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A=la,a)={t a <t<a, aj,a; € R}
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A B = [min{a;by, a, by, azby, azby}, 1nax{a1b1,albg,agbl,agbz}],
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EfR24. AW BY € I(R) (9, k = 1,2)0]2 A® ¢ g (%,
th=1,2)12k 8%, G5 4 € {+,—,- /} o] #5to]

AW 4 4 - p() , p2)



ol i ¥ct. W
EH 2.2 9 IR r(X)E cheo) MY MES Feo
XCY=r(X)cCr(Y)
z€X = r(z) € r(X).

A s BHERL £4 I(R)oIM Hisel M4 e sao
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of B8tel HiRRel slab. ol ® MBE BRI M = [n),mg] € I(R)E ‘ieboiey,
(Reh, f(5)7) > 0,f(+”) < 0012 my < 098 Esn 2o £l % 4]
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B¢ E BEE WEN X© o4 migstd g po) Ko RS
B Xk >1)8 st 5, mX®) e x® o #f3to)

) N+ {m(.\'(“) - Mw

} NX® k>0
R (3) 2 thgs) 7o) @ W3TE AHE 812 g & 45 9},

k F(k n (k) .
(3) LD _ { max{;vg ),m(.\“) fG ‘5"\; ))} (g_l’f(m(X(k))) > 0)
1 - .
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7t 7bg AR €k o)Al RIEMS itirol wiel Aol gy {X®} o 253 Az
BBV MK S EM staxt oo}
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B REAAL, 2w N 9 RKEE ANT B (6, €] Wek B ae)a
g FEstol mi el

(7) d(X*+Dy < (1 - ’21) d(X®).

my



(BB ) (5): (2)% 52M 2.4 oM 2 1@ & v,
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(6),(7) = f(m(XM)) > 09¢ % st

ek, fm(X M) > (m(X K — 2 ymy o) gy e (3)8 Alg sl
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= (X ®) _ fm(x®)) 20

mo

(k)y _ ..(k)
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ma

< d(Xh)y (1 - '—”—‘) .

Mo
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(x H) nxy

ma9 my

my mo
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ma
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mo

fm(X®)) <0 9ol 22 Aoz muge] go}. 2ajy 2o, f(m(z®)) =|]

0el m(XW®) = ¢ mjepay xk+i) = £ 121, dX*+HD) = o] goz

(7)e] &1 €. =8 my <my, ojog
dXET) < 4 X)), 0 <y = (1 - ) <1
ma

T QA Hed, 012 g 3 e Aolr),

lim ¢(X*+Y) = o,
k—o0
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— 00 — 00
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FEE AT e 45503 BF 1 om e EE ota vy nEame A},

GEFEMR 4.2, E 419 Y e DHxsa

m(X “) = (xgk) + xgk)) , k>0,

th —

°leh SR RN Gtrel olstel Aol gyF) (X))o of #yato) Fmat

(1(_Y(k+1)) <

N —

(1 _ ’_”_1) d(X Ry

mo

YR (Y ) m(XD) = 1 4 o) »
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4
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Lok, m(X ) o gt shwrel miE slo) wgm AL BE RIEERREIA
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R M= ER 4.1 S8 GE2EM 42004 St} LRSI ok mEy f I sEA
R Ml D (1€ XV o] g5)o] fl@) #0012 ) Fifg EME 21§ sho
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o 2ol BfF slold $E vk —mme 2 of WRIS) HAKS (Superset) © 2
AH e F AT, ME ST f o WAL F, M = f(XO)z gtgac. (3)o
L& AH83E7l eldtel  feol grfgol] $E R EEE my, mp & LER
Rt ol gike Newton fikel ER) #HTolN s pEsic}, 220 wheb £}
HRAGCR MSTITEE St By flo) BRHE fI(X)E ZEO? #:@9 Newton
Fid BIE S AFgste] BEAA 2o (3)elM Me

(©) MW = f(x®),

0<h <fle) <ty zeX©
U my >0 ®
(10) MKF = [nl(]k),mz('l.r)] = f'()f(k)) NL, L=[h,U)]

€ Ah8 @ & Qoks e el Bk web (X)) € XKB o chate] thg
28 IAY.

(11) XD = (X))~ fon(X9) /M® YA X B > 0.

(11)& AH83H0 BIHIER o] 2o g3 (XM} = W 413 Wad ypos

A Y5 AES wEol Ut

E 4.3, f& Ao ty Ay Ea ol B X O o mm 3.40)
i & M2 Toha sk =3 BIRA (1)0) X O o)N g€t sah, X (O o) A



fABRE 2 betva @k MO & (9) & (10)00 olate] 4 B}, 229 g5

{(XW)e e

£ex® k>q,

YO 5 x5 x® 5. , Jim X® = ¢
— o0

€ MR A, 2 851 B0 TR BHES AR ol (€, €] wggPch. aela

oh #5443 e}

(k)
(12) d(x 1y < (1 - ’”('k)) d(x®)
7712

S AAXI? g0

FU ) 2 e XP o grete] thgo] irstey,

fz) _ fe) = $(8)

T—¢ P ') e M®) 5 = 2+ 66 - z), (0<6<1)

2Ene MO 3y Fuqel e wM 41004 Dok ae2 @ 41 o

HWIAA 2} 7o)

(k) (k)

(k)
(l(.Y(k+l)) S (1 B 7711 ) (l(_\'(k)) _ 7712 — 7711 d(‘Y(k))
(k) *)
7”2 7n2

—18—~



i

e

rir

A2 ER 3.48 o] §3}o]

AL (K)
(I(X(k*”) < d(M )(I(X(k)) < d(f'(-()g)(k))

(0)
my
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o] AolM &= HIfEE 2 A — K #4 ek (Quadratically Convergent Method)=}
BE¥) % 4 i (Interval Bisection Method)o] tie e H#s) ne = 3} 720 c},
A A) fl2)=x"—r -1

a) 225y

B f(e) = o’ = 1) = 12wl X = [1,15]904 m—% o ¢z
22U HEH f(0) = 1020 — 1o) o2 @R f(X)t 2 X C X, of
A0 ¢ f1(X)E WA (11)31 (9)F ol g5o] et Xu(k < 0)s dg &
Atk o2 E & ()F FNstelA FH5rslAch T2 9 examl.sreo] o8 thoeo] A
A3 & dejuir),

>

*******#************##*****#*****#*******#********#***

N Nthe lterated interval
FRRRA IR AR A AN R o 3 2

1 [ 1. 0E+00, 1. 3E+00]

2 [ 1. 01E+00, 1.11E+00]

3[ 1.07E+00, 1.09E+00]

4 [ 1.0756E+00, 1.0760E+00]

5( 1. 07576603E+00, 1.07576610E+00]

6 [ 1.07576606608E+00, 1. 07576606609E+00]
R ORI ORI R RO R

Solution >>>>>[ 1.07576606608E+00, 1.07576606609E+00]

b) F3 o) 5y

)Mk ohA R g o) = 2(2® ~1) - 12 @R Xp = [1,1.5] 1A
TR A €5 2k flo)o) FMLS Y] 328 BErE W 0c f(Xo)%
MRS W ) kS R ITR 4 ST 2 BRES ou) geli =
R7) 2ol 1N ol Nla) oha 0 HT KRTE MolFEE shpich

—20—



Z20% examly.srceol 218 zt51o] f51

o} g}

rr

Bk ek skololkoRlOl ool Skl st sttt stk sl ol ol et sk ke e oK

N

Nth Iterated interval

Bk e e e o el ook Sl sttt ol et e ook o e ok ol el sl sl 0K

31
32
33

[
(
[
(
(
[
[
{
(
(
(
[
[
(
[
[
[
(
(
[
[
[
[
{
[
(
[
l
(
[
[

(
l

1. 0E+00,

1. 0E+00,

1. 06E+00,

1. 06E+00,

1. 06E+00,

1. 070E+00,
1.074E+00,

1. 074E+00,

1. 0751E+00,

1. 0756E+00,

1. 0756E+00,

1. 0756E+00,

1. 07574E+00,
1.07574E+00,

1. 07575E+00,
1.075759E+00,
1.075763E+00,
1.075765E+00,
1.0757656E+00,
1.0757656E+00,
1.0757658E+00,
1.0757659E+00,
1.07576602E+00,
1. 07576605E+00,
1.07576605E+00,
1.075766064E+00,
1.075766064E+00,
1. 075766064E+00,

1.0757660651E+00,
1. 0757660656E+00,
1. 0757660658E+00,
1.0757660659E+00,
1.07576606604E+00,

1.3E+00]

1. 2E+00]
1.13E+00]
1.10E+00]

1. 08E+00]
1.079E+00]
1.079E+00)
1.077E+00]
1.0762E+00]
1.0762E+00]
1.0760E+00]
1.0759E+00)
1.07581E+00)
1.07578E+00]
1.07578E+00]

1. 075768E+00]
1.075768E+00]
1.075768E+00]

1. 0757666E+00]
1.0757661E+00)

1. 0757661E+00]
1.0757661E+00]
1.07576609E+00]
1. 07576609E+00]
1.07576608E+00]
1.075766072E+00]
1. 075766068E+00]
1.075766067E+00]
1.0757660661E+00]
1.0757660661E+00]
1.0757660661E+00]
1.0757660661E+00]
1.07576606610E+00]

e R g 3 g R g R R T ]

>5[ 1.07576606604E+00, 1.07576606610E+00]

Solution
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PROGRAM QUAD_examl (input, output, Ist); (examl. src)
$INCLUDE SF.LWC
$INCLUDE INTERVAL.LWC

VAR
X0, X1,M,L: interval:
exit:boolean:

Tol :REAL: lst:text:
cnt,Max_It:integer:

(###**###**#***#z**#*********#m*#*m**************t***#*******#*******)

FUNCTION fx(x:interval):interval:

var
iitinteger:
tp:interval:
begin
tp:=intpt(1l):
for iii=]1 to 9 do
tp: =tp¥x;
fx:=x*(tp-intpt(1))-intpt(1):
end:

function fpx(x:interval):interval:
var
iitinteger:
tp:interval:
begin
tp:=intpt(1):
for ii:=1 to 9 do
tp: =tp#x:
fpx:=intpt(10)*tp-intpt(1):
end;
(*t#zt##*****#*********#************$*****************#*****$******$*)
function dia(x:interval):real:
begin
dia:=abs(x. sup-x, inf):

end.



(###***#********#**********&&*************************#********#*****)
function median(x:interval }:real:

begin

median: =(x. sup+x, inf)/2:

end:
(#**#****t*********#******#********************#**#******##**t*******)
BEGIN {OF MAIN}

rewrite(lst, 'c:exam2 dat’):

write('Input the initial interval >>>>>7 ) iread(input, X0):

write(’Input the Tolerance >O>>>" )ireadln(Tol ):

write(’Input the Maximum iteration num >>0>> " )ireadln(Max_It);

exit:=false:

L:=fpx(X0):

cnt:=0;

write(lst, 'The initial interval Doo0>" )iivrite(lst, X0):
writeln(lst);

write(lst, 'The Tolerance D>>>" )iwriteln(lst, Tol ):

write(lst, '"The Maximum iteration number >>>>>" )iwriteln(lst,Max_It);
writeln(lst):
writeln(lst):
writeln(lst,'***************************#**************************')2
writeln(ist,” N Nth Iterated interval’):
writeln(lst_'*##*#ﬁ***********m***#m**#*************z**#***#*******'):
while not (exit=true)
do begin
cnt:=cnt+]:
M:=fpx (X0 )%xL;
X1:=(intpt(median(X0))-fx(intpt(median(N0)))/M)%xX0;
write(lst,cnt:4," ")iiwrite(lst,X1):writeln(ist):
if cnt> Max_It
then begin
exit:=true;
writeIn(Ist, "NXXXNIXXNNN LN NN AN EE YUY N AU TN LYY ANV
writeln(lst,” The Maximum iteration number is exceeded!!!’ ):
end:
if dia(X1)< Tol
then begin



L R T e R T e T T ———
exit:=true:
end
else X0:=X1:
end;
writeln(lst):write(lst, " Solution >>>>>"):iwrite(lst,X1):
writeln(lst);
end,

The initial interval IO 1. 0E+00, 1.5E+00]
The Tolerance >>>>> 1.00000000000E-10
The Maximum iteration number >>>>> 30

*****#****#*##*****#*t************#******#*******#*#**

N Nth Iterated interval
epor kiR ook SR kiR ok okl ol Sk R sk s Rk ok ok s sk

1 [ 1. 0E+00, 1.3E+00]

2 [ 1.01E+00, 1.11E+00]

31 1.07E+00, 1.09E+00]

4 [ 1. 0756E+00, 1. 0760E+00]

5[ 1.07576603E+00, 1.07576610E+00]

6 [ 1.07576606608E+00, 1.07576606609E+00)
Raspoko ok ook ook SORRR RO RO Rk

Solution >>>>>[  1.07576606608E+00, 1.07576606609E+00]

program bisection(input,output, Ist): (examl_b.src)
$include sf. lwc
$include interval. lwc
var
X0, X1, X2: interval:
exit:boolean;
tol:real:lst:text:
cnt, Max_it:integer:
(***#*#**#*********#************************#****##***#**#*****)

—25—



function fx(x:interval):interval:
var
ii'integer:
tp:interval:
begin
tp:=intpt(1):
for ii:=1 to 9 do
tp: =tp*x:
fx:=x®(tp~intpt(1))-intpt(1):
end.
(####********tz*******#************************#******#**t**#******)
function dia(x:interval):real:
begin
dia:=abs(x. sup-x. inf):
end;
(*##t***#*#t**#*****#***********#******#***#****#******t***********)
function median(x:interval):real:
begin
median:=(x. sup+x. inf)/2:
end:
(ttt****#t**************************xm**a#********#*tt****#********)

begin {of main}
revwrite(lst, 'ciexam?_b. dat'):
write('Input the initial interval >>>>>" }iiread(input, X0):
write(’Input the Tolerance MOX>>" )ireadln(tol );

write('Input the Maximum iteration number >>00>")ireadln(Max_it):
exit:=false;

cnt:=0;

write(lst, 'The initial interval D007 ) iiwrite(lst, X0):
writeln(lst):

write(lst, 'The tolerance D00 )iwriteln(lst, tol);
write(lst, 'The Maximum iteration number >35> )iwriteln(lst, Max_it):

writeln(lst):

writeln(lst):
writeln(]st,'*#*4*#**#****##********t**#**********#******************');
writeln(lst,” N Nth Iterated interval ")
writeln(lst,'************#*:*****&*****#***********:*****************'):



while not (exit=true)
do
begin  {of while}
cnti=cnt+]:
if (0 in fx(X0)) then
begin {of if}
X1:=X0/intpt(2)+intpt(X0. inf/2);
X2:=X0/intpt(2)+intpt(X0.sup/2):
end {of if}
else
begin {of else}
writeln(lst, "sx%% This iteration is invalid wokn” )
exit:=true:
end: {of else}
if (0 in fx(X1)#*%fx(X0)) then XO:=X1
else if (0 in fx(X2)#%fx(X0)) then X0:=X2
else
begin
writeln(lst, "%%% This iteration has wrong interval %¥x'):
exit:=true:
end;
write(lst,cnt: 4, ")iiwrite(lst,X0):writeln(lst)
if ent>Max_it
then begin

exit:=true;

writeln(lst,’ The Maximum iteration number is exceeded!!!'):

end:

if dia(X1)<tol

then begin
writeln(lst"$$******$$*$****ﬂ*****$********#*************#*********P'
exit:=true:

end:

end: {of while)
writelniwrite(lst,” Solution o000 )iiwrite(lst, XO):
writeln(lst):

end. {of main)}
The initial interval >o000( 1. 0E+00,
1. 5E+00]
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The tolerance

The Maximum iteration number

#**###**t*t******************ﬁ*****$*************#******

N

1

L 00 N O e W N

wwwmmmmmwwmmm-—»—-——-——-—.—-—._
N—onoco\:cnm-uwm-—oaooo\)ozm.awwv—'o

33

l

1. 0E+00,

1. 0E+00,

1. 06E+00,

1. 06E+00,

1. 06E+00,

1. 070E+00,

1. 074E+00,
1.074E+00,

1. 0751E+00,

1. 0756E+00,
1.0756E+00,

1. 0756E+00,
1.07574E+00,

1. 07574E+00,

1. 07575E+00,
1.075759E+00,
1.075763E+00,
1.075765E+00,

1. 0757656E+00,
1.0757656E+00,
1.0757658E+00,
1.0757659E+00,
1.07576602E+00,
1.07576605E+00,
1.07576605E+00,
1.075766064E+00,
1. 075766064E+00,
1.075766064E+00,

1. 0757660651E+00,
1.0757660656E+00,
1.0757660658E+00,
1. 0757660659E+00,
1. 07576606604E+00,

>>>>> 1.00000000000E-10

200> 50

Nth Iterated interval
Rkl ook kRO ROk Rk Rl ok

1.3E+00]

1.2E+00]
1.13E+00]
1.10E+00]

1. 08E+00]
1.079E+00]
1.079E+00]
1.077E+00]
1.0762E+00]
1.0762E+00]
1.0760E+00]
1.0759E+00]
1.07581E+00]
1.07578E+00]
1.07578E+00]
1.075768E+00]
1.075768E+00]
1.075768E+00]
1.0757666E+00]
1.0757661E+00]
1.0757661E+00]
1.0757661E+00]
1.07576609E+00 ]
1.07576609E+00]
1.07576608E+00]
1.075766072E+00)
1.075766068E+00]
1.075766067E+00)
1.0757660661E+00]
1. 0757660661E+00]
1.0757660661E+00)
1.0757660661E+00]
1.07576606610E+00]

#k****##***f:*#***x:x::::>::=';x'=>::=‘;f.=>::>:<9.:**:1:*r::*x:*::::::::::r.':rk:‘;:.‘::'.::'.:

Solution

D000

1. 07576606604E+00,
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<Abstract>

A STUDY ON INTERVAL BISECTION METHOD
AND QUADRATICALLY CONVERGENT METHOD

Hong, Taek-Young

Mathematics Education Major
Graduate School of Education, Cheju National University

Cheju, Korea

Supervised by professor Kim, Ik-Chen

In general, interval arithmetic has a number if significant applica-
tions in scientific, engineering and statistical computation.

In this thesis, we shall consider a method for including zeros of
real function of one real variable . Among the many methods for root-
finding, we shall study especially Bisection Method and newton method
which use derivatives.

It can be used to find zeros of the function, including non-accuracy
doefficients.

* A thesis submitted to the Committee of the Graduate School of Education.
Cheju National University in Partial fulfillient of the requirements for the degree
of Master of Education i1 August, 1993 .
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