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ON THE NORMAL FUZZY PROBABILITY

JAE CHOONG SONG AND YONG SIK YUN

Department of Mathematics and Information, Cheju National University

ABSTRACT. A fuzzy set A on a probability space (2, §, P) is called a fuzzy event.
We calculate exactly the normal fuzzy probability for some triangle fuzzy numbers.
Furthermore, we study the normal probability for some operations of two triangle
fuzzy numbers.

1. INTRODUCTION

The operations of two fuzzy numbers (A4,p4) and (B,pup) are based on the
Zadeh'’s extension principle([6], [7], [8]). We consider the following four operations.
1. Addition A(+)B : pa+)s(z) = sup min{pa(z),pa(y)}, € A,y € B.

z=z+y
2. Subtraction A(—)B : pa(-yp(z) = sup min{pa(z),uB(y)}, € A, ye B.

Z=Z—Y

3. Multiplication A(-)B : pa(yp(z) = sup min{ua(z), pe(y)}, € A,y € B.

z=zxy

4. Division A(/)B : pa(,s(z) = sup min{pa(z), p(y)}, € A,y € B.

z=z/y

Let (2,3, P) be a probability space, where Q denotes the sample space, 5 the
o—algebra on 2, and P a probability measure. A fuzzy set A on  is called a
fuzzy event. Let p4(-) be the membership function of the fuzzy event A. Then the
probability of the fuzzy event A is defined by Zadeh([5]) as

f’(A):/QpA(w) dP(w),  pa(w):Q—[0,1].

In this paper, we define the normal fuzzy probability using the normal distribu-
tion, and then we calculate exactly the normal fuzzy probability for some triangle
fuzzy numbers. Furthermore, we study the normal probabilities for the four oper-

ations of two fuzzy numbers.
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2. OPERATIONS OF TWO FUZZY NUMBERS

Let X be a set of elements, called the universe, whose elements are denoted z.
Membership in a classical subset A of X is often viewed as a characteristic function
pa from X to [0,1) such that pa(z) =1iff z € A, and pa(z) =0iff z ¢ A. [0,1] is
called a valuation set.

Definition 2.1. If the valuation set is allowed to be the real interval [0,1], A is

called a fuzzy set. pa(z) is to 1, the more = belongs to A.

Clearly, A is a subset of X that has no sharp boundary. A is completely charac-
terized by the set of pairs

A= {(z,pa(x)), T € X}.

When X is a finite set {z,, -+ ,Zn}, a fuzzy set A on X is expressed as

A=pa@)/or+ o+ pa@a)/za = D palzi)/z:.
i=1

When X is not finite, we write

A= /X pa(z)/z.

Two fuzzy sets A and B are said to be equal(denoted A = B) if and only if
pa(z) = pp(z),Vz € X.
Example 2.2. X = {1,2,3,4}. Membership function for A = {two or so} is given
as follows; pa(l) =0,14(2) =1, 0a(3) =0.5,p4(4) =0,ie, A=0/1+1/2
+0.5/3 +0/4.

1 . 1
Example 2.3. X =R. Let MA(.’IJ) = m, le., A= A m/l‘ A

is a fuzzy set of real numbers clustered around 5.

Definition 2.4. The set A, = {z € X | pa(z) > a} is said to the a-cut set of
fuzzy set A.

The membership function of a fuzzy set A can be expressed in terms of the

characteristic functions of its a-cuts according to the formula

pa(z) = sup min(a,pa,(z)),
«€(0,1)

where
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1 if ze€ A,

0 otherwise.

uan(2) = {

It is easily checked that the following properties hold

(AUB)q = Aq UBa, (ANB)s = Ag N B,.

Definition 2.5. A fuzzy set A is convex if
pa(Azy + (1 = Nz2) > min(pa(zi), palz2)), Vzi,z2 € X, VAE[0,1).

Alternatively, a fuzzy set is convex if all a-cuts are convex.

Definition 2.6. A fuzzy number A is a convex normalized fuzzy set A of the real
line R such that
1. It exists exactly one zo € R such that pa(xzg) = 1.

2. ua(z) is piecewise continuous.

Definition 2.7. A triangular fuzzy number is a fuzzy number A having member-

ship function

0, z <a,
I8 gy <z <ay,
- az—ay
pal@) =9 G .
aia, @ =T <as,
O, as < T.

The above triangular fuzzy number is denoted by A = (a1, a2, a3).

Definition 2.8. The addition, subtraction, multiplication, and division of two
fuzzy sets are defined as

1. Addition A(+)B : pa(+ys(z) = sup min{ua(z),us(y)}, v € A,y € B.
z=z+Yy

2. Subtraction A(—)B : pa(—yp(z) = sup min{pA(I),uB(y)}; z€ A y€B.

z=z—-y

3. Multiplication A(-)B : pa()p(z) = sup min{ua(z),ps(y)}, € A,y € B.

z=zy

4. Division A(/)B : pa¢ye(z) = sup min{ua(z),up(y)}, z € A,y € B.

z=z/y
Example 2.9. Let A = {(2,1),(3,0.5)} and B = {(3,1),(4,0.5)}.
1. Addition :
(iYIf z < 5,sincez+y > 5(forallz € A,y € B),ua4)s(z) =0.
(i) If z = 5, since pa(2) Aup(3) =1A1=1, pa4)p(5) =sup(l) = L
2+3
(iii) If 2 = 6, since p4(3)Aup(3) = 0.5A1 = 0.5 and p4(2)App(4) = 1A0.5 = 0.5,

we have p4(1y5(6) = sup (0.5.0.5) = 0.5.
3+3.2+4
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(iv) If z = 7, since pa(3) A ug(4) = 05A 05 = 0.5, we have pa4)p(7)

= sup(0.5) = 0.5.
3+4

(v)If z> 7, sincex+y < T(forallz € A,y € B), pa+ys(z) =0.
Thus we have A(+)B = {(5,1),(6,0.5),(7,0.5)}.
By the same way, we have
2. Subtraction : A(—)B = {(-2,0.5),(-1,1),(0,0.5)}.
3. Multiplication : A -) = {(6,1),( 8,0.5),(9,0.5),(12,0.5)}.
4. Division : A(/)B = {3,0.5),(%,1),(3,0.5),(1,0.5)}.

For the following two triangular fuzzy numbers

0 (r<1)
(2) z—1 1<z<?2)
) =
Ha —1z+2 (2<z<4)
0 (4 <x)
and
0 (r < 2)
() 3z-1 (2<zr<y)
T) =
HB 45 (4<z<5b)
0 (5 < z),

we calculate exactly the above four operations using o— cuts.
Let A, and B, be the a-cuts of A4 and B, respectively. Put A, = [a{*, al®]

and B, = [, b{*]. Since a = a{® —1 and a = ——é—) + 2, we have A, =
(@, al] = [a + 1,-2a + 4]. Since a = Ei:—) —land a = —by +5, By =
(6™, 65%] = 2c + 2, —a + 5).
1. Addition :
By the above facts, Aq(+)Bs = [a{® + b a{® + b{¥] = (30 + 3,32 + 9].

Thus pac+)s(z) = 0 on the interval {3,9]¢ and uA(+)B(x) =1 at z = 6. Therefore

0 (z<3)

iz-1 (3<z<6)

Hacns(T) = ~lz43 (6<z<9)
0 (9 < z).

2. Subtraction :
Since Ay (—)Ba = [\ =6, 0l — 5] = [2a—4, —40+ 2], we have p(_y5(z)
= 0 on the interval [—4,2]° and pA(_)B( z) =1 at x = —2. Therefore
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4)
-2)

(r < -
pa(-)B(T) = mt2  (tdsz<
(-2<z2<2)
(2 <z).
3. Multiplication :
Since Ao (-)Ba = [a(la)~b(1°),ag°‘)~bga)] = [20°+4a+2,20% —140+20], pa(yB(2) =

0 on the interval [2,20]¢ and pa(yp(x) = 1 at = = 8. Therefore

0 (r<?2)
-‘2—*’2——‘/5 (2<z<8)
#A(.)B(I) = 7-JOTIE
Tyt (8 <z < 20)
0 (20 < z).
4. Division :
Since Ao(/)Ba = [b“’:’b("’] [2tl, =at2) u,p(z) = 0 on the interval

(£,2]° and pagyp(z) =1lat z = 3- Therefore

0 (z<3)
r—1 1 1
pays(z) = o (5<2<3)
=2 (3<2<2)

0 (2<1).

3. THE NORMAL FUZZY PROBABILITY

Let (9,3, P) be a probability space, and X be a random variable defined on it.
Let g be a real-valued Borel-measurable function on R. Then g(X) is also a random

variable.

Definition 3.1. We say that the mathematical expectation (or simply,the expec-
tation) of g(X) exists if Eg(X) of the random variable g(X) by

Eg(X) = /Q 9(X(w)) dP(w) = /Q 9(X) dP.

We note that a random variable X defined on (2, §, P) induces a measure Px
on B defined by the relation Px(A) = P{X"!(4)}.A € B. Then Px becomes a
probability measure on B and is called the (probability) distribution of X. Suppose
that Eg(X) exist. Then it follow([3]) that g is also integrable over R with respect

to Px. Moreover, the relation
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(3.1) /Q 9(X) dP = /R a(t) dPx (t)

holds. We note that the integral on the right-hand side of (3.1) is the Lebesgue-
Stieltjes integral of g with respect to Py.

In particular, if g is continuous on R and Eg(X) exists, we can rewrite (3.1) as
follows

(3:2) [ atx)ap = fodrx= [ g are),

oo
where F is the distribution function corresponding to Py, and the last integral is
a Riemann-Stieltjes integral. An important special case of (3.2) is follows.

Let F be absolutely continuous on R with probability density function f(z) =
F’(z). Then Eg(X) exists if and only if ffocc l9(z)| f(z)dz < oo, and in that case
we have

(3.3) Eox) = [ " 4@)f () dr.

)
Example 3.2. Let the random variable X (denoted X ~ N(m,5?)) have the nor-
mal distribution given by the probability density function

fla) = e ™5

2no

, T€R,

where 02 > 0 and m € R. Then E|X|7 < oo for every v > 0, and we have

EX=m and E(X -m)?=c2
The induced measure Px is called the normal distribution.

A fuzzy set 4 on  is called a fuzzy event. Let pa(-) be the membership
function of the fuzzy event(set) A. Then the probability of the fuzzy event A is
defined by Zadeh([1], [3]) as

ﬁ(A) = /s:z pa(w) dP(w), palw):Q—[0,1].

Definition 3.3. The normal fuzzy probability ﬁ(A) of a fuzzy set A on R is defined
by

Ba) = /R pa(z) dPy,

where Py is a normal distribution of X ~ N(m,o?).
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4. MAIN RESULTS

In this section, we calculate the normal fuzzy probability for a triangle fuzzy

number and the results of the operations of two fuzzy sets calculated in section 2.

Theorem 4.1. The normal fuzzy probability IB(A) of a triangle fuzzy number

A= (a;,a2,a3) is

~ m - Q) az —m a—m
B(a) = (¢ )= N( ))
as — a; o o
N (22 ( _(«11—'2")2 _(02—127-)2)
—_— e 20 —e 20
Vv 271'(0.2 — (11)
m-—a az — m as—m
+ BB (N - M)
az — Q3 g g
+ (e‘(n’_?’z e‘mz—?)z)
20 —_— o y
V2r(az — as)

where N(a) is the standard normal distribution, that is,

N(a)=#/ e_%dt.

Proof. Since

0, z < ai,
2= ap Lz <ag,
— az—a)
pa(z) =9 o,
_3__’ az S T < as,
az—an2
07 as S Z,

by (3.3), we have
PA) = [ ua(e) dPx
R

- / " (@) f(z) dz + / " 02(2)f(z) dz,

1 az

T—a a3 — 1 _E—m?
where g, (z) = " —all’ g2(z) = a3— ,and f(z)= \/2_7T;e 22T Put =7 =

t, then by the change of variables,

2

~ % r—a 1 _(z=m)? % a3 —z 1 _z-mi?
Play= [ 1T de [T BTE Ly
a, Q2 — 04y V2no e, a3 — Q2 2mro

ag —rmn

aog—m

2

. / " (m+ot)e Tt L / Toem
=— m + ot)e - — e
Ver(as —ay) Ju-m V2m(as —ay) Jazen

S

dt

) ag=m . . ag~m ,

o _2 3 -4 _f_
4+ —_ {(m + ot)e 2dz‘—————/ e~ T dt
V2r(as — as) /::7—2 V2m(as — az) Jeazm
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ag—m az-—m

= / ’ -7m+ /
v2r(az — ay) Joazm V2r(az —ay) Jazm
2z m o l2
- _Tdt+ ———-/ e” 2dt
V2r(ag —ay) /Z.L"‘ V2m(ag —a3) Jeazm

+ ? / T te Tt 2s / T e
- e —— "
V2m(ag — a3) Jeazm V2r(az — a3) Jezzm

m—al( as — M al—m)
= N - N
pa— (=) (——)

+ o ( _(al—;nﬂ _(02—'2")2)
_ e 20 —e 20
21 (02—01)

- m az —m
N _
o (MR - N(E)

ag—m)2 ag —m)?
+ o (e-_zz_'y!)_ _ e_(_am_).
V2m(az — a3)

Example 4.2. In the case of the triangular fuzzy number 4 = (1,4, 6), the normal
fuzzy probability with respect to X ~ N(3,22] is 0.3965. Putting =3 =,

4 6

~ r—1 1 (z—3)2 6—=zx 1 _(=-32

PA=/——-—e‘ 8 dx+/ c— 8 dr
W=) s ; 2vir

1 2
(3 — 2t)e T dt

2t + 2)e

/1/2 o2 1
2
3\/ 2w \/ 1/2

1/2

r d / T+ — /1 Td
= B t+ ——— “Tdt 4+ —— e zdt
3v27!' -1 3\/ 2v27r 1/2

A I P
- —=letoe)

= =let e+ SN - SN - SN ()

= 0.3965.

Now, we calculate the normal fuzzy probability for the four operations of two
triangle fuzzy numbers. Since the two operations(Addition, Subtraction) of two

triangle fuzzy numbers are triangle fuzzy number, the normal fuzzy probability of
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the operations can be calculated by the same way. But, in the calculating of the
normal fuzzy probability for the other operations(Multiplication, Division) of two
triangle fuzzy numbers, we have to calculate the integral of the following two forms.

Form 1. pacyg(z) = Var +b
}"5' /m l _(z_m)zd
= ar e 27 dx
Vano
1 (z=m)?
= /\/ax+be_ 2a)d:c

2o
]_ z-m)?
= \/ﬂa/\/a:z-'rbe_ rin dz
1 (_ Vaz +6\/% Erf("(f;;))>

210

where
2 z 2
Erf(z) = —/ e % dz.
VE

cr+d p
Form 2. pa(ye(z) = az+b az+b *a

P (e gy

ax +b
- x_am2)2 z—m 2
=_P /e ’ dr + g /e' i dzx
2ro ar +b Vero

B Vamo

Example 4.3. We calculate the normal fuzzy probability for only two opera-
tions(Multiplication, Division) of two triangle fuzzy numbers calculated in section

2no

p V5 Erf(Zm-2) ’\“/;)) q VE Erf(-7—°("‘;‘))
( (az + b)o > (’ p )

2 with respect to X ~ N[5,4].

‘1. Multiplication

13=/uA(~)B(1‘)dPx
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\/—2 8 \/1 /8\/7 ~ey
= —_— Te T
427 21 Ja
L /mm WLy
- — Te T
4v 4\/27T 8
2 8
"Tdt+—/ vz e~
\/27r/g 421 Jo
s 1 20
+ — "_dt——/ vVI9+2ze”
2\/27r/% 421 Jg
3 3 1 8 (z—
N(-=)=-N{(=)+ / 2z e~
(=5) = N( iz ),V
7 15 3 1 20 (z=5)?
Ny N2y - = -
+2(( (2) N(Z)) 4\/5/8 VO+2re "8 dzx

2. Divisio

vl

—0.8664 + 1.3538 + 0.2338 — 0.1727 = 0.5485.

n

= /#A(/)B(I)dpx

/2 52 -1 1 e +/2 —-z+2 1 e
=  — - I . x
i z+1 227 1 z+1 \/ﬁ
1
1 2 6 (z=5)¢ ::—5)2
= [ (- 5) e / 1) e =54
2ver Jy ( z+1 ,/271. x+1 z
_3 %6_(1 55) 5 2 5)2
= + e~ % dr
V2r r+1 2\/2#/%
+ / d / -t
T — dx
2V 27 1 T+1 227
1 _(z=5) 9
-3 2 e 3
B V2 z+1 \/ /Tz
_(z=5)2 s> 3
2
dzr —
2\/27r/ z+1 \/27r,/g
1 (z—52 _(z=5)? 5)2
-3 2 e 8 9 12
= d 5(N A N / d
Vo T+1 T ( 4) ( ) 227 rz+1 :z

3 9
- (M5 -wED)
= —0.0178 +- 0.0201 + 0.0700 — 0.0546 = 0.0177.
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