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<Abstract >

ExtendedQuotient-Remainder

Theorem onaPolynomialRing

Therehavebeenmanyresearchesonthepolynomialdivision.Withthefast

developmentofcomputercalculation,theclassicalproblem ofapolynomial

division with a remainderhas been changed to find fastalgorithms to

computing thecoefficientsofthequotients  
 




 and ofremainder

 
 




 onthedivisionof 

 




 by  

 




, ≥. In[3],

D. Bini and V. Pan introduced various known polynomial division

algorithms(see[2],[4],[5],[8]),andcomparedthem withtheirnew algorithm.

From thesealgorithms,weobtain motivation toconsiderextendeddivision

algorithm ofpolynomialswithrelatedtotheremaindertheorem.

Inthisthesis,weshallbeinterestedinthedividing  by  ofdegree

higherthan 1.Moreover,weusethedeterminantofcoefficientmatrix to

obtainextendedquotientandremaindertheoremsinapolynomialring.The

maintheorem isthefollowing.

ExtendedQuotient-RemainderTheorem :

If arealldistinct,andwedivide  
  


by

   
 

⋯   
,thenweobtainquotient

  
 andremainder  

 




 






where  
 









   ⋯ .
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ExtendedQuotient-Remainder

Theorem onaPolynomialRing

1.IntroductionandPreliminaries

Therehavebeenmanyresearchesonthepolynomialdivision.With

thefastdevelopmentofcomputercalculation,theclassicalproblem ofa

polynomialdivisionwitharemainderhasbeenchangedtofindfast

algorithmstocomputingthecoefficientsofthequotients 
 






and of remainder  
 




 on the dividing  

 




 by

 
 




, ≥. In[3],D.BiniandV.Panintroducedvarious

known polynomial division algorithms(see [2],[4],[5],[8]),and

comparedthem withtheirnew algorithm.From thesealgorithms,we

obtain motivation to consider extended division algorithm of

polynomialswithrelatedtotheremaindertheorem.

Weintroducesomedefinitionsandwell-knownfacts.

A ring is a nonempty setR with equipped with two binary

operations,addition and multiplication,that satisfy the following

axioms.Forall∈ 

1.If∈ and∈,then∈.[closureforaddition]

2.  .[associativeaddition]

3.  .[commutativeaddition]
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4.Thereisanelement inR suchthat     for

every∈.[additiveidentityorzeroelement]

5.Foreach∈,theequation = has solutionin.

6.If∈ and∈,then∈.[closureformultiplication]

7.  .[associativemultiplication]

8.   and  .[distributivelaws]

AcommutativeringisaringRthatsatisfiesthisaxiom:

9.   forall∈.[commutativemultiplication]

A ring with identity isa ring  thatcontainsan element 

satisfyingthisaxiom:

10. = = aforall∈.[multiplicativeidentity]

Wehavemanyexamplesofrings,sayℤ,thesetofintegers,ℤ,

thesetofintegersmodulo,ℝ,thesetofreals,andsoon.

Anintegraldomainisacommutativering withidentity ≠

thatsatisfiesthisaxiom :

11.Foreach ∈,   implies   or  .

A fieldisacommutativeringRwithidentity ≠ thatsatisfies

thisaxiom :

12.Foreach≠ inR,theequation   hasasolutioninR.

Forexamplesoffield,wehavethesetofreals,thesetofintegers

moduloprimenumberp,thesetofcomplexnumbers,andsoon.
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Theorem 1.1(TheDivisionAlgorithm forIntegers)[4]Letℤ bea

ringofintegers.Letaandbbeelementsinℤ.Thenthereexistq

andrinℤ suchthat ·,where  isthequotientand  isthe

remainderwith≤ ＜.

Definition 1.2 Let beafield and  bean indeterminate.A

polynomialwithcoefficientsin isanexpressionoftheform

  
  


,wherenisanonnegativeinteger

and ∈.Thering ofpolynomialswith coefficientsin F willbe

denotedby,thatis

     
 ∈

Inthispolynomialring,wehavetheadditionoftwopolynomials

  
  


and

   
   



as

         
    



andthemultiplicationofthem as

     

.

Definition 1.3Let beafieldand  beanindeterminate.Let

  
  


be a polynomialin  with

≠ Then iscalledtheleadingcoefficientof.Thedegree
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of istheinteger;itisdenoted“ ”.Theelementsof

,consideredaspolynomialsin,arecalledconstantpolynomials.

Inthefollowings,wedenoteafieldofrealsas.

Theorem 1.4(TheDivisionAlgorithm in)[4].

Let  ∈ with ≠. Then there exist unique

polynomials and  in suchthat    and

either   ordeg  deg .

Definition1.5 Let ∈ with  nonzero.Wesay

that  divides  [or  is a factorof ],and write

,if   forsome∈

Definition1.6 Let∈.Anelement of issaidtobea

rootofthepolynomial if=0.

Theorem 1.7 (The RemainderTheorem)[4] Let ∈ and

∈.Thentheremainderwhen isdividedbypolynomial is

.

This theorem says,for example,that the remainder when the

polynomial    isdividedby  is

   ··  

Theorem 1.8(TheFactorTheorem)[4] Let∈  and∈.
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Then  isarootofthepolynomial ifandonlyif  isa

factorof.

Lemma1.9 Let bethepolynomial

   


  





 


.Ifwe divide

 by and respectively,thatis,

    and   

thenthequotientsandremaindersarerelatedas

   and    (1.1)

Proof. ByTheorem 1.4(theDivisionAlgorithm),thereexistaunique

  and in suchthat

   

where   or    Thus

  








 


  

=


 

  


  

={


}  

= .

Therefore   


 and  . ■

Example1.10 Letusconsider  ,
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   and   
 


 


.Then

   


 


,   


 


,  

 

and  


 


. ■

ThisLemma1.9impliesthatwemayusesomemonicpolynomial

 asadivisoronpolynomialdivisionswithoutlossofgenerality.

Soweusethemonicpolynomial asadivisorinthefollowing.

Inthisthesis,weshallbeinterestedinthedividing  by 

and usethisdividing method to extend theremaindertheorem to

polynomials  ofdegree higherthan 1.Moreover,we use the

determinantofcoefficientmatrix to obtain extended quotientand

remaindertheoremsinapolynomialsring.
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2.Theremainderondividing  by 

Inthissectionwegivethemethodforcalculatingtheremainderon

dividing ofdegree bythedivisor ofdegree≤ :

  
  


(2.1)

and

  . (2.2)

Moreover,weobtaintheextendedtheorem fortheRemainderTheorem.

Inthissectionweusethetwopolynomials   asinthe

notationin(2.1)and(2.2),respectively.

Now,Theorem 1.4(theDivisionAlgorithm in)givesus

  (  

) (2.3)

forsome∈ and∈ for      .

Letusdenote


  

  


  

 ,andsoon.

Ifwedifferentiate  in(2.3)at ,thenwehaveasystem of

linearequationsofm equationsand unknownsover asfollows:

     



         




          


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
            



...................................................................................................................................


         

Inordertoexpressthissystem ofm linearequationsasamatrix

equation,wewrite

       ,         

(2.4)

andthecoefficientmatrixAistheWronskianmatrix

A=









    ⋯ 

   ⋯ 


    ⋯ 


⋮
    ⋯ 

(2.5)

Then ,thatis









    ⋯ 

   ⋯ 


    ⋯ 


⋮
    ⋯ 












⋮


=















⋮



.
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Lemma2.1LetC =









 ⋯
  ⋯ 
 ⋯

andD =









 ⋯ 
  ⋯  
 ⋯
    

   

 

,

where     
 and     

.

Then 

∙∙ ∙  .

Proof.Expanding from thelastrow,

 
 




 









      
      
      

 

=
 




 









      
      
      

  .

Expandingeachdeterminantherefrom thecolumncontainingthe's,


 










=  















 

=  









 ⋯
  ⋯ 
⋯















 . ■
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Lemma2.2 Forthe and,theremainderondividing 

by  is   


,whereB=  

  
,Y in(2.4),A in

(2.5)and    ⋯ .

Proof.ThedeterminantofBis

 ∙∙ ∙   (2.6)

from Lemma2.1. SincethedeterminantofA is ⋯  =






≠,A isinvertiblematrixanditsinverseis



.

Now,  impliesthat 



∙ .Multiply both

sideby ,thenwehave

 


·    . (2.7)

Thereforewehave  


from (2.6)and(2.7). ■

Now,wecalculatetheremainderondividing by.

Theorem 2.3Ifwewrite   then

=
 








(2.8)

Proof. From Lemma2.2,weneedtocalculatethedeterminantof
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thematrixB.Considerthe-squarematrix

B=  

  
=









    ⋯  


   ⋯ 
 



    ⋯ 
 



    ⋯ 
 


⋮
    ⋯  



    ⋯  

.

Inordertoobtain  weapplytheelementarycolumnoperationsas

follows:

Add   timesthe  -thcolumnofB tothe -thcolumn

from    to,andadd

 timesthefirstcolumnofB to

the-thcolumn.Andthenexpandthedeterminantonthefirst

row.Ineachstepwereduceacommonfactorineveryrow outofthe

determinant.Thenafter stepswehave

 =⋯  -


 -




-⋯ -


}

=





 









 .

By(2.4),weobtainthat

  
 ⋯ 


⋯ 
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







⋯









+



+⋯

+







=
  

  









=
 








,

whichistherequired. ■

Example2.4 Forthedetailedcalculationofthe  weshow the

case.Let

B4=









    


    


    


    


    

.

Add timesthe  thcolumnofB4 tothe thcolumnfrom

   to4,and  timesthefirstcolumn ofB4 tothe5th

column.Thus

 =det









    

    


    


    


    


.

Ifweexpand inthe1strow,weget
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 =1∙ det









   


   


   


   


.

Similarly,werepeattheabovemethod.

Add  timesthe  column oftheabovematrix tothe th

columnfrom    to,and timesthefirstcolumntothe4th

column:

 =det









   
   



   


   




.

Ifweexpand inthe1strow,weget

 =1!det









  

  


  




.

Also,repeattheabovemethod.

Add  timesthe1stcolumnofabovematrixtothe2ndcolumn,

and 



 timesthe1stcolumntothe3rdcolumn.Then

=1!det









  
  



  








.
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Ifweexpand inthe1strow,weget











 


 



















whichistherequiredvalueintheproofofTheorem 2.3. ■
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3.Thequotientondividing  by 

Inthissectionwegivethemethodforcalculatingthequotienton

dividing ofdegreenbythedivisor ofdegree≤ :

  
  


(3.1)

and

   . (3.2)

Moreover,weobtaintheextendedtheorem fortheRemainderTheorem.

Inthissectionweusethetwopolynomials   asinthe

notationin(3.1)and(3.2),respectively.

Lemma3.1 Foragivenf(x),wehaveauniqueexpressionas

  
⋯

 (3.3)

with∈,  0,1,… ,n.

Proof.By theTheorem 1.4(thedivision algorithm in )with

  ,weobtaintheuniquequotient ofdegree,and

theuniqueremainder inFsuchthat

  .
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Similarlyweget

   ,

wheretheuniquequotient in  isofdegree ,andthe

uniqueremainderis in.

Continuingthisprocess,wehave

   and   ,

wheredeg   ,andtheunique ∈.

Let    ,which is a constantin .Then combining these

equationsbybackwardsubstitution,weobtaintherequiredformula

  


⋯ ,

whereeach istheuniqueconstantin. ■

Theorem 3.2 Ifwedivide by,thenthequotientis

  
 

 








 . (3.4)

Proof.Let   
  .Using Theorem 2.3,the

remainderondividing by is
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 
 








. (3.5)

From (3.3),wehavetheuniqueexpression

  
⋯

⋯
 (3.6)

and  
⋯.Thuswehave

  (3.7)

From (3.6),wehave  ,

where  ⋯
,whichisthesameasthe

valuein(3.5)bytheuniquenessoftheremainder.Thusweobtain

 




. (3.8)

where    ⋯  .

Now,wealsohavethefollowingform from (3.6)

  
⋯




⋯


 ⋯




⋯

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 ,

where   ⋯
 and

  ⋯





 

 






(3.9)

Substitutingeach in(3.9)bythevaluein(3.8),wehave

  
 

 








. ■

Corollary3.3(TheQuotientTheorem)Ifwedivide  by ,

thenthequotientis

  


 








.

Proof.IntheaboveTheorem 3.2,wereplacem by1toobtainthe

result. ■

Corollary3.4 Forapolynomial,wehaveauniqueexpression
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 






⋯










 







 

Proof.Intheequation(3.3),wereplaceall (   ⋯ ) the

valuein(3.8)and   from (3.6).ThisexpressionistheTaylor

Expansionforpolynomialsin.
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4.Theremaindersondividing  bythefactorsof




 


Inthissectionweobtainanexpressionof bythefactorsof

  
 

    
  ofdegree    

forpositiveintegers ,where

  
  


. (4.1)

Theorem 4.1 If≤⋯ ,and  arealldistinct

realsfor   ⋯,thenthereexistsuniqueexpressionof as

follows:

  


 
⋯


 

 ⋯


(4.2)

where  
 






 


,    ⋯ .

Proof. Ifwedivide  by 
 ,then wehavetheform

  
 forsome ofdeg and

 ofdegree orless.UsingTheorem 2.3and3.2,weobtain

  
 









(4.3)
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and

  
 

 









 . (4.4)

Now,ifwe divide  by 
,then we have the form

  
 forsome ofdeg and

 ofdegree orless.UsingTheorem 2.3and3.2,weobtain

  
 









(4.5)

and

  
  

 









.(4.6)

Since≤,thereexistsk,with1≤k≤s,suchthatthisproceedmay

stopat stepsyielding

  
 (4.7)

  
, (4.8)

where

  
 









(4.9)

and
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  
⋯ 

 

⋯







.(4.10)

for    ⋯. Moreover, we have deg   . So

  
∙ andhence

  , (4.11)

anddefine  ⋯   .

Now,substituting(4.11)into(4.8),substituting(4.8)into(4.7),andso

on,wehave

  
 



 





=⋯

=  



⋯




⋯ 


whichistheequation(4.2).Ineachstep,theremainder  were

determineduniquely. ■

Example4.2 Inordertoshow thejustification oftheresultin

Theorem 4.1,consider

   and

  .
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Tofindtheuniqueexpressionof bythefactorsof,weapply

themethodoftheTheorem 4.1.Then

  









∙

where     
,   

  ,

     and    . ■
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5.ExtendedQuotient-RemainderTheorem

Inthissectionwegivetheextendedquotient-remaindertheorem on

dividing  ofdegreenbythedivisor ofdegree≤  such

that:

  
  


(5.1)

and

   
 

⋯  
, (5.2)

with.

Throughoutthissection,weusethetwopolynomials  as

intheequationsin(5.1)and(5.2),respectively.

Theorem 5.1 (ExtendedQuotient-RemainderTheorem)If areall

distinct,andwedivide by,thenweobtainthequotient

  
 andtheremainder

  
 




 




, (5.3)

where   
 









,    ⋯ .
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Proof.Let  


⋯ 


,with

  and .Then by Theorem 4.1 we

obtaintheuniqueexpressionof asfollows:

  


 
⋯


 

 ⋯



 

 ⋯
 

  , (5.4)

where  
 









with   ⋯ .

Since    
 



,wehavetheleadingcoefficientof

 mustbe,whichis.

From (5.4),letusexpressthequotientandtheremainderdifferently

accordingtothedegreeasfollows:

  


 ⋯



 

⋯ 
 









⋯
 

 ⋯
 

  
 

 
⋯   


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⋯
 






 .

Thus we have quotient   
,and the remainder

  
 




 




. ■

Example5.2 Inordertofindtheuniquequotientandremainderby

themethodintheproofofTheorem 5.1,consider

   and

  .

Tofindtheuniquequotientandremainderofthedivision÷,

weapplythemethodoftheTheorem 5.1.Then

  









where  ,   ,   
,    and

  .Thusthequotientis
  

,

theremainderis ■
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<國文抄錄>

多項式 環에서 확장된 몫과 나머지 定理

多項式의 나눗셈에 대한 硏究는 매우 많다.컴퓨터 計算의 빠른 발달로 인하여,

多項式 나눗셈의 전통적인 問題는  
 





를  

 





( ≥)로 나눌

때 몫  
 





와 나머지  

 





의 係數들을 구하기 위한 빠른 計算

方法을 찾는 問題로 변화되고 있다.參考文獻 [3]에서 D.Bini와 V.Pan은 參考文

獻 [2],[4],[6],[8]들에서 硏究되어 알려진 여러 가지 나눗셈 計算方法을 소

개하고 자신들이 개발한 計算方法과 比較分析하였다.이러한 나눗셈 計算方法

들로부터 나머지 定理와 관련된 多項式의 확장된 나눗셈 計算方法을 硏究할

動機를 얻었다.곧 1차식인 를 차의 多項式 으로 나눗셈 定理

의 확장을 시도하여 몫과 나머지를 計算하였다.더욱이 를

  
 

⋯ 
으로 더 확장하여 몫과 나머지를 구하는 理

論을 정립하고 이를 行列式의 計算法으로 證明하였다.核心定理는 다음과 같

다.

확장된 몫과 나머지 定理

모든 들이 서로 다를 때   


 를

  
 

⋯ 
로 나누면 몫은   

이

고,나머지는   
 




 




이며,여기서      에 대

하여   
 









이다.
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