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I. INTRODUCTION

The theory of permanent function have been extended by the proofs of the van
der Waerden’s conjecture.

The proof of the van der Waerden’s conjecture for permanent function have
intensified the celebrated van der Waerden’s conjecture for permanent function,

recently proved by Egorycev asserts that if S is a doubly stochastic n Xn matrix,

then

Per(s)g n_;, ................................ (1)
n

and that equality can hold in (1) iff S is J,, the matrix all of whose entries are %

After the appearence of the proof of .the van der Waerden'’s conjecture, many
efforts have been made to exploit their techniques in problems of determination of
the minimum permanents in various faces of the polyhedron Q, of all n-square
doubly stochastic matrices. Without any doubt, one of the most interesting and
important problem concerning the faces of Q , is that of determining the minimum
values of the permanent function and the set of all minimizing matrices on them.

Knoop and Sinkhorn [5] determinzd the minimum permanent in a face of Q ,
with one prescribed zero.

Minc {7] found the minirnum permanent in all faces of £1,, in which the zeros

are restricted to two rows or two columns.
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Hwang [4] determined the minimum permanents in a face of Q » With zeros
in staircase type matrices.

Song [9] found the minimum permanents in a face of Q , which is determined
by the (0, 1)-matrices that contains identity matrix as a submatrix.

In this paper, we will investigate some minimum permanents on certain faces

of the polyhedron of doubly stochastic matrices, and have some partial solutions on

a conjecture of E. T. Wang for permanent function [8, 10].



II. DEFINITIONS AND PRELIMINARIES

A nonnegative matrix is called doubly stochastic if all its row sums and
coulum soms equal 1. The set of all n Xn doubly stochastic matrices, denoted by (2,,
forms a convex polyhedron with permutation matrices as vertices [6].

For arbitrary n-square matrix A =(a;;), the permanent of A is defined as

per(A) = 5 T a;0(i)

oeSn i)

where S, denotes the symmetric group of degree n.

Let D= [d,,] be an n-square matrix and

QD)=:X=[x,]e Qn| x,;,=0 whenever d,;=0}

Then, Q (D) is called the face of the polyhedron Q , determined by D. Since Q (D) is
a compact subset of a finite dimensional Euclidean space, there exist a matrix A in

Q1 (D) such that

per(A)=per(X) for all Xe Q (D)

Such a matrix A will be called a minimizing matrix on Q (D). The recent solution
{2, 8] of the van der Waerden conjecture for the minimum permanent of matrices
in Q , suggests the possibility of determining the minimum permanent of matrices

in faces of ..

e~



An n-square (0, 1)-matrix D is called cohesive [1] if there is a matrix Z in the

interior of Q (D) for which

per(Z)=min{perX | Xe Q (D)}

An n-square (0, 1)-matrix D is called bary centric [8] if

per b(D)=min { perX | Xe Q (D)}

where the bary center b(D) of O (D) is given by

1
b0 = oo &, F

such that the summation extends over the set of all permutation matrices P with
Pe Q(D) and per(D) is their number.

An nXn matrix A with nonnegative entries is called partly decomposable if it
contains an sX(n—s) zero submatrix, otherwise it is fully indecomposable [6].

If A=[a,,] is an n-square matrix, then A( | ;) is the (n —i) X (n—1) submatrix
obtained from A bydeleting ith row and jth column. The kth column of A is denoted
by a. k=1, 2, - n. It is sometimes convenient to denote the permanent of A by
per (a,, 2;, -, an).

If column % of n-square matrix A contains exactly two nonzero entries, say
in rows 7th and jth, then the (n—1)-sjuare matrix c(A) obtained from A by
replacing row 7th with the sum of rows ith and jth and deleting row jth and column

kth is called a contraction of A. If A is fully indecomposable, so is c(A) [3].
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Now, we start with known results.
Lemma 2.1 ([9]). Let D=[d,;] be a fully indecomposable n-square matrix, and let
A =[a,,] be a minimizing matrix on Q (D). Then A is fully indecomposable, and for

(Z,7)a di;#0

per A(: | j)=per(A) if a;;>0

per A(i | j)=per(A) if a;,=0

Lemma 2.2 ({3]). Suppose Ae £, is fully indecomposable and has a column (row)
with exactly two positive entries. Then c(—f\) is (n—1)-square doubly stochastic and

fully indecomposable and

2 per(A)=2 per(A)=per c(A)=per c(A)

where A is a minimizing matrix on @ (A) and c(A) is a contraction of A.

Now, Lemma 2.1 has been strengthened with the aid of Egorychev’'s

reformulation [2] of the Alexandrov’s inequality -

(per(A)?=per[a,, -** an_y, an_y] Xper{a,, ==~ an_z, an, &n)

for any nonnegativ matrix A={a,, -** a,]
Lemma 2.3 ([9]). Let A=[ga,] be a minimizing matrix on £ (D), where D=[d,. -
d.] is an n-square (0, 1)-matrix. If, for some £<n, d;; =---- =dj, and if, some 7/,

a;n + +a,‘jk¢0 then,



per A(i | j)=per(A)

fort=1, -+, k

If A=[a,, -~ a,] is a minimizing matrix on Q (D), D=[d,, --- d.], and if

d,=d,, then

per[Ua, +Va;, Va, +Ua,, a;, -, a,] =per(A)

for any U, V20 with U+V =1
In 1967, M, Marcus and H, Minc suggested a conjecture as follows,
Conjecture of Marcus and Minc [8] : If S is a doubly stochastic n X n matrix, n=2

then

an-S)

n-1

per (S) = per (

if n=4, equality can hold if and only if S=],.
Wang [10] proved inequality for all doubly stochastic 3x3 matrices, and

conjectured that

nd,+8S
per{S) = per (-—m—

for all Se Q,. But the two conjectures do not solved completely.

In chapter IV, we have two partial solutions for the conjecture of Wang.



. MINIMUM PERMANENTS ON CERTAIN DOUBLY
STOCHASTIC MATRICES.

Proposition 3.1. Let

D= (0 0 0 1 eee 1\
0 0 0 1 ...... 1
0 0 1 1 ...... 1
1 1 1 1 ...... 1
1 1 1 1 e 1J

be an (m+3)-square (0, 1)- matrix. Then the minimum permanent on the face Q (D)

is
(meg) o (DT (o) (me2)?
L ] mz(m-l)j m*
Proof, Let
1 3
A=(0 0 0 T e _I]ﬁ_
1
0 O O _I% ......... E
1-x 1-x
0 O X E ......... m
1 1 1= 5, .
m m m 2 Z
I 1 1=x 5 ...
lm m m Z z




be a minimizing matrix on the face Q (D). Then

-X
mz + &+ 2o

from doubly stochastic matrix A. Hence

7 = (m—32)+x
m

Now, we calculate :

. _l 2 _ l 2
peri.A'=<an—) {X'(m‘Z)! VAR (m-2) <_m£> (m-2) (m_s)!zm—s}

m

- (i;n—ly (m-2) 2™ {XZ+(m—2) (1—1)2}

= (%1)2 (m-2)/r2Z™? {xz+’:‘n22 (1—x>2}

Consider
d(peria) m-1Y -
ax ! =< - ) (m—2).’(m-3)Z"‘"-#{xz +":n22 (1-2)%)
e m__lz _ m-3 X m-2 ]
'(m)(m 2)/2 Z+mz— mz'2(l—l)f
m- [\, — - Cm-
(F) (m-2)s zm [";f{'xzﬁ-“kf (1—x)’J-+zz+-§§

~(m=2)201-00z2) = o

If Z=0, then A is partly decomposable. This contradicts to Lemma 2.1. thus

Z+0) so,



m-3 m- 2 X7 -
- {xz+ 2 (10 +Z8 s —(mTzz)z(l—nz}

(m-3 (m-3) +2\, (m-3) (m- - ‘
~(mz x) " )4 m r;.(m 2) (1—1)2+{“ﬁ-(m;)+1}

4 X(m-3+X) _ 2(m-2)(1-X)(m-3+Xx)
4 3
m m

Then,

(m—=3)x*+(m—3)x+(m—3)(m—2)(x*—2x+1)+x*+2(m—3)x +(m—3)*+ x>+
(m—3)x+2(m—2){x*+(Mm—4)x—(m—3)} =0
7, e, (M —2m+1)x*+(m*—5m+4)x—(m-3)= 0

From this, we have

_ 1
podl L, MUTRT | mea?
m-1 m’ m’(m-1)
Therefore
_(mili. B (m—2) (m-2)" | m-2 (m-2Y
per[M_( m) ' & ! m’(m—l {mz(m--l)2 m’ (m-ll}
(m-2)21™°  (m~1) (mr2)*
— - ’
(m=2) {mz(m—l)} m' Q

Consider the derangement matrix of degree 4 and we find the minimum

permanent on 2 (R,) such that



Proposition 3.2. If the minimizing matrix A in Q (R,) is symmetric, then

A= R,
Proof, Let
A= 0 a1 a3 @, )
2 0 23 M4
a3 3 0 34
L ay @4 (a4 0 J

be the symmetric minimizing matrix in Q(R,). Then, doubly stochastic property of

A implies that

A= 0 @y 1=@—8s @ )
ay,; 0 &y l1—a,,- s
l—a; -t @ 0 @2
(7%} 1-a—am 0
L -

with nonzero a,; and ;. Since A is a minimizing matrix in Q (R,). We have

per A(1 | 2)=per A(1 | 3)=per (A) from Lemma 2.1.



Calculating

per A(l | 2)=per a @ 1—a,—a
1—a—a 0 ar2
3 a: 0
:a123+a]2@32+al2(1_a12_ala ) g (31)
and
per A(l | 3)=per ., 0 1—a;— @
1@, —as @3 a1z
@3 1—ai;— s 0
=@ (1=~ @)+ (1= — @3l + @® (1 —@ia— @gg)  -oovevveeeeenens 3.2)
Then,
0=3.1)—(3.2)
= @2~ 1+ o+ @) + @™ (@ — 1+ a1+ @os) +(1 — @1, — @) (@12~ 1 +a12+ az3)
=Q2ai: + @ — a2+ @ + (1 — @3 — a,)2}
Hence,
20,4 a3 —1=0, & =1—2a,,
Then,
A= 0 @z a, 1—2a,)
a2 0 1—2a, a2
iz 1-2a,, 0 a;
| 1-2a: a, a2 0




per(A)=a, per { a, 1—2a,, @:)+a.per| @ 0 @

42 0 ax2 a3 1-2a, &z
\ 1—2a, (4} 0 1-2a4, a,; 0
+(1_2 du) per a2 0 ]."2&12

a2 1—2012 0

1—26112 a2 ay2
= a,, | a:z + a5, ( 1’2012)2+ aiz} X2+ (1-2 ay,) { aiz( 1-2a,) + (1-24,,) “fz
+(1-2a,)%}

= 2a,{24;, +a, (1-2q,)* }+2(1-2¢,)% &, + (1-2 a,)t

40:2 + ( 1_2 alz)‘ + 4afz (1_2012)2

{ 2afz +(1_2012)2}2

= 6(ay- 2P+ 12

Hence, the minimum value of A is 1/9 when a;,=1/3. And that A=1/3R, is the

minimizing matrix in 2 (R,) g

Consider the toeplitz matrix of the degree 4 such that
A=11 1 1 0

1 1 1 1




and we find the minimum permanent on the face Q(A.,).

Lemma 3.3, Let

A= an a2 a3 0 )
(230 @2 r3 @24
(31 B2 - G N
0 a2 Q3 Qs J

be a minimizing matrix of the form a,=a,=a on Q(A)). Then, the minimum

permanent in  (A,) is

T A 234 5 2_ 1
ik 3a+2cz a+4

where, @ is a real root of 7a®*—94*+5a—1=0
Proof, Consider the matrix Be Q (A,) obtained from A, by replacing columns 2 and

3 by their average. i, e

‘ 1-a 1-a A
B = a > 2 0
%Getay  aytay
az 2 2 Qyy
Aty aytay
3 2 2 3,
l-a 1-a
0 2 2 L

Then, per(B)=per(A). Again. consider the matrix Ce Q(A,) obtain from B by

replacing rows 2 and 3 by their average. i, e



—
|
Q

2

l-a a

2 2
l-a _a

2 2
l1-a

L 0 3

fu—
I
Q

N'h NIQ (3%

—
|
Q

[\)

[\

= i a l__a 1 1_ l—a
per (C) a per 5 - 5 + 2 —aper 2a p 0
2 a 1-a e 4 l-a
P2 2 2 2 2 2
l=¢ |-a J 1- 1-a
[ 2 2 ¢ [ 2 3 ¢
e, @ 1-a\,, a & I-a l-a ,a(l-a)
o5 G5+ S (B o450 (el x2) )
] a lra
+ (1-a) ] 122 2
1a){ (2+(2))><2}
N _a_/ a? 1-2a+a? a( 1-2a+a?) (@, 1-2a+a
—0[2\?+—4_)X2+ '—4—}‘}'(1‘0)2\5'*‘—7——)

2a2+1—20+a2)
4

2
=g (248 ~2a+1) + % (1-2a+ 0*) (1-2a+34)

2
= a“- d+ % + % ( 3a*-6a*+3d*-2a°+ 4a°-2a+4d* ~2a+1)

7
=7 a‘—3¢13+gaz— a—f—i—

_14_




Put,

Let us,

Put,

Then,

Put,

Then,

and,

Hence,

fla) = per(C) =%a‘— 303+%az-a+—i—

fla) = 7a°-9a®> +5a-1 = 0

3
a—y+7
3 i 2: ----------------------------------------
Y+ =y + =0 (33)
-._8 _ 8 -2
Ptz s ¢°7

U3, V3 are roots of t°+ %t - (1%)3 =0

-9+7.,/33
78X 32

Il

ooh (BT

1 2 2 2 g3 -9-7./733
V3 = — — — _— — a— =
2 ( 7 /(343) 4 (147)) 7° X 3
-947,/33 9+7,/33 3
a = —_— — p—
Y s 3/~ t 5 =03920814 O

Proposition 3.4. On the face © (A,), we have the minimum permanent as Lemma

3.3 which occurs uniquely at



A= 1-a i-a
a 2 2 0
1-a a a l-a
2 2 2 2
l-a . . Log | e (3.4)
Z 2 2 2
l-a 1-a
L0 R Z @ J
where « is the value of Lemma 3.3.
Proof, Assume that
per(A)=min{per(Y): Ye Q2 (A,)}
and put,
A= ( an a2 3 0 \\
(23] 7% a3 (2N
................................... (3.5)
a3y &2 33 Q34
L 0 Q42 43 Ay 7

Since, the columns 2 and 3 has the same zero pattern. We may have a matrix

B= [bx'j] e 0(A)

such that

Qg+ a;s
bil =a, bu:au, b,-2=b,-3:%(z=1, 2, 3, 4)

but, since B has the entries b,, =b,;, b,, =b,;. We may write B as follows:

_16_



4 1-by, 1-by,

B = bll 2 2 0
bZl bzz bzz b24
....................... (36)
b31 b3z b32 b-’“
1-b, 1-by,
\ 0 _241 _2_ b“ /

Then, per(B)=per(A) and hence B is a minimizing matrix in Q (A,) by Lemma 2.3.

Again, since the rows 2 and 3 has the same zero pattern. We may have a matrix

C=[Cile Q(A)

such that
Cii=bu, Cu=Bu, Cou=Co= 2424121, 2, 3, )

but, since C has the entries C,,=C,;;=C,, =Cs;, C240=C3,=Cy;=C,3, C;2=C,5=C,, =
C33

We may write C as follows:

- l-a 1-a R

C=1( a 5 3 0

l-a atb atb 1-b

z 4 i 2

........................ (3.7

1-a ath ath 1-b

2 4 4 2
1-b 1-b
N 0 2 2 b A

where, a=C,,, b=C,,, then per(C)=per(B)=per(A) by Lemma 2.3. And hence, C is
a minimizing matrix in Q (A,). Then, C is fully indecomposable, and hence

per c(1 | 1)=per c(4 | 4)=per(C). Since



atb 1-by’ Ib Jatb | 1-b
per(1|1)=oi4-b{7'b+(‘2_ }2+2{4 2'2}

= ‘%"b (3D2 4 (@=4)D 2 ) coeerrrnrereriieimiienei s (3.8)
And similarly
1- (atb) (1- atb 1-a?
perc(4|4)=_2_”{___8__a).2}+2._ [M+(T)}

=&TH) (1-2a+ & +d*+ab+1 - 2a+a?)
:OT% (3a3+(b_4)a+2) ........................................................ 3.9

Therefore, from (3.8) and (3.9), we have

0 =per C (1|1)-perC(4[4)
= (3= 4 b-a)) <> (h-0) (3(b+a)-4)
Then, a+b=0 or 3(b+a)—4=0 or b—a=0 ----ovreremreriviienn (3.10)

We compute the per(C) for case 1) a=b for case 2) a+b=0 for case 3)

a+b=4/3 respectively.

Case 1) a=b, then the minimum permanent obtained in Lemma 3.3. That is

per(C)= per l-e e
a 2 2 0
l1-a a 4 s
- =3 - iyl EERTPIRISTILY 3 11)
1-a a . i lLa
T 7 2 2
1-a 1;0
L o = P ¢

- 18—



has minimum value at which is the given value

a = % (3 /‘9‘:7 V33 _ 3 9+791 33, 3) in Lemma 33.

Case 2) a+b=0, since 220, and b=0, hence =b=0.

Then,
_ 1 L
C = 0 3 5 0
1 1
7 0 0 2
) L[ e
2 0 0 3
1 1
L 0 3 ) 0

1 .. .
per (C)= — : hot minimum in Q2 (A,) by case 1) and Lemma 3.3.

Case 3) a+b= % we replace b= % —a to C in (3.7).
Then,
l-a l-a
C = a 5 - 0 1
1-a 1 1 3a-1
2 3 3 6 Jemererenneeneens
l-a 4 1 3a-1 !
2 3 3 6 |
0 3e-1 3a-1 4-3a J
. 6 6 3
And
per{C)= a-per 1 1 3a-1 + l-a r l-a L
3 3 6 3 Peri 7 3
1 1 3a-1 i-a 1
3 3 6 ‘ 2 3
3a-1 3a-1 4-3a 0 3az-1
6 6 3 L 6




_, 01
B R

4-3a
) +

(3a-1)* 3a-1 ,3a-1 ]
36 ) X2t =5 (g) X2

- - —1\2
1 (1-a) [170{ 493aJr (3;:61) }xz}

1

= P (274‘_72034. 1380 = 120G+51) +ereerererermennnniiniiin (3.14)

Let, f(a)=27a*—72a*+138a*—120a+51.
In order to find the minimum value of 22-3°-f(a).

We use the derivative function with respect to , then,

f(a)=108a*—2164*+276a—120=0

23 -
Then, Y3+(’%+T)y_0

hence, y=0 and hence ¢= 2

Per(C) has minimum (and least) value at a= % =b. then, it becomes the case 1) and

this is not minimum in Q (A,). In fact,

C:

2 1 L
3 3 6 0
1 1 1 1
6 3 3 6
1 1 1 1
6 3 3 6
1 1 2
L 0 5 6 3

And by (3.14)
J. 4 3 - 2 ’
per(C) = —7i— {27 (£)-72(%) +138 (2)-120 -%+51} = 0.1512345

-20



Therefore, comparing the case 1)~case 3), we know that per (A) has the minimum

value at the given matrix (3.4), where o = % ( 3/:2—4_—97@ - f/—g—+—79-— '33+ 3)
o

Theorem 3.5. Let D,=[d;;] be n-square (0.1)-matrix such that d,;=1 if
| 77| =1 and d,;;=0 OQOtherwise.

Then, for any Ae Q(D,)

1
per(A)= pT

with equality if and only if @, = = Gesei = Gee1.x6= o

Proof, We prove the theorem by induction on n, when n=2, it is easily verified.

Assume that the theorem holds for n—1. Then

Let, A= an iz 0 cerreeerereninenen. 0 0 0
@y [£7%3 3 0 ceeeeeenennes 0 0 0
0 32 a3 Q34 O £2-C 0 0 0
0 0 (0 ceeereenceceneninans Goornz Gorn  Gaoin
\ 0 0 0 .................... 0 a“n_l an‘n xn

be the minimizing matrix in Q (D,).

Then, C(A)=( @ a 0 e 0 0 3
an (729 @ [ ST 0 0
0 &3z (220 a4 0 ... 0 0
L0 | I T PO Qn-1n-2 Gn-1,n-1+8npn-1



is the contraction (on the nth column) of A. Since C(A) is the minimizing matrix in
0 (C(A)), we have per (TA)éper C(A)=2 per (A) by Lemma 2.2.

But,

1

per(C(A)) = T

by induction assumption, and has the form

1 i 0  crerrecessensiriicsnineanns 0 )
ca = z 2
.ZL 0 % 0 cerreeriestneineannns 0
1 1
0 3 0 3 0 ceevnrerenes 0
1
0 0 0 ceereenrerarnenn. 0 5
1 1
L0 0 0  ceeesecesseccanen. 5 7 (n-l)X(n-l)
Hence, per(A)= %per((ﬁ_))z 2;_ .

and, equality holds for C(_A)=C(A).

7, ¢, A has the form

= 1 L g e,
A 3 5 0 0
1 1
_2_ 0 7 ............................. 0
1 Lo
0 7 0 7 0
0 0 Q crecreceanen %_ k %_k
L 0 0 Q crmeerenenen 0 _%_k k_*___%_

-22-



since,

1 2 1 1
= — k — > -
per(A) Y= (2F° + 2 ) 2 =

The minimizing property of A shows that £2=0

Hence, we have the required form A, such that

per(A)=min{per(X) | Xe Q (D)}

-23-



IV. PARTIAL SOLUTION FOR A WANG’S CONJECTURE
ON PERMANENT FUNCTION

E. T. Wang’s conjecture :

If S is a doubly stochastic nXn matrix, n=2 then,
R tS ) e,
per(s) = per (T> @.1)

If n=3, equality can hold in (4.1) if and only if S=],
Proposition 4.1. The above conjecture implies the Van der Waerden’s conjecture

Proof, Let f: Q, — 0, be defined by

_ J,.—S _ an+S _ (n'*‘l)Ju"‘S—Jn - _ Jn_S
Sl =da =0 = a1 nt+1 i

Moreover,
rHs) = do - B
Then, if S+ J,, the inequality (4.1) becomes
per(s) > per(f(s))

and therefore per(s) > per(f(s)) > per(f*(s))

per(s)=lim per{f*(s)) =per {11_2 Ja _J"__S_ J
b em (=R

- 24 -



= per(J,)= n—’
n

Lemma 4.2[6]. Let A=(q,,) be an nXn real matrix all of whose row sums and
column sums are equal to 0. Then the sum of all subpermanents of A of order 2 is
positive unless A=0.

Theorem 4.3. If S=(s,) is doubly stochastic matrix in a sufficiently small
neighborhood of J,, then,

per(s) = per (ni"—_*js— ) ............................................. (4.2)

and the equality holds in (4.2) if and only if S=],

Proof, If n=2, then the theorem is trivial. Let n23, and let A=(a,;)=S—J,, and o,
denote the sum of all subpermanents of A of order K. Then A satisfies the
hypothesis of Lemma 4.2.

Hence ¢,> 0 unless A=0, that is, S=J,.. Now o, =0, and therefore

per(s)=per(J,+A)
17

-1)/ -2)7 2/ :
:n_!+ (n l).61+ (n nz-z) o—z+,__+§o'n_2+ ;G'n—|+0'n

n n-l

n n

n/  (n-2)/ i (n-t) /.
- F + n™* % + t=3 n™*

t

On the other hand

nd,+S A
per ( n+1 )_' per (Jﬂ+ n_—+_l )
_n/  (n=2)/ 1 s _(n-t)/ 1
o ™ (nt+1)? %2 toet g e (ntpt &



Hence, if A+0, and if all the entries of A are sufficiently small in absolute value so

that
=2)/ (L N f L \et)
e T Tt BT gy ) S a0 e w)
Then
er(s) —per nJ.+S 0
° ( n+l )>

If S+], is a doubly stochastic matrix in a sufficiently small neighborhood of J, so
that (4.3) holds, then (4.2) cannot be an equality. Of course, if S=],, then actually
s:“J—if’ and equality trivially holds in (4.2). [

n
Lemma 4.4.[6]. If A is positive semi-definite hermitian with eigenvalues A |, ------ ,

A 4, then we may write A=U*DU, where U is unitary and

D=diag(A ,, ----- A ,), and
1 (d me{w,
per {A) :weZG: ﬂ(w)lper(U Cwlt, -, n])]zt'l;[; A W (4.4)

Boyn

where g (w) :tf_llm,(w) ! and m,(w) denotes the number of times the integer ¢ occurs
in w.
Theorem 4.5. If S is a positive semi-definite symmetric doubly stochastic matrix,

then

ndn+8S )

per(s)=per ( ol

and the equality can hold in (4.5) if and only if S=],
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Proof, Let 1=A,21,=---21,=0 be the eigenvalues of S. Since S and J, commute,

. n],+S
the eigenvalues of o1 are
12 ln
" n+1 " n+1
(l JEETIS | ) .
Let V, = -, V2,7, V4 be an orthonormal set of eigenvectors common to S and
n

EJ_"__, and let U be the unitary matrix whose i —th row is V,, 1=1, -+, n. by (4.4).

+S
n+1

Cr my(”)
Pel'(s) 7Z’n /‘(T) t=2 (zt)
and
{ILIn+S\: L ° 2_1 m (7)
per |\ n+1 / 7‘%%:“1 ©(r) tﬂz <n+1)
where,

C, = lper (UCTIL, ~+.n]) %

©(7) Zﬁ m(7)/

and m,(y ) denotes the number of times the integer ¢ occurs in v .

Clearly

C7 " m () C,, o
—T. 3,2 m
F (7) tl;lz ¢ -

for any v, and hence the inequality (4.5) follows. If equality holds in (4.5), then (4.

6) is equality for every ¥ . We show by an appropriate choice of ¥ that this implies

let, V,=(X,, ---, X4), and suppose that
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Xa, -+, Xa are nonzero and X,;=0 for j¢ {4, - it

Let, ¥ =(¥ ., -, ¥ ) Where y ;=---=y ,.,=1 and
Y n-xt1 =" =% n:2
Then

Cr= | per(u[l, -, 1,2, -, 2|1, -, n] |2

1 2
- r ) BT T T T R U PR 1
n™* pe .
1 eeeeevsrenrrnieenirenenans 1
D, RTINS X || e 4.7
5. TR Xa)

We evaluate the permanent in (4.7) using the Laplace expansion on the last K rows ;

2

¢, = | ke (1 x,)
7 nn—k " * \s=) ls/

Hence C» #0, and therefore equality in (4.6) implies that

and thus y ,=0. But y ,=---=¥ ,=0, the doubly stochastic matrix S has rank 1, and
therefore S=],.

The converse is obvious. @
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CEXILER

1751 Lol A permanent FRELS) &gk

O E
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¥ =%ol4 & doubly stochastic 75|54 permanent Fifrel HA YL ¥ *
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