have
been defined and studied. Consider the case where several variables are mutually
combined by some function or relationship. At this time, Zadeh introduced the
principle of expansion on how to define the output variable when the fuzzy set
is defined for each variable and the relationship between input and output being
clearly given. There are many results for fuzzy expansion operations based on
Zadeh’s expansion principle. In particular, many results of extended algebraic
operations between two triangular fuzzy numbers are well known ([1], [3], [4]).

In this paper, we calculate a max-min composition operator for two non-positive
triangular fuzzy numbers.

2. Preliminaries

Let X be a set. A classical subset A of X is often viewed as a characteristic
function pa from X to {0,1} such that pa(zx) =1ifz € A, and pa(z) =0if x ¢ A.
{0,1} is called a valuation set. The following definition is a generalization of this
notion.

DEFINITION 2.1. A fuzzy set A on X is a function from X to the interval [0, 1].
The function is called the membership function of A.

Key words and phrases: max-min compositional operator, non-positive triangular fuzzy numbers.



2 Hyun Kim

Let A be a fuzzy set on X with a membership function p4. Then A is a subset
of X that has no sharp boundary. A is completely characterized by the set of pairs
A ={(z,pa(x)),x € X} elements with a zero degree of membership are normally
not listed.

DEFINITION 2.2. The set A, = {x € X|pa(x) > a} is said to be the a-cut of a
fuzzy set A.

DEFINITION 2.3. A fuzzy set A on R is conver if pa (Axy+ (1 —N)z2) >
min(uA<1'1),MA<$2>), Vri,z2 € R, VA€ [0, 1]

DEFINITION 2.4. A convex fuzzy set A on R is called a fuzzy number if

(1) There exists exactly one x € R such that pa(x) =1,
(2) pa(z) is piecewise continuous.

DEFINITION 2.5. A triangular fuzzy number on R is a fuzzy number A which
has a membership function

Oa r<ap, a3 S z,
T—a

MA(:B) = ag—a117 ap < < ay,
az—x

w02 <z <as.

The above triangular fuzzy number is denoted by A = (aq, az,a3).

DEFINITION 2.6. The addition, subtraction, multiplication, and division of two
fuzzy numbers are defined as

1. Addition A(+)B :

pa+)B(2) = sug)_ min{pa(x), up(y)}, x € A,y € B.
z=x+y

2. Subtraction A(—)B :

pa—yp(z) = sup min{pa(z), us(y)}, v € A,y € B.

z=x—Yy
3. Multiplication A(-)B :

payp(z) = sup min{pa(z),up(y)}, r € A,y € B.

z=xy
4. Division A(/)B :

IUA(/)B(Z) = SU.}T/) mln{,uA(x):,uB(y)}a UAS Aay € B.
z=x/y

REMARK 2.7. Let A and B be fuzzy sets and A, = [aga),aéa)] and B, =

[bga), bga)] be the a-cuts of A and B, respectively. Then the a-cuts of A(+)B, A(—)B,
A(+)B and A(/)B can be calculated as follows.

(1) (ACH)B)o = Aa()Be = o) 47, o) 447
(2) (A(=)B)a = Aa(—)Ba = [a§a<> b(;*)),a(ga) ()blaz]S (@) (@) (@)
(3) (A(>B)a - Aa()Ba = [min(ala bla 7a1a b2a )a2a bla 7a2a bQQ )7
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(@) o, o )]
(4) (A(/)B)a = Aa(/)Ba = [min(al® /61, ai™ /b5, al™) /08, a5 b5,
max(ay® /01”, ai /5™, ag™ /3™, a5 165,
EXAMPLE 2.8. For two triangular fuzzy numbers A = (1,2,4) and B = (2,4,5),
we have
1. Addition : A(+)B = (3,6,9).
2. Subtraction : A(—)B = (—4,—-2,2).
3. Multiplication :

0, r <2, 20<z,
pagp(e) =4 222 2<a <8,
TVt 8 < g < 20.

Note that A(-)B is not a triangular fuzzy number.

4. Division :
0, T < %, 2 <z,
5z—1 1 1
paB(®) =< Z3r: 5T <3,
—x+2 1
z+1 7 2 S T < 2.

Note that A(/)B is not a triangular fuzzy number.

3. Main results

Let a,b,c,p,q,r be six positive real numbers. Consider two triangular fuzzy
numbers A = (—a, —b,c) and B = (—p,q,r). Let —a < —p and agal) = bgw) =0.
The results of a max-min composition operator for two non-positive triangular fuzzy
numbers A and B are divided into 8 cases.

CASE1l: a; >asandc>r

Note that
0, r<—a, c<u,
MA(x): ﬁ(ﬂ?‘f‘d), —a < x < —b,
ﬁ(c—x) -b<z<ec,
and
0, r<—p, r<u,
,LLB(..’L‘) == qurp(l‘+p)a fp§x<q,

T_q(r—a:) g<z<r.



4 Hyun Kim

Let A, = [aﬁ‘“), aga)} and B, = [bga), bga)} be the a-cuts of A and B, respectively.

Since o = ag:i;ra and o = C_Ci%a>, we have
Ay = [al?, a8 = [ala — b) — a, —a(c + b) + .
Similarly,
By = [0,05] = [alg+p) — p, —al(r — ) + 7).
1. Addition :

By the above facts, Ay (+)Bo = [aga) + bga),aéa) + béa)] =la(a—b)—a+alqg+
p)—p, —a(c+b)+c—a(r—q)+r]. Thus pa)p(z) = 0 on the interval [~a—p, c+7]°
and pa(4y5(q — b) = 1. Therefore,

0, r<c+r, —a—p<uz,

T+a+p o _
pacr)p(z) =4 abrgrpr G- PST<g-b

%, g—b<z<c+r.

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :

By the above facts, A,(—)B, = [aga) - bga),aga) — bga)] = [a(a—b) —a+ a(r —
q)—r, —a(c+b)+c—al(q+p)+p]. Thus pa—)p(x) = 0 on the interval [~a—r, c+p|°
and pra(—yp(—b — q) = 1. Therefore,

0, r<c+p, —a—r<uz,
rta+tr o ko
MA(—)B(J:) = a—b+r—gq’ a—r<r<-=b-g,
iy T0m4STScp

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) oy < @ <1
By the above facts,

Aa()Bo = [at”) - 557, af - 5]
= [(a(a = b) = a) - (=a(r = q) + 1), (~alc+b) + ) - (alg +p) ~ p));

Thus pacyp(r) = a1 at © = (a1(a —b) —a) - (—a1(r —q) +r) and 2 = (—ai(c+
b) +c) - (a1(q+p) —p) and pacyp(—bg) = 1. Therefore,

ag—2ar+rb— \/(—aq—Qar—rb)z —4(—ag+bg+ar—br)(ar+x)
2(—aq+bg—ar—>br) ’

ai(a—b) —a) - (—ai(r —q) +7) <z < —bg,

bp+eptbgtcat/(—bp—cp—cq—pc)? —4(bp+cp+ba+cq)(cpta)
2(bp+cpt+bg+tcq) )

—bg <z <(—ai(c+b)+c) (a1(qg+Dp)—Dp).

,UA(~)B($) =
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(2) s < a< g
By the above facts,

408 = -l )
=[(ala=b) —a)- (—a(r—q) +7),(-alc+b) +¢) - (—a(r —q) +r)].
Thus pacyp(r) = az at z = (az(a —b) —a) - (—az(r —q) +r) and z = (—az(c+

b)+c) (—az(r—q)+7) and payp(z) = a1 at © = (a1(a—b) —a) - (—ai(r—q) +r)
and x = (—ai(c+b) +¢) - (—as(r — q) + r). Therefore,

( aq—2ar+rb— \/(—aq—Qar—rb)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

(a2(a—b)—a) (—ao(r—q)+r) <z
<(aq(a—b)—a)  (—ai(r—q)+r),

—cq+rb+rc— \/(—cq+cr—rb—7“c)2 —4(—bg—cq+br+cr)(—cr+z)
2(—bg—cq+br+cr)

(—ai(c+0b)+¢c)-(u(g+p) —p) <=w
\ < (—ag(c+b)+c¢) (—az(r—q)+r).

MA(-)B(SU) =

B)0<a<a
By the above facts,

Au()B = [ 6, o 1)
=[(a(a—b) —a)- (—a(r —q) +r),(—alc+b) +c)- (—a(r —q) +7)].

Thus pracyp(z) = 0 on the interval [—ar, cr]” and payp(z) = oz at & = (az(a —
b) —a) - (—az(r—q)+7r) and 2 = (—az(c+b) + ¢) - (—az(r — q) + r). Therefore,

aq—2ar+rb— \/(—aq—2ar—rb)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

—ar <z < (ag(a—0b) —a)- (—as(r—q)+7r),

—cq+rb+re— \/(—cq—l—cr—rb—rc)2 —4(—=bg—cq+br+cr)(—cr+z)
2(—bg—cq+br+cr) ’

(—ao(c+b)+c¢) - (aa(g+p)—p) <z <cr

MA(-)B(CL’) =

There is a case like this, or the following. By the above facts,

Aa()Bo = [ - 557, af - i)
=[(a(a—b) —a) - (—a(r—q) +7), (ala = b) = a) - (alg +p) — p)].

Thus pi4¢yp(x) = 0 on the interval [—ar,ap]” and payp(z) = a2 at © = (az(a —
b) —a) - (—as(r —q)+r) and x = (az(a — b) —a) - (a2(q + p) — p). Therefore,
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aqg—2ar+rb— \/(7111172117"7'%)2 —4(—aq+bg+ar—>br)(ar+zx)
2(—aq+bg—ar—br) )

—ar <z < (az(a—b) —a) - (—aa2(r —q) +7),
2ap+aq—bp—+/(—2ap—aq+bp)>—4(ap—bp+aq—bq)(ad—x)
2(ap—bp+aq—>bq) ’
(az(a—b) —a) - (a2(¢+p) —p) <z < ap.

MA(~)B(x) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.

4. Division : (1) oy <a <1
(@) (@

By the above facts, Ay (/)Ba = [Z(IT)’ Z?—a)} = [3%;;;3:;, :géffg%ii] and pa(yp(z) =
1 2

ate= % and x = %’ “A(/)B(_?b) = 1. Therefore,
pr—a (a1 (a—b)—a) b
/Mmﬂ@{(ﬁmﬂww (arlatp)—p) =% =55
| —rate =b (zou(etb)+e)
(g—r)ztetd 7 ST S Sait—aoEn)

(2) as <a<m

By the above facts, Ay (/)Ba = <ﬁ ﬁ): <a(a_b)_a _a(c+b)+c> and g (z) =
P o b7 b algtp)—p’ algtp)—p A(/)B

a1 at x = % and = = %. Therefore
pr—a o (c1(a—b)—a)
/mmﬂ@—{(wmwmm’ %0 < < Gylgrp)-p)”
B pr+c (—a1(ct+b)+e)
(a+p)z+ctb’ (a1zq+p)—p) <z <00

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.1. Let A = (—5,—4,6) and B = (—1,2,4) be triangular fuzzy
numbers, i.e.,

b9 >0, <0, M >0, b =0, a>a, a >0

For
0, r< -5, 6<uxa,
pa(x) =< z+5, -5 <z < —4,
e+ 3, —4<e<6,
and
0, r<—1, 4<u,
up(z) = %:c—i—%, 1<z <2,

—3x+2, 2<z<A4,
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we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [a(a), (a)] and B, = [bga), béa)].

(@)
Since a = a( )45 and a = —%—+3 wehave A, = [a ga) ga)] = [a—5,—10a+6].
o = [0, 65M] = B — 1, -2 + 4].

. b( )
Since o = L

(1) Addition :

By the above facts, A, (+)Ba = [a3 (@) 4 b(a) (a) + béa)] = [da — 6, —12a + 10].
Thus pia4yp(z) = 0 on the interval [ 6, 1()] and pa)s(r) =1at z = —2. By
the routine calculation, we have

ganda:—

0, r<—6, 10 <z,
pansle) =4 je+3,  —6<z<-2
—Hr+3, —2<z <10,
ie., A(+)B = (—6,-2,10).
(2) Subtraction :
Since Ay (—)Ba = [a; (e) b(a) b(a)] [3a—9, —13a+7], we have p4(—yp(x)

= 0 on the interval [-9,7]¢ and ,uA(_)B( z) =1 at x = —6. By the routine calcula-
tion, we have

0, r< -9 T<ux,
pa—yB(x) = %:c + 3, -9 <x< -6,
—%3:54-113, —6<2x<7,
i.e., A(—)B = (=9,-6,7).
(3) Multiplication : (i) 2 <a <1

Since Ao (-)Ba = [\ -5, al™ - b)) = [=2a2 + 14a — 20, —30a2 + 28a — 6],
payB(— 308) = % and payp(z) = 1 at 2 = —8. By the routine calculation, we
have

7—/9—2z 308
pacys(T) { . T s=TeS
14++/16—30z

(i) $ <a<?
)

Since Aq(-)Ba = [al® - b ol . 5l = - 2a + 14a — 20,2002 — 52a + 24],
paoyp(®) =4 at z = —%, %0 and pacyp(e) =2 at x = —%,O . By the routine
calculation, We have

7—V9—2x 140 308
pac)s(x) ; SN
) 13—\/1%9+5z, 0<a<8
(iii) 0 < <
Since Aa(-)Ba = [al® - {7, al™ - b{] = [~2a2 + 14a — 20,2002 — 520 + 24,

_10 80 gy

pacys(z) =0 on the 1nterval [ 20 24]° and payp(z) = 5 at o = —13°, 80

the routine calculation, we have
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@) { TSI 90 <z < MO
HAOBW) =3 13- vaorse  so
Thus A(+)B is not a triangular fuzzy number.
(4) Division : (i) & <z <1
(@) (@
Since Aal/)Ba = (27, %)= [£55, 225501, (o) = 5 at o = ~4,0

and payp(x) =1at z = —2.
(i) 3 <z < 35

(@ @
Since Aa(/)Ba:(al ay ) a=5 —10a+6

(30171, Yo ), by the routine calculation, we

have
:_?>3§c_—517 —oo<£L‘<—171>
B =8 U<zp<-2
,UA(/)B(x)_ 21:907:53’ —2<x<0,
IS

Thus A(/)B is not a triangular fuzzy number.

CASE2:ai=asandc>r

Note that
0, r< —a, c<ux,
pa(z) =4 5@ +a), —a < x < —b,
(e —a), ~b<z<ec
and
0, < —p, r<ux,
pp(x) = ﬁ(@"‘i‘p)a —p<x<gq,
1
fq(q—l“)v q<x T
We calculate exactly four operations using a-cuts. Let A, = [aga),aéa)} and
(a)
B, = [bﬁ“),bg‘l)] be the a-cuts of A and B, respectively. Since a = ala_Jbra and
e
o= CC+2b , we have
Ao = [ai",a5"] = [a(a = b) — a,—a(c+b) + cl.
Similarly,

By = b\, 5] = [a(q +p) — p, —a(r — q) + 7.

1. Addition :
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By the above facts, Ay (+)Bs = [aga) + b@,aé”" + bé“)] = [a(a—b) —a+a(qg+
p)—p, —a(c+b)+c—a(r—q)+r]. Thus pys4)p(z) = 0 on the interval [—a—p, c+7]°
and pa(4)8(q — b) = 1. Therefore,

0, r<c+r, —a—p<ue,
r+a+p
par)B(z) = § abtgipr G PST<g—b
;’gjjtz, g—b<z<c+r.

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :

By the above facts, A,(—)B, = [aga) - bga),aéa) — bga)] = [a(a—b) —a+ a(r —
q)—r, —a(c+b)+c—al(q+p)+p]. Thus pa—yp(x) = 0 on the interval [~a—r, c+p|°
and pa—yp(—b— q) = 1. Therefore,

0, z<c+p, —a—r<z,
r+a+r
pap@) ={ SEt, —a-r<z<-b—g
—z+c+p

cHbrqrpr 0TSz Sctp.

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) ¢y < <1
By the above fact,

Aa()Ba = [af™ - b5, a5 - bi))
= [(aa—b) —a) - (—a(r — q) +7), (—alc+b) +¢) - (alq +p) — p))-

Thus pacyp(r) = a1 at 2 = (a1(a —b) —a) - (—a1(r —q) +r) and 2 = (—ai(c+
b)+c) - (a1(g+p) —p) , pac)s(—bp) = 1. Therefore,

aq72ar+rb7\/(faqf2a'r7bp)2 —4(—aqg+bg+ar—br)(ar+z)
2(—ag+bg—ar—br) ’

ai(a =b) —a)- (—ar(r —q) +7) <z < —bg,

bp+cp+betce+ \/(7b;ufcpfcq7;z)c)2 —4(bp+cp+be+tce)(cp+x)
2(bp+cp+bg+cq) ’

—bg <z < (—ai(c+b)+¢)-(ar(q¢+p) —p).

HA(~)B(93) =

2)0<a<am
By the above fact,

Aa()Ba = [a{™ - b5, a5 - 5]
=lala—0b)—a) - (—a(r—q)+7r),(—alc+b)+c) (—a(r—q) +r)].

Thus pia¢yp(x) = 0 on the interval [—ar, cr]® and pacyp(z) = o1 at & = (o1 (a —
b) —a)  (—ai(r—q)+r)and z = (—ai(c+b)+¢) - (—ai(r — q) + ) . Therefore,
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ag—2ar+rb— \/(—aq—2ar—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) )

—ar <z < (a1(a—0b)—a)  (—ai(r—q)+r),

cqfchrerr'r‘cf\/(fcq+crfrbfrc)274(qufcq+bf+cr)(fcr+w)
2(—bg—cq+bf+cr) )

(—ai(c+b)+c)- (aa(g+p) —p) <w <cr

MA(.)B(ZL‘) =

There is a case like this, or the following. By the above fact,
Aa()Ba = [0 -5, 0 - b))
= [(ala —=b) —a)- (—a(r —q) + 1), (aa —b) —a) - (a(q + p) — p)].

Thus pia¢yp(x) = 0 on the interval [—ar,ap]® and pacyp(z) = a1 at © = (g (a —
b) —a)-(—a(r—q) +r) and z = (ay(a — b) — a) - (a1 (q + p) — p) . Therefore,

aqg—2ar+rb— \/(faqf2a7‘fbp)2 —4(—aq+bg+ar—>br)(ar+zx)
2(—aq+bg—ar—>br) ’

—ar <z < (ap(a—0b)—a)  (—ai(r—q)+r),

2ap+aq—bp—+/(—2ap—ae+bp)®—4(ap—bp+aq—bg)(ap—x)
2(ap—bp+aq—bq) ’

(u(a—=0b) —a)-(ai(g+p) —p) <z <ap.

/‘A(~)B(x) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.

4. Division : (1) oy <a <1

() g{ —b)— —a(ctb)+
By the above fact, Ay (/)Ba = <Z§1—a), Zg—m} = (Ezggﬂg_zg, ((_z((:_quri)) and p1a())p(z) =

1latx= _Tb' Therefore,

__pz—a =b
pacys(x) = { @rpo—(a—p ~R<TS
- —rx+ )
G retersr ¢ =20

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.2. Let A = (—5,—4,4) and B = (—1,1,2) be triangular fuzzy
numbers, i.e.,

b9 <0, v >0 M >0, b =0, a=ay a >

For
0, r< -5, 4<ux,
pa(x) = x+5, —5H<x < —4,
—§r+g, —4<w<d,
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and

0, r<—1, 2<u,
pe(z) =< jz+3, -1<z<l,
— 42 1<z<2,

we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), aga)] and B, = [bga), bga)].
Since o = aga) +5and a = —a%:) + 3, we have A = [aga), aga)] = [a—5,—8a+4].
Since a = % 4 L and o = —b5 + 2, By = 0,08 = 20 — 1, —ar + 2).
(1) Addition :

By the above facts, Ay (+)Bas = [a&“) + bga),aéa) + bga)] = [Ba — 6,—9a + 6].
Thus pa(4)p(z) = 0 on the interval [—6,6]° and ps4yp(z) =1 at x = —3. By the
routine calculation, we have

0, r<—6, 6 <ux,
pa)B(T) = %Hf + 2, —6<z< -3,
—sr+3, —3<z<6,

ie., A(4+)B = (—6,—3,6).

(2) Subtraction :

Since Ay (—)Ba = [a@ —bé‘”, aga) —b§“)] = [2a—7,—-10a+5], we have 15— p(z)
= 0 on the interval [-7,5]¢ and p4s(—yp(z) = 1 at = —5. By the routine calcula-
tion, we have

0, r< =7, d5<u,
,U,A(_)B(CC): %x—i—%, —7<x <=5,
0%+ 3, —H<a<H,

ie., A(—)B =(—-4,-2,2).
(3) Multiplication : (i) § <a <1

Since Ao (-)Ba = [a{™ - b al® 5] = [—a2 + Ta — 10, —16a2 + 16a — 4],
pacys(T) = % at x = —%7,() and payp(r) = 1 at © = —4. By the routine
calculation, we have

77_@, —%7 <z <-4,
pacy(T) = { 25 _4<g<o
(i)0<a<i
Since Ay (-)Bo = [aga) : bga),aga) : bga)] = [-2a? + l4a — 20,8a% — 20« + 8],

fracyp(z) = 0 on the interval [—20,8]° and pa)p(z) = & at @ = —2,0 . By the
routine calculation, we have

@) == 90 <z < -2
HA()B\T) =
b=Vt g<z <8

4
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Thus A(-)B is not a triangular fuzzy number.
(4) Division : (i) 1 <z <1

. al® al™

Slnce Aa(/)Ba = (bgT), béT)
routine calculation, we have

| = (2‘:;_51, %], pays(x) =1at x = —4. By the

x—5

51, —00<x < —4,
has(e) = { 25:847 —4 <z <0.
Thus A(/)B is not a triangular fuzzy number.
CASE3: a1 <asandc>r
Note that
0, r<—a, c<ux,
pa(z) =4 (@ +a), —a <z < —b,
Cleb(c—a:) —b<z<cg,
and
0, r<—p, r<u,
up(r) = $($+P)a —p=<z<gq,
r%q(r —x) g<z<r.

We calculate exactly four operations using a-cuts. Let A, = [aga),aéa)} and
B, = [bga),bga)] be the a-cuts of A and B, respectively, Since o = ag:ita and
o= C;iéba) , we have

Ao =01, a5"] = [a(a — b) — a, —a(c+ b) + d.
Similarly,
Bo = B, 05 = [alg+p) —p,—a(r — q) + 7).

1. Addition :

By the above facts, Ay (+)Ba = [aga) + bga),aéa) + béa)] = [a(a—b) —a+a(qg+
p)—p, —a(c+b)+c—a(r—q)+r]. Thus pys4)p(z) = 0 on the interval [—a—p, c+7]°
and pa4)8(q — b) = 1. Therefore,

0, r<c+r, —a—p<ue,
r+a+p
panB(t) =4 aprgrp G- PST<q-b
g, g—b<z<ctr

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :
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By the above facts, A,(—)B, = [aﬁ‘” - bga),aéa) — bga)] = [a(a—b) —a+ a(r —
q)—r, —a(c+b)+c—al(q+p)+p]. Thus pa—)p(x) = 0 on the interval [~a—r, c+p|°
and pa—yp(—b— q) = 1. Therefore,

0, r<c+p, —a—r<uz,
z+a+r
pap@) ={ SEt, —a-r<z<-b—g
—z+tc+p

cHbrqrpr 0TSz Sctp.

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) as < o <1
By the above fact,

Ao()Ba = [l - B, 0 . @]
=[(a(a—b)—a)-(— (r—q) +7),(—alc+b) +0) - (alg+p) —p)]

Thus pac)p(r) = az at © = az(a —b) —a) - (—ae(r —q) +r) and = (—az(c+
b) +c¢) - (a2(q+p) —p) , pa¢)p(—bp) = 1. Therefore,

aqg—2ar—+rb— \/(*0@*20,7‘*171))2 —4(—aq+bg+ar—br)(ar+z)
2(—ag+bg—ar—br) ’

ag(a —b) —a) - (—aa(r —q) +7) <z < —bq,

bp+cp+be+ce+\/( bp—cp—cq—pc)?— 4(bp+cp+be+ce)(cp+x)
2(bp+cp+be+-ce)

—bg<x<(— ag(c+b)+c)~(a2(q+p)—p).

HA(.)B(»’U) =

(2) a1 <a<a
By the above facts,
Aa()Ba = a1 - 057, 0y - 4]
= [(ala =b) —a) - (=alr —q) +7),(a(a —b) —a) - (g +p) = p)].
Thus pacyp(z) = a1 at © = (o b)—a)-(—ar(r—q)+r) and 2 = (a1(a—b) —

(a—
a)-(a1(qg+p) —p) and payp(z) = az at © = (az(a —b) —a) - (—az(r —q) +r) and
x = (—ag(c+b)+c) (az(q+ p) — p). Therefore,

aqg—2ar+rb— \/(—aq—2a7’—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

ar(a—b)—a) - (—au(r—gq)+r)<uz
< (az(a—b) —a) - (—aa(r—q) +r),

2ap+ag—bp+y/(—2ap—ae+bp)® —4(ap—bp+ag—bg)(ap—z)
2(ap—bp+aq—bq) )

(i(a—b) —a)- (ai(g+p)—p) <=z
< (—az(c+b) +c) - (aa(q +p) —p).

pacys(x) =
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B)o<a<am
By the above facts,

Aa()Ba = [a{™ - b5, a5 - 5]
= [(aa —b) —a) - (~a(r — q) +7), (~a(c+b) +¢) - (—alr —q) +7)].

Thus pia¢yp(x) = 0 on the interval [—ar, cr]® and pacyp(x) = o1 at & = (oq(a —
b) —a)-(—a1(r—q)+r) and x = (—ag(c+b) + ¢) - (—aa(r — q) + r). Therefore,

aqg—2ar+rb— \/(—aq—2a7’—bp)2 —4(—aq+bg+ar—>br)(ar+zx)
2(—aq+bg—ar—>br) ’

—ar <z < (a1(a—0b)—a)  (—ai(r—q)+r),

cqfchrerrrcf\/(70q+crfrb7rc)2 —4(—bg—cq+bf+cr)(—cr+x)
2(—bg—cq+bf+cr) )

(—ar(c+b)+c¢)- (i(qg+p)—p) <z <ecr

:“A(~)B('T) =

There is a case like this, or the following. By the above facts,

4B = 6 4, 1)
= [(a(a=b) —a)- (—a(r —q) +7),(a(a = b) —a) - (alg +p) — p)].

Thus pacyp(x) = 0 on the interval [—ar,ap]” and pacyp(z) = a1 at © = (g (a —
b) —a) - (—ay(r—q)+7r) and z = (ay(a —b) — a) - (a1 (¢ + p) — p). Therefore,

aq—2ar+rb—\/(—aq—2ar—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (a1(a—0b) —a)-(—ai(r —q) +7),

2ap+aq—bp— \/(—2ap—aq—|-bp)2 —4(ap—bp+aq—bq)(ad—z)
2(ap—bp+aqg—bq) ’

(1(a—0b) —a)-(ai(g+p) —p) <z <ap.

MA(-)B(ﬂc) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.
4. Division : (1) oy < a <1

o al® ol _ [ (a(a=b)—a) (—a(ct+b)+c) —by _
By the above fact, Aa(/)Ba = (bglu) ’ bgT):| - ((a(q—l—p)—p) ’ (—a(r—q)+r) and 'UA(/)B(T) B
1. Therefore,

- —b
pag)p(x) = { @ <P T
A B - —rz+ —b
@erers ¢ =<0

Hence A(/)B becomes a fuzzy set on R.
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ExAMPLE 3.3. Let A = (—6,-5,5) and B = (—2,1,3) be triangular fuzzy
numbers, i.e.,

b2 <0, >0 bV >0, b =0 a5 <as, a >

For
0, r < —6, 5<ux,
pa(x) =< z+6, —6 <z < -5,
gt +3, —H<a<h,
and
0, r< -2, 3<uz,
pp(r) =14 sz+32, —2<z<l,

—3r+3, 1<a<3,

we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), aga)] and B, = [bga), béa)].

(@)
Since a = a(la) +6 and @ = —“2-+ 1, we have A, = [aga),a(f)] = [ —6,—10a+5].

(a) (@)
Since o = b13 +2anda= —sz +3, By = [b§“),b§0‘)] =[Ba—2,—2a+3].

(1) Addition :

By the above facts, A, (+)Ba = [aga) + bga),aéa) + bga)] = [4a — 8,—12a + 8].
Thus pa4)p(z) = 0 on the interval [—8,8]¢ and py4yp(z) =1 at x = —1. By the
routine calculation, we have

0, r< =8, 8<ux,
pacs(@) =1 jo+2 —8<z< -1,
—1—121‘4-%, -1 <x <8,

ie., A(+)B = (-8,-1,8).

(2) Subtraction :

Since Ay (—)Bo = [aga)—bga),aéa)—bga)] = [3a—9, —13a+7], we have j4(—yp(x)
= 0 on the interval [-9,7]¢ and p4(—yp(z) =1 at x = —6. By the routine calcula-
tion, we have

0, r< -9 —6<uz,
payp() =14 37+3, -9 <z < —6,
—La+ L, —6<2<T,
ie., A(=)B = (-9,-6,7).
(3) Multiplication : (i) 2 <a <1
Since Aq()Ba = [al® b5, al™ - b{¥] = [~2a2 + 150 — 18, —30a2 + 35a — 10),

pacys(T) = % at x = —%,O and payp(z) = 1 at = —5. By the routine
calculation, we have
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15—+/81—-8x 80
4 )

IA

(x) { TET
HAOB\Y) =\ 35, /55— 1207
SSEVISTT0E 5 < g <),

(i) i <a<?
Since Aq()Ba = [al® - b5, al® - 5¥] = [~2a2 + 150 — 18,302 — 200 + 12],
paoyp(@) =3 at x = =11, 4, and payp(z) = 2 at 2 = —%2,0 . By the routine

calculation, we have

4 ) — — 9
/"LA()B('%.) = { 10*\/@ 11
5 0<z<o
.o\ 3 1
(iii) = <a<;
Since Aq()Ba = [al® - b5, al® - 5{¥] = [~2a2 + 150 — 18,302 — 200 + 12],
paoyp(@) = 3 at @ = =48 22 and pup(z) = & at @ = —11,1 . By the

routine calculation, we have
15—+/81—8x 4455 <r<-—11
= — )

" (x) _ 4 » T 289
A()B 10-V6IF3z 11 o, o 2421
3 ’ 4 =% = 289"

. 3
(1V)0§a§1—7

Since Aa()Ba = [al® - {7, al™ - b{] = [~2a2 + 15a — 18,2002 — 40a + 15),
tacys(x) = 0 on the interval [—18,15] and payp(z) = & at @ = — 452, 221 .

By the routine calculation, we have

15—+/81—8 4455
,UA()B(x):{ 4 :E’ *18§$§72895
’ 13—+v49+5x 2421
10 » o osg ST <15

Thus A(-)B is not a triangular fuzzy number.
(4) Division : (i) 2 < x(g) 1 N
(l2a

Since A, (/)Ba = (Z(IT)a RO
1 2

1= (355 _—1205135]7 pa(yp(e) =1 at 2 = =5. By

the routine calculation, we have

2z—6

—o0 < x < =5,

pa)s(x) = { 333530:15,
0100 —0 ST =< —L

Thus A(/)B is not a triangular fuzzy number.

CASE4: a1 >asandc<r

Note that

[e=)

, r < —a, c<uz,
palz) =< =@ +a), —a <z < —b,

1
—b
ﬁ(C—CC) —bS.’L‘SC,
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and
0, < —p, 7<ux,
up(x) = ﬁ@‘i‘p)a —p=x<gq,
T%q(r —x) g<z<r.
We calculate exactly four operations using a-cuts. Let A, = [aga)7a§a)} and
B, = [b(la),béa)] be the a-cuts of A and B, respectively. Since a = a%:i—li)-a and

(o)

o= C_cizb , we have
Ag = [\, a$?] = [a(a — b) — a, —alc + b) + d].
Similarly,
Bo = [0\ ,08] = [a(q + p) — p,—a(r — q) +7].
1. Addition :

By the above facts, Ay (+)Bs = [aga) + b§‘”,a§°" + bé‘“’] = [a(a—b) —a+a(qg+
p)—p, —a(c+b)+c—a(r—q)+r|. Thus py4)p(z) = 0 on the interval [—a—p, c+7]°
and pa4)8(q — b) = 1. Therefore,

0, r<c+r, —a—p<ue,
r+a+p
par)p(z) = § abtgipr ~CPST<qg—b
T, g-b<z<ctr

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :

By the above facts, Ay (—)Bo = [aga) - bga),aéa) - b§0‘)] = [a(a—b) —a+ a(r—
q)—r, —a(c+b)+c—a(q+p)+p]. Thus ps—)p(x) = 0 on the interval [—a—r, c+p|°
and pa(—yp(—b — q) = 1. Therefore,

0, r<c+p —a—r<uz,
Tta+r
:U’A(—)B(x) = a—b+r—q’ —a—r<z<-b—g,
Tk, —b—q<z<c+p.

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) oy < a <1
By the above facts,

PREERMACIOCNTS)
= [(a(la—b) —a)- (—a(r —q) +r),(~alc+b) +c) - (a(q +p) — p)].

Thus pacyp(r) = a1 at z = (ai1(a —b) —a) - (—a1(r —q) +r) and z = (—ai(c+
b) +c¢) - (c1(qg+p) — p) and pac)p(—bg) = 1. Therefore,
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aqg—2ar—+rb— \/(faqf2a'r7rb)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

ar(a—>b)—a) (—ar(r—q)+r) <z < —bq,
bp+cp+bg+cgtr/(—bp—cp—cq—pc)? —4(bp+cp+bg+cq) (cp+)
2(bp+cp+bg+cq) ’

—bg <z < (—ai(c+b)+c) (ai(g+p)—Dp).

HA(~)B($) =

(2 as<a<m
By the above facts,

Aa()Ba = [ - 557, ay™ - b5
=[(ala=b) —a)- (—a(r —q) +7),(—alc+b) +¢) - (—a(r —q) +7)].
Thus pacyp(r) = az at © = (az(a —b) —a) - (—az(r —q) +r) and z = (—az(c+

b)+c)- (—az2(r—q)+r) and pac)p(z) = ar at = (a1 (a—b) —a)- (—aa(r—q) +7)
and x = (—ai(c+b) +¢) - (—ai(r — q) + r). Therefore,

ag—2ar+rb— \/(—0,4;{—20,1"—7’6)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

(ag(a—0b)—a) - (—az(r—q)+r) <z
<(ay(a—=b)—a) (—ai(r—q)+r),

—cq+rb+re— \/(—cq—i-cr—rb—rc)2 —4(—bg—cqg+br+cr)(—cr+zx)
2(—bg—cq+br+cr) ’

(—ar(c+b)+e) (a1(g+p)—p) <z
< (—ag(c+b)+c) (—as(r—q)+71).

/JA(.)B(SU) =

B)0<a<a
By the above facts,

Aa()Ba = oy -5, a5 - 05
= [(a(a=b) —a) - (~alr —q) + 7). (~ale+b) +¢) - (~alr —g) + 7))

Thus pacyp(x) = 0 on the interval [—ar, cr]® and pacyp(x) = oz at & = (az(a —
b) —a) - (—az(r—q)+7r)and z = (—az(c+b) + ¢) - (—az(r — q) + r). Therefore,

aq—2ar+rb— \/(—aq—2ar—rb)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

—ar <z < (ag(a—0b) —a)- (—as(r—q)+r),

—cq+rb+re— \/(—cq—l—cr—rb—rc)2 —4(—bg—cq+br+cr)(—cr+z)
2(—bg—cq+br+cr) ’

(—ag(c+b)+c¢)- (2(qg+p) —p) <z <cr

MA(-)B(CL‘) =
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There is a case like this, or the following. By the above facts,

Aa()Ba = [af® 557, a{® - b{¥)]
— [(a(a—b) —a) - (—a(r —q) + 1), (a(a —b) —a) - (alqg + p) — p)]-

Thus pacyp(x) = 0 on the interval [—ar,ap]” and payp(z) = az at z = (az(a —
b) —a) - (—az(r—q)+r) and (az(a —b) —a) - (az(q + p) — p). Therefore,

aq—2ar+rb— \/(—aq—Qar—rb)z —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

—ar <z < (ag(a—0b) —a)  (—az(r—q)+7r),
2ap+aq—bp—\/(—2ap—llq+bp)2—4(ap—bp+aq—bq)(ad—z)
2(ap—bp+aq—bq) )
(az2(a —b) —a)- (a2(qg+p) —p) <z < ap.

,“A(-)B(x) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.

4. Division : (1) a1 <a <1

(@) (a) N
By the above facts, Aq(/)Ba = |47, 517 | = | Se50=s, =2l ] and g () =

—b)— B 5 g
R % and 7 = %’ “A(/)B(Tb) = 1. Therefore,
pr—a (a1 (a—b)—a) s
pa()p(r) = { @ (@)’ (onatp) ) =TS g
= —rx+c b (—a (C“rb)—‘,-c)
(g—r)z+c+b? q <z< m'

(2) as <a<m
(@) (@)
By the above facts, Ay (/)Ba = (al 2z ): (a(a_b)_a _a(c+b)+c) and pa())p(z) =

{7 ple) a(g+p)—p’ alg+p)—p
_ (aa(a=b)—a) _ (zoa(ctb)+c)
Qq at x = m and z = m Therefore,
pr—a o (a1 (a—b)—a)
pays(@) = { @pa—(@5) 0 <%= (et p)
prc (—aq(c+b)+c)
(g+p)z+c+b? (alzqﬂ?)fp) ST <0

EXAMPLE 3.4. Let A = (—4,-3,3) and B = (—1,2,4) be triangular fuzzy
numbers, i.e.,

b >0, b <0, B >0, b =0, a;>ay a <b”

For
0, r<—4, 3<uz,
pa(x) =< z+4, —4 <z < -3,
—gr+g, —3<w<3,

and
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0, r< -1, 4<u,
up(z) = %:c—i—%, 1<z <2,
—3x+2, 2<z<A4,
we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), aga)] and B, = [bga), béa)].
Since o = aﬁ“) +4 and o = _ag” + 3, we have A, = [aga), aga)] =[a—4,—6a+3|.

6
(a)
b2~ 19 B, = b\, 0\ = [3a — 1, —2a + 4].

2

. b{®) 1
Since a = L +§anda:—

(1) Addition :

By the above facts, Ay (+)Bs = [aga) + bﬁ“’,aé“) + bga)] = [da —5,—8a + 7.
Thus pra(4)(z) = 0 on the interval [-5,7]° and py4yp(z) =1 at x = —1. By the
routine calculation, we have

0, r< =5, T7T<ux,
pap@) =9 fo+d  —s<e<-l,
—gr+g, —l<a<T,

ie., A(+)B = (=5,—1,7).

(2) Subtraction :

Since Ap(—)Bo = [aga) —béa), aga) —bga)] = [Ba—8, —9a+4], we have jis_yp(x)
= 0 on the interval [—8,4] and pu(—yp(z) = 1 at x = —5. By the routine calcula-
tion, we have

0, r< -8, 4<u,
pa—yp(x) = st+35,  —8<z< -5,
—%x—i—%, -5 <z <4,
ie., A(—)B = (—8,-5,4).
(3) Multiplication : (i) + <a <1

Since Ao (-)By = [a\™ -5, al™ - bl¥] = [=2a2 + 14a — 20, —30a2 + 28a — 6],
pacys(T) = g at ¢ = —%,0 and pa)p(r) = 1 at © = —8. By the routine

calculation, we have

( ) { = 29721:7 _%Sx§_87
HAOB\T) =\ 144 /T6—302
(i) % <a< %
Since A, (-)Ba = aﬁ“) . bga), aé“’ . b;a)] = [-2a? + 14a — 20,200 — 52a + 24],
pacys(T) = % at x = —%, % and pac)p(z) = % at x = —%,0 . By the routine

calculation, we have
7—/9—2z
2 Y

_140 o 5~ _ 308

paeB(@) =9 1 o .
— €T

S, 0 <

25
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(i) 0<a<i

Since Aq(-)Ba = [al® - b ol - b{] = [—202 + 140 — 20,2002 — 52a + 24],
tacys(x) = 0 on the interval [—20,24] and pa(yp(z) = & at z = =152, 30 . By
the routine calculation, we have

7—9—2z o0 < 4 < _ 140
MA(-)B(x) = { 13 \/249+5’ 8020 S
— X
% 3 Sr<24

Thus A(-)B is not a triangular fuzzy number.
(4) Division : (i) £ <z <1

2@ gl
Since Ao (/)Ba = [44

)
bga) 9 bga)

,uA(/)B(x) =latxz= —%.
(i) 3 <z < 3
) ol @ wed 6o
Since Aa(/)Ba = (bng)’b?T)>: (3047417 3%;;}13)’ NA(/)B(J:) =1atzr= 7,0 .
By the routine calculation, we have

= 5527 =528 ], mays(e) = 5 at © = 7,0 and

|

x—4

31, —o0o<z<-T,

%, —-7T<zx< —%,
pa()B(T) = 32:2, _% <2<,

3”;136, 0<z < 0.

Thus A(/)B is not a triangular fuzzy number.

CASE5:a;=asandc<r

Note that
0, r < —a, c<ux,
pa(z) ={ 5@ +a), —a <z < —b,
ﬁ(c—x) -b<z<cg,
and
0, rz<—p, r<x,
up(z) = qurp@ +p), —p<x<gq,
Lﬁq(rffﬂ) g<az<r.
We calculate exactly four operations using a-cuts. Let A, = [a?%aé‘”} and
(o)
B, = [bga),bg})] be the a-cuts of A and B, respectively. Since a = %T_Jbra and
)
o= Ccizb , we have

A, = [aga),aéa)] = [a(a —b) —a,—a(c+b) + c|.
Similarly,
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B, = [\*,6] = [a(q +p) — p, —alr — q) + 7).

1. Addition :

By the above facts, A (+)By = [aga) + bga),aga) + bga)] = [a(a —b) —a+ a(qg+
p)—p, —a(c+b)+c—a(r—q)+r]. Thus pa4)p(z) = 0 on the interval [—a—p, c+7r]°
and pa(4y5(q — b) = 1. Therefore,

0, r<c+r, —a—p<uz,
z+a+p
pacr)p(r) = abrgrpr G- PST<g—b
%, g—b<z<c+r.

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :

By the above facts, Ay (—)Bo = [aga) - bga),aéa) - bga)] =la(a—b)—a+a(r—
q)—r, —a(c+b)+c—a(q+p)+p]. Thus pa—yp(x) = 0 on the interval [-a—r, c+p]°
and p4(—yp(—b —q) = 1. Therefore,

07 x<C+p’ _a/_r<x’
r4a+r
pap@) =1 iSE, —a-r<z<-b—g,
e, —b—g<z<c+p

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) oy < a <1
By the above fact,

PREERACIOCNS)
= [(ala—=b) —a)- (—a(r —q) +r),(—alc+b) +c) - (a(q +p) — p)].

Thus pacyp(z) = aq at z = (a(a —b) —a) - (—ai1(r —q) +r) and x = (—ay(c+
b)+c) - (a1(g+p) —p) , pacyp(—bp) = 1. Therefore,

aq72ar+rb7\/(faqf2ar7bp)2 —4(—aqg+bg+ar—br)(ar+z)
2(—ag+bg—ar—br) ’

ai(a =b) —a)- (—ar(r —q) +7) <z < =bq,

bp+cp+be+ce+\/(7bpfcp7cq7pc)2 —4(bp+cp+be+tce)(cp+x)
2(bp+cp+bg+cq) ’

—bg <z < (—ai(c+b)+c)-(ar(qg+p) —p).

NA(~)B($) =

2)0<a<m
By the above fact,

Aa()Ba = [y b5, a5 - b4
=la(a=b) —a)- (=a(r =) +r),(~alc+) +0) - (~alr =) +7)].
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Thus pracyp(x) = 0 on the interval [—ar, cr]® and pacyp(z) = g at & = (o (a —
b)—a) - (—ar(r—q)+r)and z = (—ay(c+b) +¢) - (—ay(r — q) + r) . Therefore,

aq—2ar+rb— \/(—aq—Zar—bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (ay(a—>b)—a) - (—ay(r—q)+r),

cq—cr+rb+rc—\/(—cq+cr—rb—rc)2—4(—bq—cq+bf+cr)(—cr+m)
2(—bg—cq+bf+cr) ’

(—ar(c+b)+¢)- (au(g+p) —p) <z <cr

MA(.)B(QC) =

There is a case like this, or the following. By the above fact,

Aol — )
=[(a(a—b) —a) - (—a(r —q) + 1), (a(a—b) —a) - (a(qg +p) — p)].

Thus pacyp(x) = 0 on the interval [—ar,ap]” and payp(z) = a1 at © = (g (a —
b) —a)- (—a1(r —q)+r) and z = (an(a — b) —a) - (a1(¢ +p) — p) . Therefore,

aq—2ar+rb— \/(—aq—QaT—bp)2 —4(—aq+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (ap(a—0b)—a)  (—a1(r—q)+r),

2ap+aq—bp— \/(—2ap—ae+bp)2 —4(ap—bp+aq—bq)(ap—=z)
2(ap—bp+aq—bq) ’

(1(a—b) —a)- (ai(g+p) —p) <z < ap.

MA(-)B(UC) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.

4. Division : (1) a1 <a <1

(@) (a)
_ (e ay | _ ((a(a=b)—a) (—oc(ctb)+c) _
By the above fact, A, (/)Bs = (bgla) ) bga) } = <(a(q+p)_p), Calr—a)+7) and ,UA(/)B(QJ‘) =

lat oz = _Tb. Therefore,

T—a —b
pac)s(r) = { (q+pz)):v—(a—b)’ —oo<zT S
- —rz+c —b
(g—r)atcib 7 =20

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.5. Let A = (—4,-3,1) and B = (—1,3,4) be triangular fuzzy
numbers, i.e.,

B >0, b <0, b>0, =0, a;=as af<bs

For
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0, r<—4, 1<z,
MA(‘T) = T +47 —4 S Tz < *37
ety —3<w<l,
and
0, r< -1, 4<uz,
MB(:U): il’+%7 —1§ZL'<3,

—x+4, 3<zx<4,

we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), aéa)] and B, = [bga), bga)].

(@)
Since o = aga) +4and = —%2— + 1, we have 4, = [aga), aga)] =[a—4,—4a+1].

(@)
Since o = - + L and a = —b5) +4, By = b\, 5] = [0 — 1, —a + 4].
(1) Addition :
By the above facts, Ay (+)Bas = [a&“) + bga),aéa) + bga)] = [ba — 5, —ba + 5.
Thus pa4ys(2) = 0 on the interval [-5,5]¢ and pa1)p(z) =1 at x = 0. By the
routine calculation, we have

0, r <=5, b<u,
pa+)B(r) = fr+1, -5<x<0,
—tx+1, 0<z <5,

i.e., A(+)B = (~5,0,5).

(2) Subtraction :
Since A, (—)Ba = [aga) —béa), aéa) —bga)] = [2a—8, —8a+2], we have jis_yp(x)
= 0 on the interval [—8,2]¢ By the routine calculation, we have

0, r< -8, 2<ux,
MA(_)B(x) = %l‘ +4, -8 <z < —6,
—%x—}—%, —6<z<2

ie., A(—)B = (—8,-6,2).

(3) Multiplication : (i) § <a <1

Since A, (-)Ba = [aga) . bga),aga) : bga)} = [~a® + 8a — 16, —16a* + 8a — 1],
pacys(r) = % at ¢ = —%,0 and payp(r) = 1 at o = —9. By the routine

1
calculation, we have

@ 4—x, -2 <z<-9,
BAGHB\T) =
v WYme o _9<z <0,

(i) 0<a <

[ =



non-positive triangular fuzzy numbers 25

Since Ay (-) Ba = [0\ b5, aS™ b5M] = [—a24+8a—16, 402~ 1Ta+4], pa()p(z) =
0 on the interval [~16,4]° and pac)p(z) = 7 at © = —222,0 . By the routine
calculation, we have
_ 14 < 225
paep(T) = ﬁ /7\2/25 T HEre T
%54‘6737 0<uz<4.

Thus A(+)B is not a triangular fuzzy number.
(4) Division : (i) + <z <1

: al® ol a—4 —4a+l1
Since A (/)Ba = (W’b%)}: (4a71, —ati | and payp(r) =1at z = —1.
1 2

By the routine calculation, we have

=4 _so<x<—1,
tac)e(x) = ix 1
0, —1<z<0.
Thus A(/)B is not a triangular fuzzy number.
CASE6: a1 <asandec<r
Note that
0, r < —a, c<ux,
pa(z) ={ 5@ +a), —a <z < —b,
cib(c—x) -b<z<c,
and
0, rz<—p, r<ux,
pup(z) = q}rp(x +p), —p<x<gq,
r%q(r —x) g<z<r.
We calculate exactly four operations using a-cuts. Let A, = [aga),aga)} and
(o)
B, = [bﬁo:),bga) ] are the a-cuts of A and B, respectively. Since o = %Tjga and
o= c;j‘fb , we have

Ao =[a{",a5"] = [a(a — b) — a,—a(c+b) + d.
Similarly, we have
By = [, b57] = [a(q +p) — p. —alr — q) +7].

1. Addition :

By the above facts, Ay (+)Ba = [aga) + bga),aéa) + béa)] =[a(a—b) —a+a(qg+
p)—p, —a(c+b)+c—a(r—q)+r]. Thus pa4)p(z) = 0 on the interval [—a—p, c+7r]°
and pra(4)B(q — b) = 1. Therefore,
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0, r<c+r, —a—p<uz,
rtatp
pa)B(T) =4 atrgtp G P=T<qg-b
;f;ﬁt@, g—b<zx<c+r

Hence A(+)B is a triangular fuzzy number.

2. Subtraction :

By the above facts, Aq(—)Ba = [a!® — b5, a{™ — (Y] = [a(a —b) — a+ a(r —
q)—r, —a(c+b)+c—al(q+p)+p]. Thus pa—)p(x) = 0 on the interval [~a—r, c+p|°
and pa—yp(—b— q) = 1. Therefore,

0, r<c+p, —a—r<uz,
x+a+r
IUA(—)B(J:) = a—b+r—gq’ —a—r<z<-b-g,
—ztet
cbigtp 0T aSTSCHp

Hence A(—)B is a triangular fuzzy number.

3. Multiplication : (1) as < a <1
By the above fact,

Aa()Ba = o -5, a5 1))
= [(a(a—b) —a) - (~a(r —q) + 7). (~ale+b) +¢) - (alg +p) ~ )]

Thus pacyp(r) = az at © = az(a —b) —a) - (—a(r —q) +r) and = (—az(c+
b) +¢c)-(az2(¢+p) —p) , pac)s(=bp) = 1. Therefore,

aqg—2ar+rb— \/(—aq—Qar—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—br) ’

az(a—b) —a) - (—as(r — ) +7) <z < —bg,

bp—l—cp—‘,—be—l—ce—l—\/(—bp—cp—cq—pc)2 —4(bp+cp+betce)(cp+z)
2(bp+cp+be+ce) ’

—bg <z < (—az(c+b)+c) (a2(g+p) —p).

MA(.)B(HT) =

(2) a1 <a<a
By the above facts,
4B = a1 a4
= [(ala—b) —a)- (—a(r —q) +7),(afa —b) —a) - (a(q + p) — p)].
Thus pracyp(z) = a1 at 7 = (a1(a—b) —a) - (—as(r —q) +7) and z = (a1(a— b) —

a)-(ai(g+p) —p) and pacyp(@) = az at v = (az2(a—b) —a)- (—az(r—q) +r) and
x = (—ag(c+b)+c) - (az(q + p) — p). Therefore,
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aqg—2ar+rb— \/(7aq72ar7bp)2 —4(—aq+bg+ar—br)(ar+zx)
2(—aq+bg—ar—br) ’

ar(a=b) —a)- (—a(r—g)+r) <z
< (a2(a —b) —a) - (—az(r —q) +7),

2ap+aq—bp—+/(—2ap—ae+bp)> —4(ap—bp+ag—bg) (ap—z)
2(ap—bp+aq—bq) ’

(1(a=b) —a)-(ai(g+p)—p) <=z
\ < (—az(c+0b) +c) - (az2(g+p) —p).

MA(.)B(JU) =

B)o<a<m
By the above facts,
Aa()Ba = oy - b5, a5 - by]
=[(ala=b) —a)- (—a(r —q) +7),(—alc+b) +¢) - (—a(r —q) +7)].

Thus pracyp(x) = 0 on the interval [—ar, cr]” and payp(z) = o1 at & = (g (a —
b)—a)- (—ar(r—q)+r)and z = (—ay(c+b) + ¢) - (—as(r — q) + r). Therefore,

ag—2ar+rb— \/(—aq—2a'r—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) )

—ar <x < (aq(a—b) —a)- (—ai(r—q)+r),

cq—cr—l—’r‘b—l—rc—\/(—cq—i-cr—rb—rc)z—4(—bq—cq+bf+cr)(—cr+m)
2(—bg—cq+bf+cr) )

(—ai(c+b)+c)- (a(g+p) —p) <x <cr

MA(.)B(x) =

There is a case like this, or the following. By the above facts,
Aa()Ba = [aga) ) bga)a aga) : bga)]
= [(a(a =b) —a)- (—a(r —q) +7),(a(a = b) —a) - (alg +p) — p)]-

Thus f14¢ys(z) = 0 on the interval [—ar,ap]® and pa()p(z) = oy at & = (1 (a —
b) —a) - (—ay(r—q)+7r) and z = (ay(a — b) — a) - (a1 (¢ + p) — p). Therefore,

ag—2ar+rb— \/(—aq—2a'r—bp)2 —4(—ag+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) ’

—ar <z < (a1(a—b) —a)-(—ai(r —q) +7),

2ap+aq—bp— \/(—2ap—aq—|-bp)2 —4(ap—bp+aq—bq)(ad—z)
2(ap—bp+aq—bq) ’

(1(a—0b) —a)-(ai(g+p) —p) <z <ap.

MA(-)B(w) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.
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4. Division : (1) a1 <a <1

al® ol a(a—b)—a —a(c+b)+c -
By the above fact, Aa(/) Ba = <b§T)’ bgT)} - (EaEqupg*P;’ ((*a((ri_q))j;r)) and 'uA(/)B(Tb) =
1. Therefore,

- —b
1A (95) . { (q+pl)m;f?a7b)a —oo<ur < PR
A(/)B - —rz+c —b
(g—r)z+c+b? q ST < 0.

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.6. Let A = (=5,—4,2) and B = (—1,1,4) be triangular fuzzy
numbers, i.e.,

b§“> > 0, bé‘)‘) <0, b'>0, bv2=0, a<ay a5 <by

For
0, r< -5, 2<ux,
pa(x) = x+5, —5H<x< —4,
—%x—k%, -4 <z <2,
and
0, r<—1, 4<x,
pp(r)={ 3z+3, —1<z<l,

—%x—i—%, 1 <x <4,
we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), a;a)] and B, = [bga), béa)].
(a 2+ 1, we have A, = [aga), aéa)] = [a—5,—6a+2].
b

Since o = a3 )i5and a=—
) D e
3 +%7Ba:[bg )7b§ )]:[204—1,—3a+4].

aga)

. b{™)
Since o = 5 —i—% and o = —

(1) Addition :

By the above facts, Ay (+)Bao = [a§“) + b§“>,a§a) + bga)] = [Ba — 6,—9« + 6].
Thus pa(4)p(z) = 0 on the interval [—6,6]° and py4yp(z) =1 at x = —3. By the
routine calculation, we have

0, r<—6, 6 <z,
pasp(z) =4 52+2, —6<z<-=3
—sr+3, —3<z<6,

ie., A(+)B = (—6,-3,6).

(2) Subtraction :

Since Ay (—)Ba = [a(la) —béa), aéa) —b(la)] = [4a—9,—8a+3], we have ji4_yp(x)
= 0 on the interval [-9, 3]¢ and p4s(—yp(z) = 1 at = —5. By the routine calcula-
tion, we have
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0, r<—-9 3<zx,
MA(_)B(x): %x—i—%, —-9<z < -5,
—tz+3, —5<x<3,
ie, A(—)B =(-9,-5,3).
(3) Multiplication : (i) + <a <1

Since Aq(-)Ba = [a\™ - b(“) () pl ] = 302 + 190 — 20, —12a2 + 10a — 2],

paoyp(®) = 5 at z = — () and pacyp(z) = 1 at © = —4. By the routine
calculation, we have
19—\/131—121’ By <y
pac)s() 5+\/1127—12$7 4<z<o0
(i) 3 <a <

1

2
Since An()By = [al® - b“” () pl)) =
paqp(r) = 5 at x = —14, and pac)B(T)
calculation, We have

19—/121—12
% —14<z< _43
KA( )B( )

[-3a? + 19a — 20,202 — 11a + 5],
:fatx——— 0 . By the routine

)

11—+/81+8x 4
R 0<z<g
(iii) #5822 <a < g
Since A, () = [\ - {6l - b{Y] = [~3a2 + 190 — 20,1802 — 30a + 8],
HA(~)B( ) — \/24 at r = —4891;12241\/249’ 113+25516\/24 and :U’A( )B( ) — % at r =

—14, % By the routlne calculation, we have

19—121—12z —4891—241+/249
pacy(T) = o , o = o=l
“) 5—v/9+2z 14 1134+511/249
6 g ST 256 -

: 21—+/249
(iv) 0 < o < =555

Since Aa(")Bo = [a!® - {7,a{® - 5] = [-3a2 + 19a — 20,20 — 11a +

5], pacyp(x) = 0 on the 1nterval [—20,5]¢ and pacyp(z) = 25242 at 2 =

—4891-241v/249 113451249
512 ’ 256

. By the routine calculation, we have

19—+/121—-12x —4891-241+249
-VIZZ12 o)) < g < 4891241219

512 ’
MA(-)B(»’U) = {
11—+/8148x 113451249
HEVpER, HEREE <o <o,

Thus A(+)B is not a triangular fuzzy number.
(4) Division : (i) £ <2 <1
: o™ af” a=5 —6a+2 1 :
Since Ao (/)Ba = (@ab?)}: (204—17 —3a+4} and fia(/)p(x) = 3 on the in-
terval (—oo, —2] and pa(/p(z) = 1 at © = —4. By the routine calculation, we
have
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x—5

2x—1"
fa() (@) = { 4r_2
3x—6"’

—o00 < x < —4,
2

Thus A(/)B is not a triangular fuzzy number.

CASE 7 :

aéo) > b§0) , ago) <0, aéo) <0, aM <0

Note that
0, r < —a, c<ux,
NA(x): ﬁ(l"f‘d), —a < x < —b,
L(z+¢) -b<z< —c
and
07 T < -p, T <z,
1
fq(r —x) g<z<r.
We calculate exactly four operations using a-cuts. Let A, = [aga),aga)} and
(a)
B, = [bga) ,bga) | are the a-cuts of A and B, respectively. Since o = %T:l:a and

()

cTa
ta , we have
c—b

o =

A, = [aga), aéa)] =la(a—0b) —a,a(c—>b) —¢].
Similarly, we have
Bo = [by",05) = [a(q + p) —p, —a(r — q) +7].

1. Addition :

By the above fact, Ay (+)Bao = [aﬁ“) + bﬁ“), aga) + béa)] =[afa—b) —a+ a(q+
p) —psa(c—b) —c—a(r—q)+r]. Thus pa)p(x) =0 on interval [—a — p, ¢ + 7]
and pa(4y5(q —b) = 1. Therefore,

0, r<—c+r, —a—p<uzw,
r+a+p
pa)B(T) =3 abrgrpr 0T P=T<qg-b,
Sy ¢—b<z<—ctr

Hence A(+)B is a generalized triangular fuzzy.

2. Subtraction :

By the above fact, Ay(—)Bas = [a§°‘) — béa),aéa) — bﬁ“)] =[afa—b) —a+a(r—
q) —r,o(c—b) — ¢ —alqg+p)+ p]. Thus pa—yp(z) = 0 on interval [—a —r,c+ p|°
and pra(4)g(—b — q) = 1. Therefore,
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0, r<—c+p —a—r<uz,
xtatr
#A(—)B(fﬂ): abir—q’ —a—r<zx<-b-—yq,

e, —b—g<z<—c+p.

Hence A(—)B is a generalized triangular fuzzy number.

3. Multiplication : (1) as < a <1
By the above fact,

Aa()Ba = [af™ - 557, a5 - i)
= [(a(a —b) —a) - (—a(r — q) + r), (e = b) — &) - (alg +p) — p)].

Thus pia)p(r) = g at © = (ae(a —b) —a) - (—az(r —¢q) +r) and = (az(c—b) —
c)-(az2(g+p) —p), pacyp(—bp) = 1. Therefore,

aq—2ar+rb— \/(—aq—2ar—bp)2 —4(—aqg+bg+ar—br)(ar+z)
2(—aq+bg—ar—>br) )

B oz(a—b) —a) (—az(r —q) +7) <x < by,
MA(.)B(l‘) =

—bp+eptbgtcgtr/ (bp—cp—cq—pc)? —4(—bp+cp—bg+cq) (cp—x)
2(—bp+cp—bg+cq) ’

—bg < x < (az(c—b) —c) - (a2(g +p) — p).

(2)0<a<a
By the above facts,

Aa()Ba = [a$ b5 0l 5{™)]

=[(ala=b) —a) - (=alr —q) + 1), (a(a = b) —a) - (alg +p) = p)]-

Thus pia¢yp(x) = 0 on the interval [—ar,ap] and pacyp(z) = a2 at © = (az(a —
b) —a) - (—ag(r—q) +r) and x = (—az(c+b) + ¢) - (aa(q + p) — p). Therefore,

ag—2ar+rb— \/(faq72a7’fbp)2 —4(—aq+bg+ar—br)(ar+x)
2(—ag+bg—ar—>br) ’

() —ar <z < (ae(a—"0) —a) - (—as(r—q)+r),

. Tr) =

ra()B 2ap+aq—bp—\/(—2ap—aq+bp)2—4(ap—bp+aq—b(1)(ad_$)
2(ap—bp+aq—bq) )

(ar1(a—b)—a)- - (a1(qg+p)—p) <z <ap.

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.

4. Division : (1) ag < a <1
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(@ )
By the above fact, A (/)Ba = <a1 =2 }: ((a(afb)fa) (ale=b)=c) | and pae(x) =

p(e) 7 e (a(q+p)—p)’ (—a(r—q)+r)

1latx= _71’. Therefore,

pr—a —b
pacys(x) = { =t 0SS
: - - —b
Tmde-exsr ¢ <2<0

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.7. Let A = (—4,-3,—1) and B = (—2,1,2) be triangular fuzzy
numbers, i.e.

For
0, r<—4, —1<z,
pa(x) =< z+4, —4 <z < -3,
—éw—{—%, -3 <z < -1,
and
0, r< -2, 2<ux,
pp(r) =14 sz+%, —-2<z<l1,

—r+2, 1<xr<2,

we calculate exactly the above four operations using a— cuts. Let A, and B, be

the a-cuts of A and B, respectively. Let A, = [aga), aéa)] and B, = [bga), b(Qa)].
(@)

Since a = aga) +4and @ = —*2— — 1, we have 4, = [aga), aéa)] =la—4,—2a—1].
(@)
Since o = b13 +2and o = —bga) +2, B, = [bga),béa)] =[Ba—2,—a+2].

(1) Addition :

By the above facts, Ay (+)By = [a§a) + b§“),a§a) + bga)] = [4a — 6, —3a + 1].
Thus pa(4)p(z) = 0 on the interval [—6,1]° and py4yp(z) =1 at x = —2. By the
routine calculation, we have

0, r<—6, 1<z,
pasp() =4 j7+3, —6<z<-2,
—%x—i—%, —2<x <1,

ie., A(+)B = (—6,-2,1).

(2) Subtraction :

Since Ay (—)Ba = [aﬁ“) —bga), aé“’ —bﬁ“)] = [2a—6, —5a+1], we have jis_yp(x)
= 0 on the interval [—6,1]° and ps(—yp(z) = 1 at x = —4. By the routine calcula-
tion, we have

0, r<—6, 1<u,
,U,A(_)B(JJ) = %az + 3, —6<z<—4,
—%x—}—%, —4<z<l,
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ie., A(—)B = (—6,—4,1).
(3) Multiplication : (i) 2 <a <1

Since Ag(-)Bo = [a{™ b5, as -0{] = [~a2+6a—8, —6a2+a+2], pa()p(z) =
% at r = —%,0 and pa)p(r) =1 at 2 = —3. By the routine calculation, we have

@ { 3-VI-z, —-L<z<-3,
HACB\T) =\ 14ya9=2az
SV 3<2 <0,

(i) 0<a<i
Since Ay(-)Ba = [aga) . bga),aga) . bga)] = [~a? + 6a — 8,3a% — l4a + §],
acys(z) = 0 on the interval [—8,8]° and pacyp(z) = 2 at ¢ = —4,0. By

the routine calculation, we have
@) 3—Vi—z, -8<z<-%
HA(YB\T) =
0 VIS (<p<g
Thus A(-)B is not a triangular fuzzy number.
e Lo/ 2
(4) Division : (i) § <z <1
Since Ao(/)Ba = o) 0] (=t 201 and =2 he i
et a — = MA(/)B(J}) = on the in-

b b(?) 3a—27 —a+2 3
terval (—oo, —%] and pa(/p(z) = 1 at @ = —3. By the routine calculation, we
have
@) 221 —oco << -3,
BraHB\Z) =
) 2 _3< g T,

Thus A(/)B is not a triangular fuzzy number.

CASE 8 :

aéo) < b§0), a§°) <0, aéo) <0, aM <0

Note that
For
0, r<—a, c<u,
pa(z) ={ (@ +a), —a <z < —b,
L (z+c) —b<zx<—c
and
0, r<—p, r<ux,
pup(r) = ﬁ(x"‘p)a —p <z <gq,
| Le-o)  g<e<n
we calculate exactly four operations using a-cuts. Let A, = a(a),a(a) and
Yy g 1 2
()
B, = [bga),bga)] are the a-cuts of A and B, respectively. Since a = ala_j;a and
()
ctay

o= 2—, we have

c—
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A, = [aga), aga)] = [a(a —b) — a,a(c—b) — .
Similarly, we have
B, = [0\, b5"] = [a(q + p) — p, —a(r — q) + 7).

1. Addition :

By the above fact, Ay (+)Bao = [aga) + bga), aga) + béa)] =[afa—b) —a+ a(qg+
p) —p,a(c—b) —c—a(r—q) +r]. Thus pa)p(2) =0 on interval [—a — p, ¢+ r]°
and pa(4yp(q —b) = 1. Therefore,

0, r<—c+r, —a—p<uz,
z+a+p
pa)B(T) =S abrgrpr 0T P=T<qg-b,
Cf‘gf;’;p, g—b<zx< —c+r.

Hence A(+)B is a generalized triangular fuzzy.

2. Subtraction :

By the above fact, A,(—)B, = [aﬁ“) — bga),aéa) — bga)] =[afa—b) —a+a(r—
q) —r,o(c—b) —c¢—alqg+p) + p]. Thus pa_yp(x) = 0 on interval [—a —r,c+ p|°
and pa4)B(—b—q) = 1. Therefore,

0, r<—c+p, —a—r<uz,
r+a+r
%}fp —b—qg<z < —c+p.

Hence A(—)B is a generalized triangular fuzzy number.

3. Multiplication : (1) as < a <1
By the above fact,

Aa()Ba = [a}™ - 557, a5 - b))
= [(aa—b) = a) - (—a(r — q) +7), (alc = b) —¢) - (alq + p) — p)].

Thus pacyp(x) = a2 at = (az(a—b) —a) - (—az(r —¢q) +r) and z = (az(c—b) —
c)-(az2(g+p) —p), pacys(—bp) = 1. Therefore,

ag—2ar+rb— \/(faq72a7"7bp)2 —4(—aq+bg+ar—>br)(ar+zx)
2(—aq+bg—ar—>br) ’

ag(a —b) —a) - (—as(r —q) +7) <z < —bg,

—bp+eptbgtcgtr/ (bp—cp—cq—pc)? —4(—bp+cp—bg+cq) (cp—x)
2(—bp+cp—bg+cq) ’

—bg <z < (az(c—b) —¢) - (az2(q + p) — p).

NA(~)B('T) =
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By the above facts,
Aa()Ba = [0} b5 i -0}
= [(a(a = b) —a)- (—a(r —q) +7),(a(a = b) — a) - (a(q + p) — p)]-

Thus pia¢yp(x) = 0 on the interval [—ar,ap]” and payp(z) = az at © = (az(a —
b) —a) - (—az(r—q) +r) and x = (—az(c+b) + ¢) - (aa(q + p) — p). Therefore,

aqg—2ar+rb— \/(faqf2a7’fbp)2 —4(—aq+bg+ar—>br)(ar+zx)
2(—aq+bg—ar—>br) ’

—ar <z < (ag(a—0b) —a)- (—az(r—q)+7r),

2ap+aq—bp—+/(—2ap—aq+bp)>—4(ap—bp+aq—bg)(ad—z)
2(ap—bpt+aq—bq) ’

((a—0b) —a)-(ai(g+p) —p) <z <ap.

/‘A(~)B(x) =

Hence A(-)B is a fuzzy number, but need not to be a generalized triangular fuzzy
set.
4. Division : (1) ap < a <1

By the above fact, A (/)Ba = (ag“) ﬁ}: ((a(a_b)_a) (ale=b)=c) | 4pnq (x) =
e « b{*) 7 pl) (alg+p)—p)’ (—a(r—q)+r) RA(/)B

1latx= _Tb' Therefore,

- —b
L 0 (x) _ { (Q+pz)):;*?a*b)’ o< S 77
A()B - rr—c —b
—ga-ctb? ¢ =%=0.

Hence A(/)B becomes a fuzzy set on R.

EXAMPLE 3.8. Let A = (—5,—4,-3) and B = (—2,1,2) be triangular fuzzy
numbers, i.e.,

For
0, r< -5, —3<u,
palz)=¢ =+5, —5<x<—4,
—r—3, —4<x<-3,
and
0, r< -2, 2<uz,
:U’B(:L'): %l‘—F%, _2§$<17

—rz+2, 1<x<2,

we calculate exactly the above four operations using a— cuts. Let A, and B, be
the a-cuts of A and B, respectively. Let A, = [aga), a;a)] and B, = [bga), bga)].
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Since o = aﬁ‘” +5 and a = —aga) — 3, we have A, = [aﬁ“), aga)] =Ja—5,—a—3|.
(@)
Since o = blT +2anda= —bé“) +2, B, = [bga),bga)] =[Ba—2,—a+2].
(1) Addition :
By the above facts, A, (+)Bs = [aga) + bga),aga) + bga)] = [da — 7,—-2a — 1].

Thus pac4)p(x) = 0 on the interval [-7, —1]¢ and pu4yp(7) =1 at z = —3. By
the routine calculation, we have

0, r< -7, —1<«x,
MA(+)B(:E): %ﬁ‘i’%, *7§CL‘<*3,
—%x—%, 3< < —1,

ie., A(+)B = (-7,-3,-1).
(2) Subtraction :
Since A, (—)By = [aga) b(a) ( ) b(a)] [200—7, —4ar—1], we have pa(—)p()

= 0 on the interval [-7, —1] and pa—yp(r) = 1 at x = —5. By the routine
calculation, we have

0, r< -7, -1<ux,
;LA(_)B(I): %l‘-ﬁ-%, —7<z < -5,
—ir—1, —h<z< -1,

ie, A(-)B = (-7,-5,—1).
(3) Multiplication : (i) 2 <a <1

Since Aq()Ba = [al® - {7, al™ - p{)] [ Ta — 10,—3a% — Ta + 6],

pacys(T) = % at r = —%,O and pia()B(7) = —4. By the routine
calculation, we have
7—/9—4z 52
pacys(T) = 2 Tosreh
—7+VI121-12z \/1621—1290’ —4<7z<0.
(i) 0<a < 2
smaaAJ)Ba::m$)w§%a$ﬂ-aw]:[—a2+7a—104a —1nx+1m
tiays(z) = 0 on the interval [—10,10]° and payp(z) = 2 at # = —52,0 . By the

routine calculation, we have

7*7\/;3*4967 _10<x<_7

NA(~B(x):
) { 17—+/44z—151 \/4370—1517 0<az<10.

Thus A(+)B is not a triangular fuzzy number.
(4) Division : (i) 2 <z <1

(0 (@)
Since Ay (/)Ba = (Z}T), ZET)} = (3%:52, :313’} and pa(p(T) = % on the interval
1 2

(o0, =1l and pa()yp(x) =1 at & = —4. By the routine calculation, we have
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2x—5
3z—1"
pa()B(T) = { 2t

r—1"

—o00 < x < —4,
4 <zr< -

11
i-

Thus A(/)B is not a triangular fuzzy number.

Generally, for two triangular fuzzy numbers A and B, A(+)B and A(—)B always

becomes triangular fuzzy numbers. But A(-)B and A(/)B may not be triangular
fuzzy numbers.
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