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abstract

We classify analytically surface singularities defined by some
weighted homogeneous polynomials which are topologically

equivalent to the type 2§ + 2¥ + 2} = 0.

1 Introduction

The aim in this paper is to provide the analytic classification of isolated
surface singularities defined by some weighted homogeneous polynomials,
which are topologically equivalent to the type 2z} + 2% + Z = 0.

Let n4+10 or C{zy,...,2,} be the ring of convergent power series at the
origin in C**1. It is a natural question to ask for necessary and sufficient con-
ditions to analytically equivalent between two germs of complex hypersur-
face with isolated singular points. It is known by Theorem 2.5([Ma-Ya)) that
two germs of complex analytic hypersurace singularities defined by f and
g with isolated singular points at the origin in C"*! are analytically equiv-
alent if and only if their moduli algebra ,410/(f,Af) and ,+10/(g, Ag)
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are isomorphic as a C-algebra where (f,Af) = (f,0f/0z0,...,0f/0z,) is
an ideal in ,,410O generated by f,0f/0z,...,0f/0z, and so on. In spite of
the above theorem, it is still difficult to find a concrete criterion for analytic
equivalence between two surfaces with isolated singular points at the origin.

By Theorem 2.6([Xu-Yal), if f and g are surface singularities at the origin
defined by weighted homogeneous polynomials with the same weights, then
f and g are topologically equivalent. It is well known by Theorem 2.7([Xu-
Ya)) that surface singularities defined by weighted homogeneous polynomials
can be topologically classified by seven classes.

But, for the analytic case, two weighted homogeneous polynomials with
isolated singularities at the origin may not be analytically equivalent even
though they have the same weights. So, we will find the necessary and suf-
ficient conditions for a type of surface singularities, which are topologically

equivalent to the type 23 + z{“ + zé = 0, to be analytically equivalent.

2 Definitions and Known Preliminaries

Let ,4+10 be the ring of germs of holomorphic functions at the origin in
C**! and f(z¢,...,2a) and g(zq,...,2,) are in 41O which have isolated

singular points at the origin in C**!

Definition 2.1 f and g are said to have the same analytic type of singularity
at the origin if there is a germ at the origin of biholomorphisms v : (U, 0) —
(U2, O) such that (V) = W and ¥(0O) = O where U; and U, are open
subsets in C**! | that is, f o9 = ug where u is a unit in ,410. Then we

write f = ¢. If not, we write f % g.

Definition 2.2 Two germs of holomorphic function f,g : (C**1,0) —
(C, O) are called right equivalent if there exists a biholomorphic map ¢ :
(C"*1,0) = (C**1,0) such that f = go .
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Definition 2.3 f(zo,...,2,) is called a weighted homogeneous polynomial
with weights (wp, ..., wn), where (wy, . .. ,w,) are fixed positive rational num-
bers, if it can be expressed as a linear combination of monomials zéo zi‘ o2l

for which ig/wo + -+ + i /wy = 1.

Theorem 2.4 (Sc) If (V,0) and (W,0) be germs of hypersurface singu-
larities isolated singular points at the origin in C**! defined by weighted
homogeneous polynomials f and g respectively, then (V,0) and (W, O) are
analytically equivalent if and only if f and g are right equivalent. That is,
there ezists a biholomorphism ¢ : (C**!,0) — (C"*1,0) such that fop = g.

Theorem 2.5 (Ma-Ya) Suppose that V = {(29,...,2,) € C"*1 | f(z....
y2n) =0} and W = {(z0,...,2,) € C"*! | g(20,...,2,) = 0} have the iso-
lated singular point at the origin. Then the following conditions are equiva-

lent.
(i) f=g

(ii) A(f) is isomorphic to A(g) as a C-algebra where A(f) = ,4+10/(f, A(f)),
A(g) = n10/(9,A(9)) w (f,A(f)) is the ideal in 11O generated by
f,0f/0zy, ...,0f[0z,.

(iii) B(f) is isomorphic to B(g) as a C-algebra where B(f)=pn410/(f,mA(f)),
B(9)= n+10/(g,mA(g)) where (f,mA(f)) is the ideal in , 1O gen-
erated by f a 2;0f/0z; for all i,5=0,1,...,n.

Theorem 2.6 (Xu-Ya) Suppose that f(zo, 21, 22) and g(zo, 21, 23) are weig
-hted homogeneous polynomials with the same weights (wo,w1,ws). If f and
g have isolated singularities at the origin in C3, then f is topologically equiv-

alent to g.

Theorem 2.7 (Xu-Ya) Let (V,0) and (W,0) be two isolated quasihomoge-
neous surface singularities having the same topological type. Then (V,0) is

connected to (W,0) by a family of constant topological type.
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3 Main Results

We will find the concrete criterion for analytically equivalent of two surface
singularities defined by some weighted homogeneous polynomials with iso-
lated singular points at the origin in C3, which are topologically equivalent

to the type 2§ + 25 + 2} = 0, as follows:

To =28 +28 42}

_.n ay B " 61
T =z +Zl +Z2+Za°151 AmmZo 3 +ZWQ:12 116120 %2
1 1

_ n k l 2 as B2 72 02
To =2f+21+23+) az b AL 5,20 21 F Dy 5, Brasa2l 2
02_1'1—

— k a3 B3 73,03 €3
T3 =zf+z+2+% o383 Agup20t e Zza S3.e3 Brssseazo 21 2
3> 3<n—

— k as PB4 Y1 04
T4 ——Zg+21 +22+Z ayq, 34 A ZO 22 +Z'74 54 B7454Zl 22

agint a4fBq
) k as _Ps 75 05 €5
Ty =25 +27 + 22 +3° as:8s Aa 3s%0 %2 Tt > s Ss0es Bysses2g 21 %o
05 n-— 75 n—2

— . n k ae _Be Y6 06 €6
Te =z +2F+ 25+ a6 B Aaeﬁszl zy" + Zze Jo-cq 376565630 Z) %9
6

In the representations above, all coefficients are nonzero complex numbers.

Definition 3.8 It is said that a weighted homogeneous polynomial f be-
longs to the type T; if f can be written in the form 7} for ¢ = 0,...,6. In
this case, f € T;. Otherwise, f ¢ T;.

Note that the surface singularities defined by the above six different
weighted homogeneous polynomials are topologically equivalent to the sur-
face singularity defined by z3 + 2¥ + 24 = 0. It is a consequence of The-
orem 2.6([Xu-Ya]). But, for the analytic case, we will prove the different

result.
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Remark: If f and g have the type T} in a sense of Definition 3.8, then f

and g can be written as follows:

" fo=d4d b+ ¥ as Awrfd +5 58 Byzgd,

g =20+ 42+ ZE::; ) Cenzéz] + 5. B D, zh 2
=n= u=n-—

for some nonzero complex numbers A,g, Bys,Cepy and Dy, . Set Ipi(f) =

{(a, B) : Aas # 0 in f} and Ipo(f) = {(7,9) : Bys # 0 in f}. For the con-
venience, we will use the notation Ip1(f) = {(a, Bi) :i=1,...,8}, Io2(f) =

{(v;,6;):5=1,...,5'} where s = #I1(f),s’ = #1Io02(f), respectively. Note
that s > 1,58 > 1.

On the other hand, if f = g, then there exists a biholomorphism ¢ :
(C3,0) — (C3,0) at the origin such that fop = g. If we set (2, 21, 20) =
(H,L, M) where

_ _ p.q
H =ay2g+byz1+cizo+Ho+---, Hy = Zp+q+r=s Ap 262125,

(2) L =aszp+byzy+cozo+Lo+---, Ly=>" Bp,q,,zgz‘fzg,

pHg+r=s
— _ P_9q
M =a3zzg+bszi+c3zo+ Mo+ | My = Zp+q+r:s Cp,q,rzozlzga

then,

3) H'+L*+M+ > AgH°Lf+ Y ByH'Lé =y
(ayB)GIOI(f) (776)6102(1‘.)

Definition 3.9 Let f € T) in a sense of Definition 3.8. We will define
min(f) by

min(f) = min {min{a + 8 : (a, B) € In1(f)}, min{y + 6 : (v,9) € Io2(f)}}-

Since Iy (f) # @ and f is a weighted homogeneous polynomial, we have
min(f) < k.
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Lemma 3.10 Suppose that f and g have the type T; for i = 1,...,6 in
a sense of Definition 3.8 and f =~ g. Let ¢ : (C3,0) — (C3,0) be a
biholomorphism at the origin such that f o ¢ = g as in the above Remark.

Then al =1,b; =¢; =0 and

H = a120 + Hyin{k,min(f)}—n+1 +
L =2P+21Q+Le+---

for some polynomials P and QQ where e = min{l — k + 1,p — k + 1} with
p = {ai(min(f) —n+ 1)+ Bi : (s, 5:) € Io1(f)}. In particular ke > 1

Proof. By comparison with degrees between f o ¢ and g in (3), we have

al =1,bp =c¢; =0 and

H = a120 + Hyin{kmin(f)}—n+1+
For the proof of the second fact, we must show that if 7 < min{l —k+ 1, —
k+1} = e, then 2] ¢ L, for all 7 with 2 < 7 < e. Recall that

,
L, = E Bpgrzb 2]z},
pg+r=r

In L¥, every monomial with degree k —1+2 = k + 1 belongs to (asz¢ +
b2z1)5 1Ly only. If 257122 belongs to one of H™, M!, H* LA or HY MY% for
some 7,7, then k — 1+ 2 > min{{,u}. Thus if ¥ — 1+ 2 < min{l, 1}, i.e.,
2 <min{l—k+1,u—k+1}, then zf_lzg does not belong to H”, M, H P
and H% M?% for all i,j. Note that n < k — 2 for all 5 in g. Thus the
coefficient kb5 !By g2 of the monomial z¥~122 is zero by comparison with g.
Since by # 0, we have Bggo = 0. i.e., z2 does not belong to Ly. Similarly,
in the expansion L*, the monomial zf"lzg has coefficient kbg_lBo,o,g. If
k—1+3 <min{l,p}, i.e., 3 <min{l —k+ 1,2 — k + 1}, then 257123 does
not belong to H™ M' H* LA and H% M?Y% for all : and j. Since by # 0,
we have Bgp3 = 0 by comparison with g. i.e., zg does not belong to Ls.

Continuing this process, we have the desired results.
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Note that the inequalities:
k[ c;(min(f) —n+ 1)+ 8 — k + 1]

= koj(min(f) —n+1) —k(k—-Bi) +Fk
> n(k — B;)(min(f) — n+) — k(k — ;) + k  (by ko > n(k — 5:))
= (k - B;)(n(min(f) —n+1) —k) + k> 1,
kK(l-—k+1)>1
for all (o, B;) € Io1(f). Thus ke > I. This proves the Lemma.
Theorem 3.11 (Main result) Suppose that f and g have the type T) as

in the equation (1). Let n,k and l be positive integers with 2 <n < k <.
Suppose that n(min(f) —n + 1) > I. Then, we get the following:

(i) f = g if and only if Inn(f) = In(g), lo2(f) = lo2(g) and there exist

complez numbers a,b and c with a™ = bt = ¢t =1 such that Aaﬂaobs =

Cap and B,;a7c® = D.s for all (o, B) € Ini(f), (v,9) € Io2(f)-
(i) If f €Ty and h € T; for i # 1, then f # h.

Proof. The converse of (i) is trivial. Thus we will prove the other case of
(i) and (ii).

Suppose that f and g have the type T1 in a sense of Definition 3.8 and
f ~ g. Choose a biholomorphism ¢ : (C3,0) — (C3,0) at the origin such
that f o ¢ = g as in the above Lemma. For the proof of this Theorem, we

must show the following facts in the expansion (3) of f o ¢:
1. The monomial z¥ has nonzero coefficient b5.
2. The monomial z} has nonzero coefficient cj.

3. For each (o, B) € Io1(f),(7,8) € Ip2(f), the monomial z(‘)"zfj and z] 2§
belongs to only the expansion of H o8 and HYM?, respectively.
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4. min(f) = min(g).
In the Lemma 3.10, H can be written as follows:
H =a120 + Hyin(f)y-ns+1 +
By the inequalities
n(min(f) —n+1) >k,
(4) a;(min(f) —n+ 1)+ 8 >k,
vi(min(f) —n+1)+46; >k

for all (ay, B:) € Io1(f), (74,65) € Ip2(f), we have b¥ = 1 and cp = 0. Since

¢ is a biholomorphism at the origin, we have

ay b1 C1
(5) IJQ(O)I = det ay by c3 # 0.
asz b3 C3

Since a} = 1,b; = ¢; = 0 in the Lemma 3.10, we have |J,(0)| = a1bac3 # 0.
So ¢3 # 0. In particular, by the inequality

min{n(min(f) — n + 1), ke, ;(min(f) — n + 1) + Bie,vje + 6;} > 1

for all (a, ;) € Io1(f) and (v;,8;) € I12(f), we have ¢} = 1. Thus we have
proved 1 and 2 as desired. Now, we will prove that 3 holds. First, we will
claim that the monomial zgizf‘ does not belongs to HY L5 if (a;, 5;) #
(aj,B5) in I (f) and H", L*¥ M!. Note that if o; + 8; = o + Bj, then
(04, Bi) = (o, B5) for all (ay, B;) € Ioi(f) and (j,B;) € Ioi(f). Thus it is
nothing to prove if a; + 8; < a; + ;. Suppose that a; + 5; > o + ;. From

now on, we will use the notation a;; = a; — a;, frequently. If 8;; > 0, then
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2 = é’i < é-’—‘ That is, a; + B; > a; + f;. This is a contradiction. Thus
Bji <0, so that a; > «; if a; + B; > a;+ B;. Therefore, the monomial zg zlﬂ'
belongs to (a12p)” (Hmin(f) a1+ ) 9LP for some o where 0 < ¢ < ¢

if the monomial 2z zl ' belongs to H% LP. According to the inequalities
o+(aj—o)(min(f)—n+1)+8; > aitaji(min(f)—n+1)+5;
k
(6) > o + ~aji + B
= ai + Bi,

every monomial in the expansion of (a120) (Hpmin(fy—n+1 + )"‘J’“"LBJ' has
a greater degree than a; + 3; if 0 < 0 < ;. Consequently, 5" z1 ¢ HY LA
if (o, B) # (@j,B;). Next, claim that zg’ z1 ¢ HY M% for all (75,95) €

Ip2(f). Note that if o; + B; = 7v; + §;, then o; < v;, since —n'y-’- = éf- - % <
é-;i. Thus, if o; + B; < v; + 4, then it is nothing to prove. Suppose that
o+ Bi > +65. Ifa; >, then §; = £ + L(as — ‘) > B + a;i — ;.
It is a contradiction. Thus ¢; < 7;. If the monomial z5'z 1 ' belongs to the
expansion of H"% L% | then it belongs to (a120)° (Hmin(f)—nt+1+ " )= MY

for some o where 0 < o < ;. Note that the inequalities:
[
o+ (v —o)(min(f) —n+1)+46; >a;+ 'T_l(’)’j — o) + 6
)
(7) :ai‘(sj‘*‘gﬁi‘*‘éj
> a; + f;
for all o where 0 < o < ;. This say that every monomial in the expansion
of (a120)” (Hmin(f)—n+1 + )% MY% has a greater degree than a; + §; if
0 < 0 < «;. This is a contradiction. Thus zo z1 does not belong to the
expansion of HY M?% even if o;+3; > vj+46;. Clearly, z; z1 * does not belong
to the expansion of H™, L* and M'. Thus the monomial z§ zl ' has nonzero

coefficient al'bg‘Aaiﬁi in the expansion of f o ¢ for all (ai,B;) € In(f).

Similarly, we will show that the monomial zgj z,’ has nonzero coeflicient
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ay’ c3 B., 5, in the expansion of f o . For each (v;,0:), (v;,8;) in Io2(f), if
vi+0; < v;+9;, then zo‘z2 ¢ H% MY is clear. Suppose that v, +6; > v;+0;.
If v; > v, then :%L = ‘—s-;i > 121 Thus v; +6; > v+ 6; if v > ;. It is a
contradiction. That is, y; < ; if v; +6; > 'yj + ¢;. If the monomial zoizg‘
belongs to H" M?% then the monomial 2J’ z2 belongs to the expansion of
(a120)° (Hmin(f)—nt1+ )V~ 7 M?% for some o where 0 < o < ;. Note that

the inequalities:
o+ (7, — )(min(f) =n+1) =7 +7(min(f) —n+1) +4,
!
® > %+ i+ 6
:7i+6ij+5j = y; + 9;.

This shows that every monomial in the expansion of (a120)° (Hmin(f)—n+1 +
--)71'_"M‘51 has a greater degree than v; +6; if 0 < ¢ < ;. It is a con-
tradiction. Thus zJ'z3' ¢ H% M% even if y; + & > ; + §;. Next, claim
that for each (v;,d;) € Io2(f), ng 221 does not belong to the expansions of
He LA for all (ay,B:) € Ioi(f). If v +60; < a; + B, then it is nothing
to prove. Suppose that y; +J; > a; + B;. Note that o; + B; > v;, since
L+ éf- = T+ % and 2% < 2 4 % < %ﬁ’ If the monomial zgjzgj be-
longs to H& LA = (alzo + Hpin(fy—n+1 + =+ )% (20P + 21Q + Le + )P
then the monomial z; 22’ belongs to the expansion of (a120) (Hpmin(f)—n+1+

c )T (g PYY (Le + - - )5t 7 for some ¢ and n where
0<o0<a

0<o+n<.
We will set

h(o,n) =0+ (aj — o)(min(f) —n+1) +n+ (B —nle

= cy(min(f) — n +1) + fie — o(min(f) —n) + (1 - €)n.
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If v; > B, then h(o,7) has the minimum at (y; — 5;, B;) or at (0,77 — )
if v; > ai, and h(o,n) has the minimum at (v; — B;, B;) or (75,0) if v; <
under the conditions (9). On the other hand, if 7, < §;, then h(o,n) has
the minimum at (0,7;) or (@;,v; — @) if v; > «;, and h(o,n) has the
minimum at (0,y;) or (v;,0) if y; < @; under the conditions (9). Consider
the inequalities:
(10)
h{v; — Bi, Bi) =ai(min(f) —n + 1)+ Bie—(v;—BiXmin(f) — n) + (1 — &) B;
= (i + B; — v;)(min(f) —n + 1) +;
l
2+ (ei + Bi = 75)

l l
=’Yj+(5]'+ (;—E),Bi>’)’j+5j
hlai,vj — i) = +(Bi —vj + ai)e
l
2+ £ (Bi = v + )
)

[ :
=y +4; + <ﬁ - E) (v —ai) > v;+0; (in the case v; > o),

since %,3,- =6; + %(fyj — ;) and

h(0,7;) = ai(min(f) —n+1)+; + (8i —vj)e

l l
> ot 2 (Bi =)+

k
i l
=0 =Yt > 5+,
(11) h(7;,0) = a;(min(f) —n+ 1) + Bie — v;(min(f) — n)

= (i — ;) (min(f) —n+ 1) + Bie + v;
l l

> (o = 15) + 2B+

=1 +4d; (in the case v; < ;).
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Thus h(o,n) > v;+0; at any case. That is, every monomial in the expansion
of (@120)” (Hmin(f)—n+1+ - )% " (20P)"(Le + - )%~" has a greater degree
than v; + d; under the conditions (9). It is a contradiction if the monomial
P 22’ belongs to H* LP. Thus z, 22’ does not belong to H™ L% for all
(ai, Bi) € Ini1(f). By the inequalities

v + (0 — ;) (min(f) —n+1) > ; + 4,
(12)

v + (k=) (min(f) —n+1) > +4;,

the monomial z] z2 " does not belong to the expansmns of H™ and L*. There-
fore, for each (v;,d;) € Ip2(f), the monomial 2y 22’ has nonzero coefficient
a1 c3 B., 5; in the expansion of f o . Thus we have proved 3 as desired in
this case.

If there exists (¢/,7') € Ini(g) = {(e,n) : Cen # 0in g} with €' + 7' <
min(f), then the monomial zg' z;" must appear in the expansion of f o . It
is a contradiction. Similarly, the case of Ip2(g9) = {(4,v) : Dy # 0in g} is
the same. That is, s = s’ and (a;, Bi) = (v;,9;) up to order and min(f) =
min(g). This finishes proving (i).

If h has the type T; with ¢ # 1, then f % h is obvious by (i). This proves
(i1).

This is the complete proof of Theorem 3.11.
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