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<Abstract>

TERM RANK PRESERVERS
BETWEEN DIFFERENT GENERAL BOOLEAN
MATRIX SPACES

In this thesis we consider linear transformations from m x n general
Boolean matrices into p x ¢ general Boolean matrices that preserve term
rank. We study linear transformation that preserve term rank between dif-
ferent general Boolean matrix spaces. This results extend the results on the
linear operators from m x n binary Boolean matrices into itself that preserve
term rank.

The term rank of a matrix A is the minimal number k& such that all the
nonzero entries of A are contained in h rows and k — h columns. The term
rank of a matrix A is denoted by 7(A).

Let 2\ denote the set of all matrices in M, ,(By) whose term rank is k.

Let T : M, n(Bg) — M, ,(By) be a linear transformation from m x n gen-
eral Boolean matrices into p X ¢ general Boolean matrices. If f is a function
defined on matrix spaces, then T preserves the function f if f(T(A)) = f(A)
for all A in a matrix space. If X is a subset of a matrix space and Y is a
subset of a matrix space, then we say 7" preserves the pair (X|Y) if A € X
implies T'(A) € Y. And, we also say T strongly preserves the pair (X,Y) if
A e X if and only if T'(A) € Y. Further, we say that 7' (strongly) preserves
term rank k if T (strongly) preserves the pair (E/™™ =),

Song and Beasley characterized linear transformation that preserve term
rank on an antinegative semirings without zero-divisor. But in this paper, we
characterize linear transformations that preserve term rank between different
general Boolean matrix spaces with zero-divisor.

The main results are the following:



Theorem. Let T : M,,,,(By) — M, ,(B)) be a linear transformation.
Then the following are equivalent:

1. T preserves term rank;

2. T preserves term rank k and term rank [, with 1 < k<l <m <n
and k+1 <m;

3. T strongly preserves term rank h, with 1 < h <m < n;

4. T has the form T(X) = P(X & O)Q, where P, () are permutation
matrices of order p and ¢, respect.



1 Introduction

There are many papers on linear operators on a matrix space that preserve matrix
functions over various algebraic structures ([8]). But there are few papers of linear
transformations between another matrix spaces that preserve matrix functions

over an algebraic structure([11]).

Let IF be a field and M,,, ,,(F) denote the vector space of all m x n matrices over
F. Over the last century, a great deal of effort has been devoted to the following
problem. Characterize those linear operators 17" : M,, ,(F) — M,,,(F) which
leave a function or set invariant. We call this a Linear Preserver Problem(LPP)
([7], [8]). There are four general types of LPP. The most typical and oldest type
of LPP is as follows ([10]):

I. Let f be a function on M, ,(F). Characterize those 7' on M,, ,(FF) such
that f(T(A)) = f(A) for all A € M,,,(F).

The study of these operators began in 1897 ([8]) when Frobenius characterized
the linear operators that preserve the determinant over complex matrices and over

real symmetric matrices.

Another types of LPP is as follows:
II-1. Let S € M, ,,(FF). Characterize those T" on M, ,,(IF) such that T'(S) C S
or T'(S)=S.

II-2. Let , be a relation(or an equivalent relation) over M, ,,(F). Characterize
those T" on M, ,,(F) such that A, B if and only if T'(A),T(B).

II-3. Let f be a transformation from M, ,(F) to M., ,(F). Characterize those
T on M, ,,(F) such that f(T(A)) =T(f(A)) for all A € M, ,,(F).

We now turn our attention to matrices over semirings, in particular Boolean

algebra.

Boolean algebra is named after the British Mathematician George Boole (1813
- 1864). The Boolean algebra of two elements is most frequently used in com-
binatorial applications, and all other finite Boolean algebras are direct sums of

copies of it ([6]).



Applications of the theory of Boolean matrices are of fundamental importance
in the formation and analysis of many classes of discrete structural models which
arise in the physical, biological, and social sciences. The theory is also intimately
related to many branches of mathematics, including relation theory, logic, graph

theory, lattice theory and algebraic semigroup theory ([4], [6]).

The study of the characterization of linear operators that preserve invariants
of matrices over semirings is a counterpart for the study of preservers over fields,
and it has its own importance.

In [1], Beasley and Pullman established analogous results over Boolean algebra
to many preserver problems for matrices over field.

At the most recent, studying for characterization of linear operator(and lin-
ear transformation) that preserve term rank performed by Beasley, Song and
Kang([3], [5], [11]).

In this paper we consider linear transformations from m x n general Boolean
matrices into p X ¢ general Boolean matrices that preserve term rank. We study
linear transformation that preserve term rank between different general Boolean
matrix spaces. This results extend the results on the linear operators from m x n

binary Boolean matrices into itself that preserve term rank.



2 Preliminaries and Definitions

Definition 2.1. A semiring is a set S equipped with two binary operations + and
- such that (S,+) is a commutative monoid with identity element 0 and (S, -) is a
monoid with identity element 1. In addition, the operations + and - are connected

by distributivity of - over 4+, and 0 annihilates S.

Definition 2.2. A semiring S is called antinegative if 0 is the only element to

have an additive inverse.

The following are some examples of antinegative semirings which occur in
combinatorics. Let B = {0,1}. Then (B, +,) is an antinegative semiring (the
binary Boolean semiring) if arithmetic in B follows the usual rules except that
1+1=1. If Pis any subring of R with identity, the reals (under real addition
and multiplication), and P* denotes the nonnegative part of P, then P* is an an-
tinegative semiring. In particular Z*, the nonnegative integers, is an antinegative

semiring.

Definition 2.3. Let B, = P({1,2,--- ,k}). (P(A) means the power set of set A.)
Union is denoted by + and intersection by - (or juzataposition); 0 denotes the null
set and 1 the set{1,2,---  k}. Then (Bg,+,-) is an antinegative semiring (the
general Boolean semiring([12])). In particular, if k = 1, By is a binary Boolean

SEMATING.

Definition 2.4. A nonzero s € S is a zero-divisor if s's = 0 for some nonzero
s' € S. The binary Boolean semiring is an antinegative semiring without zero-

divisor, but the general Boolean semiring is not.

Hereafter, S will denote an arbitrary commutative and antinegative semiring.

Definition 2.5. Let M., ,,(S) and M, ,(S) be the set of all mxn and pxq matrices
respectively with entries in a semiring S. Algebraic operations on My, ,(S) and

M, ,(S) are defined as if the underlying scalars were in a field.

3



Definition 2.6. The term rank, of a matriz A is the minimal number k such
that all the nonzero entries of A are contained in h rows and k — h columns. The

term rank of a matriz A is denoted by T(A).

From now on we will assume that 2 < m < n. It follows that 1 < 7(A) <m

for all nonzero A € M, ,,(By).

Let 2% denote the set of all matrices in M, ,(S) whose term rank is .

Definition 2.7. Let T : M, ,(S) — M, ,(S) be a linear transformation. If f is
a function defined on M, ,(S) and on M, ,(S), then T' preserves the function f
if f(T(A)) = f(A) for all A € M,,,,(S). If X is a subset of M, ,(S) and Y is a
subset of M, ,(S), then T preserves the pair (X,Y) if A € X implies T(A) € Y.
Further, T strongly preserves the pair (X,Y) if A € X if and only if T(A) € Y.
Further, we say that T (strongly) preserves term rank k if T' (strongly) preserves

the pair (2™ 2P0,

Song and Beasley characterized linear transformation on an antinegative semir-
ings without zero-divisor, but in this paper, we characterize linear transforma-
tions that preserve term rank between different general Boolean matrix spaces

with zero-divisor.

Definition 2.8. The matriz A™™ denotes a matriz in M, »(Bg), O™ s the
m X n zero matriz, I, is the n X n identity matrix, I,gm’n) =1 ® Op—k -k, and
Jmn) s the m x n matriz all of whose entries are 1. Let EZ(T") be the m x n
matriz whose (i,j)th entry is 1 and whose other entries are all 0, and we call

El(?;"”n) a cell. An m x n matriz L™ is called a full line matriz if

L = Zn: B or LM = Zm: B

=1 k=1

for some i € {1,...,m} or for some j € {1,...,n}; R™" = ZEZ(T") is the
=1

ith full row matriz and Cj(m’n) = > Elgn;") 1s the jth full column matriz. We
k=1

will suppress the subscripts or superscripts on these matrices when the orders
are evident from the context and we write A, O, I, Iy, J, E;;, L, R; and C}

respectively.



The following is obvious by the definition of term rank of matrices over an-

tinegative semirings.

Lemma 2.9. For matrices A and B in M, ,,(By), we have
7(A+ B) < 7(A) + 7(B)

and
7(A) < 7(A+ B).

Proof. Let 7(A+ B) = k. Then minimal number of lines that contains nonzero
entries of A+ B is k. Let T(A) = 1. Since M, ,(By) is an antinegative, there
isn’t an inverse for addition without zero. So k—1 < 7(B). And if there exist an
entry of B that located out of any A’s minimal cover lines, T(A) < T(A+ B). If
not, then 7(A) = 7(A+ B). ]

Definition 2.10. If A and B are matrices in M,, ,(S), we say that B dominates
A (written AT B or B3 A) if b;; = 0 implies a;,j; = 0 for all i and j. This

provides a reflexive and transitive relation on M, ,(S).

The following is also obvious by the definition of term rank of matrices over

antinegative semirings.

Lemma 2.11. For matrices A and B in M, ,,(By), A T B implies that

T7(A) < 7(B).

Proof. It is clear by definition of dominating. |

Definition 2.12. As usual, for any matriz A and lists L1 and Ly of row and
column indices respectively, A(Ly | La) denotes the submatriz formed by omitting
the rows Ly and columns Ly from A and A[L;y | Ls] denotes the submatriz formed

by choosing the rows Ly and columns Ly from A.



Definition 2.13. For matrices A and B in M,, ,(S), the matriz A o B denotes
the Hadamard or Schur product. That is, the (i, )™ entry of Ao B is a; b; ;.

Definition 2.14. If 1 < m,n and 1 < p,q and T : M,,,(Bx) — M, ,(By)
is a linear transformation, then T is a (P, Q)-block-transformation if there are
permutation matrices P € M, (By) and Q) € My (By) such that

e m<pandn<gq, and T(A) = P[A® O]Q for all A € M, ,(By) or

e m<qandn <p, and T(A) = P[A"® O]Q for all A € M, ,(By).

Definition 2.15. If S is a commutative antinegative semiring, 1 < m,n and
1 <p,q and T : M,, ,(S) — M, ,(S), then T is a (P, Q, B)-block-transformation
if there are permutation matrices P € M, (S) and Q € My(S), and B € M,,, »,(S)

which has not zero element such that
e m<pandn<gq, and T(A) = P[(Ao B) & O|Q for all A € M,, ,(S) or

e m<qandn<p, and T(A) = P[(Ao B) & O|Q for all A € M,,,(S).



3 Term rank preservers of General Boolean ma-

trices

In this section, we obtain some results on the term-rank preservers of general
Boolean matrices. All most of these results were studied on the binary Boolean

matrices by Song and Beasley([11]).

Definition 3.1. For a linear transformation T' : M, ,(B;) — M, ,(By) , we say
that T

(1) preserves term rank k if 7(T'(X)) = k whenever 7(X) = k for all X €

M, (Bg), or equivalently if T preserves the pair (Elgm’n),E,ip’q)),'

(2) strongly preserves term rank k if T7(T'(X)) = k if and only if 7(X) = k

for all X € M, n(Bg), or equivalently if T strongly preserves the pair

(E](Cmvn) ’E;pm ) :

(8) preserves term rank if it preserves term rank k for every k(< m).

Lemma 3.2. Let 2 <k <m <n. If T : M, ,(B;) — M, ,(By) is a linear trans-
formation that preserves term rank k and term rank 1, then T strongly preserves

term rank 1.

Proof. First to show when k = 2, and next k£ > 3.

Case 1. Let 7(T(A)) = 1. If k = 2 and 7(A) > 2, then A = B+ C+ D
with 7(B) = 1, 7(C) = 1 and 7(D) > 1 with 7(B + C) = 2. Since B+ C C
A, T(B+C) C T(A) and 2 = 7(T(B) + T(C)) < 7(T(A)) = 1. This is a
contradiction. So T strongly preserves term rank 1.

Case 2. Assume that £ > 3. Suppose a term rank 2 matrix is mapped to
a term rank 1 matrix. Without loss of generality, 7(T(Ey1 + E22)) = 1. But
then, since 1" preserves term rank 1, 7(T(Ey 1 + Eyo + Es3 + -+ + Epx)) =
T(T(Ery + Ezp) + T(Es3) + -+ + T(Er)) < 7(T(Ery + Egp)) + 7(T(Es3)) +
o+ 7(T(Err))) =14 (k—2) < k, a contradiction. Thus, T" strongly preserves

term rank 1. n



Lemma 3.3. Let 2 < k < m <mn. Let T : M, ,(By) — M, ,(Bx) be a linear
transformation that preserves term rank k. If T does not preserve term rank 1,

then there is some term rank 1 matriz whose image has term rank at least 2.

Proof. Suppose that T" does not preserve term rank 1 and 7(7(A)) < 1if 7(A4) =
1. Then, there is some cell E;; such that a;;T(E;;) = O. Without loss of
generality, assume that T'(E; ;) = O. Since 7(Ey 1 + Eso + -+ + Ei i) = k and
T preserves term rank k, we have 7(T(Eas + E33 + -+ + Epy)) = 7(T(Ey 1 +
Esog+ -+ Epi)) = k. Let X = T(Ey9 + -+ + Eiy) then we can choose a
set of cells Y = {F}, F5,--- , Fi} such that X J F; for all ¢ = 1,--- |k, and
T(Fy+ Fy+ -+ Fy) = k. Since T'(Eaa + -+ - + Exx) = X, there is some cell in
{Es2,- -+, By} whose image under 7" dominates two cells in Y, a contradiction.

This contradiction establishes the lemma. [

Lemma 3.4. Let 1 <k <m <n. LetT : M, ,(By) — M, ,(Bx) be a linear
transformation that preserves term rank k. If A € My, ,(Bg) and 7(A) < k then
F(T(A)) < k.

Proof. 1f 7(A) = k, then 7(T(A)) = k since T preserves term rank k. Suppose
that 7(A) = h < k, and 7(T'(A)) > k. Then there exist a matrix B € M,, ,(B)
such that 7(A 4+ B) = k and hence 7(T'(A + B)) = k, but by Lemma 2.9,
T(T(A+B)) =7(T(A)+T(B)) > 7(T(A)) > k, a contradiction. Thus 7(T'(A)) <
k. m

Lemma 3.5. Let 2 < k < m < n and T : M, ,(Bx) — M, ,(By) be a linear
transformation that preserves term rank k. If T does not preserve term rank 1,
then 7(T'(J)) < k+ 2.

Proof. By Lemma 3.3, if T" does not preserve term rank 1, then there is some
rank 1 matrix whose image has term rank 2 or more. Without loss of generality,
we may assume that T(Ey 1 + Ey2) > Ey1 + Eap.

Suppose that 7(7(J)) > k+ 3. Then, 7(T(J)[3,--- ,p|3, -+ ,q]) > k — 1.
Without loss of generality, we may assume that 7'(J)[3,--- ,p|3,--- ,q| I E33 +
Esu + -+ Egt1,41. Thus, there are & — 1 cells, F3, Fy,- -+, Fy4q such that
TFs+Fy+ -+ Frp) 2 Ess+ Egy + - + Epy1p1- Then, T(Ey + By +

8



Fs+Fy+ -+ Fip) 3 L. But, 7(Bvy + EBio+ s+ Fy+ -+ Foyq) < k
while 7(T'(E1q + E1o+ F5 + Fy + -+ + Fi41)) > k + 1, a contradiction. Thus,
T(T(J)) < k+ 2. ]

Lemma 3.6. Let1 <k <r,s and A € M, ,,(By). If7(Ey 1+ -+ Ep,+A) > k+1
and Alk+1,--- rlk+1,--- ,s] = O, then there is some i,1 < i < k, such that
T(EBva+ 4+ E i+ B+ +Egy+A) >k+ 1.

Proof. Suppose that B = Ey 1 + -+ Eyp + A € M, ,(Bg) and 7(B) > k + 1.
Then there are k + 1 cells Fy, Fs,--- , Fy1 such that B 3 Fy + Fy + -+ - + Fiyq
and T(Fy+ Fo+ -+ Fr)=k+ 1. f P+ Fy+ -+ Fpyp 31 ® O then one
cell F; must be a cell E,;, where a,b > k + 1, which contradicts the assumption
Alk+1,---,rlk+1,---,s] = O. Thus F} + Fy + - - - + Fy1 does not dominate
Iy ® O. That is, there is some i,1 < i < k, such that 7(Ey1 + -+ Ei1,-1 +
Eiripn+ - +Eg+A) >k+1 u

Lemma 3.7. Let 1 <k <l <m<mn. Let T : M,;, n,(Bx) — M, ,(Bg) be a linear
transformation that preserves term rank k and term rank [, then T preserves term

rank 1.

Proof. We prove this lemma by 3 cases according to distance between k and [.

Case 1. Let &+ 3 < [. Suppose that T" does not preserve term rank 1. By
Lemma 3.3, there is some term rank 1 matrix whose image has term rank at
least 2. Let A be such a term rank 1 matrix. Then, A is dominated by a row or
column and the image of the sum of two cells in that line has term rank at least
two. Without loss of generality, we may assume that T'(Ey 1+ E12) J Ey 1+ Eap.
Now, by Lemma 3.5, if B = T'(C) is in the image of T, 7(B) < k + 2 < [. But if
we take B = T'(I;), then T'(I;) must have term rank [, a contradiction.

That is, 7(T(A)) < 1. Since A was an arbitrary term rank 1 matrix, T
preserves term rank 1.

Case 2. Let k+1 = 1. If £k = 1, the lemma vacuously holds. Suppose that
k> 2.

Suppose that T' does not preserve term rank 1. Then there is some matrix of

term rank 1 whose image has term rank at least 2. Without loss of generality,



we may assume that T(Ey; + E15) J Eq 3 + Es5. By Lemma 3.5, we have that
7(T(J)) < k+ 2. Since T preserves term rank k + 1, 7(7'(J)) > k + 1.

Thus, 7(T(J)) = k + ¢ for either i = 1 or ¢ = 2. Now, we may assume
that for some r,s with r +s = k44, T(J)[r +1,--- ,p|s+1,--- ,¢q] = O.
Further, we may assume, without loss of generality, that there are k + ¢ cells
Fy\,Fy, -+, Fyyy; such that T(F)) 3 Ejjyisq for I = 1,--- k +i. Suppose
the image of one of the cells in Fi, Fy, -+, Fy,; dominates more than one cell
in {E1 jyi, Bogrio1, - » Ex1f. Say, without loss of generality, that T'(Fy) J
Eijpyi + Egjgio, then, T(Fy 4+ Fy+ -+ Fip1) 2 Eyjvi + B i1 + -+ Eg,
a contradiction since 7(Fy + F5+ - -+ Fj41) < k, and hence 7(T'(Fy + F5+--- +
Fii1)) < k, and 7(Eygti + Eogrior + - + Exg1i) = k + 1. It follows that for
each j =1,--- ,k+1,if T(F) J Ej j4i—j11 then | = j since T(F}) J Ej kri—ji1
is unique. Further, by permuting we may assume that F; + Fy + --- + F C
I, Okt

Om—tk Om—tn—k
Now, let O # A € M, ,,(B) have term rank 1, and suppose that A[1,2,--- , k|1,

Or  Opn—i

Omfk,k Al
If T(A)[k + 1,---,p|l,i] = O, then, since 7(Fy + --- + Fp, + A) = k + 1,

T(T(Fy+---+Fy+A)) = k+1. Applying Lemma 3.6, we have that there is some j
such that 7(T(Fi+- - -+ Fj_1+ Fja+- -+ F+A)) = k+1. But 7(Fi+-- -+ F;_1 +
Fioy4+- -+ Fy+A) =kwhiler(T(Fy+-- -+ F, 1+ Fja+--+F,+A) =k+1,
a contradiction. So we must have that T'(Exi11)[k + 1,--- ,p|l,i] # O. If
T(Ext11)k+1,--- p|l,i] # O then 7(T'(Fy + -+ + F, + Ep11)) = k+ 1, a
contradiction since 7(Fy + - - -+ F, + Eyy11 = k. Suppose that the (k,i+ 1) entry
of T'(Ej k+1) is nonzero, then, 7(T(Fy + -+ + Fy—1 + Eg g1 + Exp1041)) = K+ 1,
a contradiction, since 7(Fy + -+ + Fy—1 + Ep g1 + Err1611) = k.

Consider T'(Fy + -+ + Fy—1 + Ek g1 + Ept15+2). This must have term rank
k+1 and dominates E i+ Eo jyi—1+- - -+ Ex_1,i42+ Ext1,; for some j € {1,4}.
Thus, by Lemma 3.6, there is some cell in {F},---, Fy_1}, say F; such that
TTF 4+ Fja+ Fj+ -+ Froi + B + Erpipy2)) = K+ 1.0 But
T(Fy 4+ +F+Fip+ -+ Foo1 + B g1 + Eri1642) = k, a contradiction.

It follows that T" must preserve term rank 1.

Case 3. Let k +2 =1 and A € M,, ,(Bg).

2,--- n=0and A[K =1,---m|1,--- k] = O. Sothat A =

10



Subcase 3-1. Suppose that 7(A) = k+1 and 7(T'(A)) > k+2. Let Ay, Ag, -+ -,
Agi1 be matrices of term rank 1 such that A = Ay + As + -+ + Agy1. Without
loss of generality we may assume that T'(A) 3 Eyq + FEao + -+ + Egioxo and,
since the image of some A; must have term rank at least 2, we may assume
that 7(T'(A; + Ao+ ---+ A;)) > i+ 1, for every i = 1,2,---k + 1. But then
T(A1+ A+ -+ Ag) = k while 7(T(A; + Ay +-- -+ Ag)) > k+1, a contradiction,
Thus if 7(A) =k+1, 7(T(A)) < k+ 1.

Subcase 3-2. Suppose that 7(A) = k+1 and 7(T'(A)) = s < k. Without loss of
generality, we may assume that A = Fy 1+ FEs o+ -+ Eji1 441 and T(A) J By, +
Eso+- -+ E; 5. Then there are s members of {T'(E11),T(E22), -, T(Egs1541)}
whose sum dominates Ey ;1 + Ey 9+ - -+ Ej 5. Say, without loss of generality, that
T(Eva+Eoe+- - +Es) AE 1+ Eyp+- -+ Eg 5. Now, T(A+ Ejpyo ko) = k+2
so that 7(T(A + Eji2k42)) = k + 2. But since 7(T(A + Ejiox+2)) = 7(T'(A) +
T(Eriori2)) < 7(T(A)) + 7(T(Egioki2)), it follows that 7(T(Exi2ks2)) > k +
2 — s and there are s members of {T'(E1),T(Es2), -+ ,T(Ek+14+1)} whose sum
together with T'(Ej 2 +2) has term rank k + 2, say 7(T'(E1q + Eoo+ -+ Es s+
Epiopta)) =k +2. Since s < k, 7(Ey1 + Eog + -+ Eg s + Egopt2) < k+1
and 7(T(Ey 1+ Eso+ -+ Es s + Egtox42)) = k+ 2. By Case 1, we again arrive
at a contradiction.

Therefore T strongly preserves term rank k + 1. And by Case 2, T preserves
term rank 1.

Thus we prove completely the lemma by 3 cases. |

Lemma 3.8. Let 2 < k < m < n. IfT : M, ,(Br) — M, ,(By) is a linear
transformation that strongly preserves term rank k, Then T preserves term rank
kE—1.

Proof. If k = 2, the lemma holds. Suppose that k > 3.

Let A € M, ,(B) and 7(A) = k — 1, and suppose that 7(T'(A)) = s < k — 1.
Without loss of generality, we may assume that 7(T'(E11+- -+ Eg_14-1)) = s <
k—1. Since 7(T(E 1+ - -+ Eyx)) = k, we have that 7(T'(Ey)) > k—s. Without
loss of generality we may assume that T(Ey; + -+ + Epx) J Eiq + - + Egg
and that T(Eyy) 3 Eiy1441 + -+ + Egp for some ¢ < s. Then, there are ¢
cells {Ei iy Fii} in {Evq,---, Egx} such that T(E;, 4, + -+ + Ejy ) 2

11



Eii+--+Ey. Then T(E;;, + -+ Eiiy + Exy) 3 Ev1+ -+ Epy. Thus
T(T(Es, i+ +Fiy s+ Exg)) = k. But 7(Eyq+ -+ Byt Epp) =t+1 < s+1 <
(k—1)+ 1 =k, which contradicts the assumption of 7. Hence 7(T(A)) > k — 1.
Further, 7(T(A)) < k — 1, since T strongly preserves term rank k. Thus, T

preserves term rank k£ — 1. |

Lemma 3.9. Let 2 < k <m < n. IfT : M, ,,(Bx) — M, (By) is a linear
transformation that strongly preserves term rank k, then T preserves term rank
1.

Proof. By Lemma 3.8, T preserves term rank £ — 1. By Lemma 3.7, T" preserves

term rank 1. n

Now we provide characterizations of linear transformations 7' : M, ,(B) —
M, ,(B) that preserve term ranks k£ and [, where 1 <k <[ <m <n.

Theorem 3.10. Let 1 <m,n and 1 <p,q and T : M, ,(Bx) — M, ,(By). Then
T strongly preserves term rank 1 if and only if T is a (P, Q)-block-transforma-
tion. (Necessarily, either m < p andn < q, orm < q andn <p.)

Proof. 1t is routine to show that if 7" is a (P, Q)-block transformation, then 7'
strongly preserves term rank 1.

Assume that T strongly preserves term rank 1. Then, the image of each line
in M, ,,(By) is a line in M, ,(By). We may assume that either T(Rgm’")) < Rﬁp’q)
or T(RY”’")) < C’fp’q).

Case 1. T(R!™) < R . Suppose that T(Cj(»m’")) < R". Then, since
EY?”) is in both RY”’") and C](-m’n) and since T(Ef?’n)) # O, we must have ¢ = 1.
But then, for j # k T(Eér;m) + EYZTL)) < Rim”” and hence, has term rank 1.
But T(Eé’?”) + E{",Z”)) = 2, a contradiction. Thus the image of any column
is dominated by a column. Similarly, the image of any row is dominated by a
row. Further, since the sum of two rows (columns) has term rank 2, the image
of distinct rows (columns) must be dominated by distinct rows (columns). Let
¢:{1,---m} — {1,--- ,p} be a mapping defined by ¢(i) = j if T(R'™™) < R§p’q)
and define 6 : {1,---n} — {1,--- ,q} by 0(i) = j if T(C’i(m’")) < C'](-p’Q). Then, it

is easily seen that ¢ and 6 are one-to-one mappings, and hence, m < pand n < q.

12



Let ¢' : {1,--- ,p} = {1,---,p}and & : {1,--- ¢} — {1,---,q} be one-to-one
mappings such that ¢’ |;1..my= ¢ and 0’ |(1,...,= 0. Let Py and Qg denote the
permutation matrices corresponding to the permutations ¢’ and €'.

In this case we have that m < p and n < ¢, and T(A) = Py[A & O]Qy for all
A € M, ,(By), that is T is a (P, @)-block-transformation.

Case 2. T(Rgm’n)) < C’fp’q). Asin case 1, a parallel argument shows that m < ¢
and n < p, and T(A) = P[A*® O]Q for all A € M, ,(By), and consequently that
T is a (P, @Q)-block-transformation. n

Corollary 3.11. Let 1 <k <m,n and 1 < p,q and T : M, n,(B) — M, ,(By)
be a linear transformation. Then T preserves term rank 1 and term rank k if and
only if T is a (P, Q)-block-transformation.

Proof. By Lemma 3.2, T strongly preserves term rank 1. By Theorem 3.10, the

corollary follows. |

Theorem 3.12. Let 1 <k <l <m<nandk+1<m. IfT:M,,(B) —
M, ,(By) is a linear transformation that preserves term rank k and term rank l,

or if T strongly preserves term rank k, then T is a (P, Q)-block-transformation.

Proof. By hypothesis, Lemma 3.7 or Lemma 3.9, T preserves term rank 1. By
Corollary 3.11, the theorem follows. |

Theorem 3.13. Let 1 <k <l <m<nandk+1<m. IfT:M,,(B) —
M, ,(By) is a linear transformation that strongly preserves term rank k, then T

is a (P, Q)-block-transformation.

Proof. By Lemma 3.2, T strongly preserves term rank 1. By Theorem 3.10, the

theorem follows. n
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4 Equivalent conditions of term rank preservers

on the general Boolean matrices

Throughout this section, we characterize term rank preservers over different gen-

eral Boolean matrix spaces.

At first, provide two examples.

Example 4.1. Let T(A) = P[(Ao B) ® O]Q, and

(2 e (311) o)
10 {a} {a,b}

Then for A = <{b} {6 ), T(A) = <0 0 1} ) So 7(A) = 2, but
{by {b} 0 0 {b}
7(T(A)) = 1.

Thus, in general Boolean algebra, (P, Q, B)-block-transformation does not pre-

0
0
1

o O =
S = O

serve term rank.

Example 4.2. Let T(A) = P[(Ao B) ¢ O]Q, and

0 1 v 11
10 11
10

Then for A = ( ta} {a} ), T(A) = ( tby 0 10} ) Thus T(A) = 2, and
{o} {b} {a} 0 {a}
T7(T(A)) = 2. Actually, (Ao J) is a A.

That is , for any general Boolean algebra, (P, Q)-block transformation preserve

o O =

term rank, which is a special case of (P, Q, B)-block-transformation with unit b;;.

We provide characterizations of linear transformations 7' : M.,,, ,(By,) — M, ,(By,)

that preserve term rank.

14



Definition 4.3. Let A € M., ,(B},) and define A € M,,,,(B) to be the matriz [a; ;]

where @; ; = 1 if and only if a;; # 0. A is called the support or pattern of A.
Clearly 7(A) = 7(A). Let T : M, ,(By) — M, ,(Bx) be a linear transformation.
Define T : M, ,(B) — M, ,(B) by T(E;;) = T(E;;), and extend linearly. Then

(B
T : My, n(B) — M, (IB%) is a linear transformation over binary Boolean semiring.

Lemma 4.4. Let T : M, ,,(By,) — M, ,(Bx) be a linear transformation. Then T

preserves term rank k if and only if T preserves term rank k, for any 1 < k < m.

Proof. Let A € M,,,(B) with 7(A) = k. There exist A € M,,,(B;) with
7(A) = k. Then 7(T(A)) = k. Since T(A) has the same zero pattern as T(A),
7(T(A)) = k. Conversely, let A € M,,,(By,) with 7(A) = k. There exist A €
M,,.,(B) with 7(A) = k. Then 7(T(A)) = k. Since T(A) has the same zero
pattern as T'(A), 7(T(A)) = k. n

Theorem 4.5. Let T : M., ,,(Br) — M, ,(By) be a linear transformation. Then

the following are equivalent:
1. T preserves term rank;

2. T preserves term rank k and term rank [, with 1 < k <1 < m <n and
kE+1<m;

3. T strongly preserves term rank h, with 1 < h <m < n;

4. T is a (P, Q)-block transformation.

Proof. 1 implies 2 and 3 by definition of preserving term rank. Let A be any
matrix in M, ,(B) with 7(A4) = k. 7(T(A)) = 7(P[(A0)]Q = 7(A®0) = 7(A).
Thus 4 implies 1, 2 and 3. In order to show that 2( or 3 ) implies 4, assume that
T preserves term rank £ and term rank [, with 1 < k <[ < m < n. By Lemma
4.4, T preserves term rank k and term rank [, with 1 < k < < m < n.. Thus, by
Theorem 3.12, T is a (P, Q)-block transformation. Thus, T is a (P, Q, B)-block
transformation. But the entries of B must be unit. Thus B = J and 7T is a
(P, @)-block transformation.

15



In order to show that 3 implies 4, if we apply Lemma 4.4 and Theorem 3.13,

the proof is parallel to the above.
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the following are equivalent:

1. T preserves term rank;

2. T preserves term rank k and term rank [, with 1<k<l<m<n and
k+1<m;

3. T strongly preserves term rank h, with 1<h<m<n;

4. T has the form 7(X)=P(X®O)Q, where P, @ are permutation

matrices of order p and ¢, respect.
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