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ON CONTRACTIBLE NONNEGATIVE
CONVERTIBLE MATRICES

SEOK-ZUN SONG AND GWANG-YEON LEE

ABSTRACT. An n X n matrix A is called convertible if there is an n x n (1,-1)-
matrix H such that perA = det(A o H) where A o H denotes the Hadamard
product of A and H. A convertible (0,1)- matrix is called extremal if replac-
ing any zero entry with a 1 breaks the convertibility. In this paper, some
properties of contractible nonnegative convertible matrices are investigated

and finds an extremal matrix. We present new proofs for the extremality of
Un and V,, ;.

1. INTRODUCTION
Let M,(R) denote the vector space of all n x n real matrices. For A €
M, (R), the permanent of A is defined by

perA = 615(1)" - Gna(n)
o

where ¢ runs over all permutations of the set {1,2,--- ,n}.

In 1961, Marcus and Minc [6] proved that there is no linear transformation
T : M,(R) — M,(R) such that perA = detT(A) for all A € M,(R).
However, there are matrices A such that perA = det B for some matrix B
obtained from A by affixing + signs to entries of A, i.e., such that perA =
det(AoH) for some (1,-1)-matrix H of the same size as A where Ao H denotes
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the Hadamard product of A and H. Such a matrix A is called convertible

and such a matrix H is called a converter of A.

For matrices A, B of the same size, A is said to be permutation cquivalent
to B if there exist permutation matrices P, Q such that PAQ = B. If both
A, B are real, we denote by A < B that every entry of A is less than or equal
to the corresponding entry of B. Let T,, = [ti;] be the n x n (0,1)-matrix
defined by t;; = 0 if and only if j > ¢ 4+ 1.

Gibson proved that every n x n real matrix A such that A < T, is convert-
ible (3] and also that the number of 1’s of an n x n convertible (0,1)-matrix
B is less than or equal to (n? + 3n — 2)/2 with equality if and only if B is
permutation equivalent to T, [2].

Let A be an eztremal matrix if replacing any one of the zero entries of it by
a 1 yields a nonconvertible matrix. For example, the matrix T}, is an extremal
matrix. In [4] and [5], Hwang, Kim and song investigated some properties of
nonnegative convertible matrices and find some classes of extremal matrices

different from T,,.

Let A = [a;;] be an m xn real matrix with row vectors a;,- - - , apy. We say
A is contractible on column (resp. row) k if column (resp. row) k contains
exactly two nonzero entries. Suppose A is contractible on column k with
air #0 # aji and i # j. Then the (m — 1) x (n — 1) matrix A;;.x obtained
from A by replacing row ¢ with ajia; + a;ra; and deleting row j and column
k is called the contraction of A on column k relative to rows 7 and j. If
A is contractible on row k with ax; # 0 # ax; and ¢ # j, then the matrix
Apij = (A;-I;: k)T is called the contraction of A on row k relative to columns
¢t and j. We say that A can be contracted to a matrix B if either B = A or
there exist matrices Ag, Ay,--+,A; (t 2 1) such that 4 = A, A, = B and

A, is a contraction of A,_; forr =1,2,--- ,¢t.

In this paper, we investigate some properties of contractible convertible
matrices and propose the other proofs for the extremality of U, and V, ;.

And, we find an extremal matrix.
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2. RESULTS

For positive integers k and n with k¥ < n, let Qi » denote the set of all
strictly increasing k-sequences from {1,2,--- ,n}. For an n x n matrix A and
for a, B € Qi n, let Ala|B] denote the matrix lying in rows o and columns j
and let A(a|B) denote the matrix complementary to Afa|8] in A.

The following lemma shows a property of contraction for a real matrix A.

Lemma 1. [1]. Let A be a nonnegative real matrix of order n > 1 and

let B be a contraction of A. Then
perA = perB.

Let A be a contractible matrix. If A is a convertible matrix, then, there
is a converter H such that perA = det(A o H). Since the permanent is
permutation invariant, there are permutation matrices P, @ such that perA =
det(A o H) = perPAQ = det(P(A o H)Q) and det PQ = 1. Thus, if A is

a contractible matrix, then, without loss of generality, we can write A as

follows;
z «
A=y B
0 C

where z # 0 # y, « = (a1, ,an—1), B = (B1,"-* ,Bn-1) and C is a
(n — 2) x (n — 1) matrix.
For an n x n matrix A = [a;;], the n xn (0,1)-matrix suppA = [a];] defined
by
. 1, ifa;j #0
%= { 0, ifai;=0
is called the support of A.

Theorem 2. [4]. A nonnegative square matrix is convertible if and only

if its support is.

Through this paper, let p; = perA(1,2|1,5) and let d; = det B(1,2|1,7)
for 3 =2,3,--- ,n.
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Lemma 3. Let A be a nonnegative contractible matrix. If A is a con-
vertible matrix, then there exists converter H = [h;;] of A such that either
h]l = h21 and hlJ # th or hll -',é h21 and h1] = h2] fOl‘j = 2,3,"‘ , .

Proof. Since A is a nonnegative matrix, without loss of generality, we

. l o
A=|1 8
0 C

and let H = [h;;] be the converter of A. Andlet B = Ao H. Since Ais a

convertible matrix,
perA = perA(1]1) + perA(2|1)

=det B
= hll det B(lll) - h21 det B(2|1)

may assume that

So,

(perA(1|1) — hy; det B(1[1)) + (perA(2|1) + hz; det B(2[1)) = 0.
Suppose that hj; # hs;. Without loss of generality, we may assume that
h1y =1,hy; = —1. Then

perA(1[1) = Bip2 + B2ps + - - - + Br-1Pn,

hi1 det B(1|1) = h22f1dz — hasfads + - - + (—1)"honfn—1dn,

perA(2]1) = ayp2 + azps + - - - + p_1Pn,

ha1det B(2|1) = —hjpandy + hizagds + -+ 4+ (=1)" R0y d,.

So,
Br(pz — h22dz) + Ba(ps + haads) + - - - + Baca1(pn + (—1)"F hondn )+

o1(pz = hi2dz) + a2(ps + huada) + -+ + apo1(Pn + (=1)" hynd,) =0
Since p; and d;, i = 2,--- ,n, are same zero pattern, p; > d;. If o; = 0 for
some i, then we can take hy; = hy;. If B; = 0 for some j, then we can take
h2; = hyj. Now, for any nonzero o, §;,
pi + (1) hyd; = 0
pi+(-1)"*'hyd; =0
If di = 0, then we can take hy; = hy;. If d; #0, then hy; = hy;. R
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Theorem 4. Let A be a nonnegative contractible matrix and let A, be a

contraction of A. Then A is convertible if and only if A, is convertible.

Proof. Suppose that

l «
A=|1 B, a=(o1, - ,an-1), B=(1, " Bn-1),
0 C

is convertible matrix with converter
hii hi2 -+ hin
har haa -+ han
H=|1
: H,
1
Let B = Ao H and let & = a;hyiy1, Bi = Bihzi+1. Then,
perA = det B
— hyy det B(1|1) — ha; det B(2|1)
= hi1(Bidz — fads + -+ (=1)"Bn-1dn)
— hg1(Gadg — Gzds + - + (—1)"@n-1ds)
= (hu1fy — h21d1)dz2 — (h11 Bz — ha1d2)ds
+ o+ (=1)"(h118n-1 — h218n-1)dn.
By above lemma 3, in any cases,
perA = hi2(f1 + a1)dz — hi3(B2 + az)ds + -+ - + (—1)"h1a(Bn-1 + an-1)dn
— det(A; o Hy), |
where

h h e hn
H1=[12 13 H2 l].

Since A, is a contraction of A, perA = perA;. Thus, per4; = det(4, o Hy).

Conversely, suppose that A, is a convertible matrix with converter
H, = [h” h13' hl"] for some H,.
H,

- 3 -
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Let By = Aj 0 H; and let B = A o0 H where

1 hn h13 hln

=1 hiz hiz -+ hia
H=]|1

: H,

1

Since A, is convertible,
perA; = det B;

= h12(f1 + a1)det By(1]1) + (—1)kh13(B2 + a2) det By (1]2)+
“ o+ (=1)"h1n(Br-1 + an—1)det By(1|n — 1)

= h12(B1 + a1)dz + (—1)h13(B2 + a2)ds +
o+ (=1)"h1a(Ba-1 + an_1)dn

= (h1281d2 + (=1)h13fads + - -- + (=1)"h1nBn—1dn)
+ (h1zandz + (—1)hizazds + -+ - + (=1)*hinan—1d,)

= det B(1|1) + det B(2|1)

=detB

= det(A o H) = perA.

Thus, A is convertible. W

Let
11
o= 1]
and let
_ Un—l b
U"_[ a 1]
for n > 3 where
—(=1)" —1\n
a=(0,---,0,&,1), b:(O,---,O,ﬂl—),l)T
2 2
Let Tnoy = [x1, -+ ,Xp—1] and for k=1,2,--- ,n—1 let
[1 o .- 0 1 0 - 0
Vn,k= .
X X3 ot Xg-1 Xg Xg41 ' Xp-1

- 14 -
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Let J, be a matrix such that all entries are 1 of order n. Well known fact,
J3 is a nonconvertible matrix.

In [4], Hwang and Kim proved that for eachn > 2, U, and for n > 4, Vy, &
are extremal. Now, we propose the other proofs for extremality of U, and

Va k-
Theorem 5. For each n > 2, the matrix U, is extremal.

Proof. By contraction, if replacing any one of the zero entries of it except
u1n by a 1, then yields J3. But J3 is a nonconvertible matrix.

Now, we consider U, + E;,. We proceed by induction on n. Let n > 4
since the cases n = 2,3 are trivial. Then, we have two cases. The first case,
if n is odd, then the proof is same as [4]. The second case, if n is even,
then we produce the odd case by contraction. Therefore, U, is extremal by

induction. ®&

Theorem 6. Forn > 4 and for each k =1,2,--- ,n — 1, the matrix V, &

1s extremal and convertible.

Proof. Since V,_, x is extremal, V,, x + E1n is an extremal. By contrac-
tion, theorem 3, and theorem 4, the matrix V,, ; is extremal and convertible.
[

For a matrix A, let 7(A) denote the number of positive entries of A. For
example, 7(T,) = 1‘3'3"—_2 Let p, be the minimum number of entries of
matrix which is extremal. Then g, < 4n — 4 because U, is an extremal
matrix with #(Up,) = 4n — 4.

The following theorem finds a extremal and convertible matrix using con-
traction of matrix with 7(A) = 3’—'%"—*&.

Theorem 7. Let
1 a
Tiper =
b ! [ﬁ Tn—l]
where a = (1,1,0,---,0) and 8 = (1,0,--- ,0)T. Then Ti,n-1 is extremal
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and convertible matrix with
n+n+4
M(Tipo) = T2

forn > 3.

Proof. Since the first column of T} ,_; have exactly two nonzero entries,
the matrix Tj ,—; can be contracted to a form of T,_,. The support matrix
of a form of T,y is T,—1. And a form of T},_; is convertible matrix because
the matrix Tj,—; is convertible. Thus, T} ,—; is convertible matrix having

exactly

n—-1)2+4+3n-1)-2
7r(T1,n-1)=( ) 2( )
_n’+n+4

2

+4

positive entries.

Now, we consider the extremality of T} ,—;. If replacing any one of the
zero entries of the first column of T ,_1, then, by contraction, yields J;.
If replacing any one of the zero entries from second column to nth column
of T n_1, then, by contraction and extremality of Ty, _;, Ti,n-1 is extremal.

This proves the theorem. W
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