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< Abstract >

Transversal Infinitesimal Automorphisms

On The Kdahler Foliation

In this thesis we extend the results which were studied on the harmonic
Kahler foliation by S.Nishikawa and Ph.Tondeur([5]) to non-harmonic Kahler

foliation, and then prove the following theorem.

Theorem. Let F be a non-harmonic Kahler foliation on a closed manifold M
with transversal Ricci operator py < 0. If the transversally holomorphic in-
fini tesimAaI automorphism is parallel in direction to the mean curvature vector,
then Vn(Y) = 0. Moreover, if pv < 0 at some point r € M and V,n(Y) =0,

then n(Y)=0. 1.e, z € 'L.

In addition, we also study the relation between transversal Killing vector

and Killing vector.
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1. Introduction

The foliation theory has its origin in the global analysis of solutions of or-
dinary differential equations. The general notion of a foliation was defined by
Ehresmann and Reeb([1]). In 1959, Reinhart([8]) introduced a particular type
of foliation, namely, Riemannian foliation, which admits a particular metric
“bundle-like metric”, that is, a metric for which the leaves of the foliation
remain locally at constant distance from each other. By virtue of this bundle-
like inetric, we can study the quotient manifold by leaves. We call this area as
“transverse geometry”. Many authors have studied the transverse geometry
of Riemannian foliations. In particular, in 1988, S.Nishikawa and Ph. Ton-
deur([5]) introduced the Kahler foliation which admit complex structure on

normal bundle of the leaves and proved the following theorem.

Theorem A. Let F be a harmonic Kahler foliation on a closed orientable
manifold M with transversal Ricci operator py < 0. Then every transversally
holomorphic infinitesimal automorphism Y € V(F) satisfies Vn(Y) = 0. If
pv < 0 at some point r € M, then every Y € V(F) with tranrversally
holomorphic s satisfies Y € T'L.

In general, many results were obtained on harmonic foliations which all
leaves are minimal submanifolds. In this thesis, we study some geometric
transverse fields and extend Theorem A to non-harmonic Kahler foliations.
Throughout this paper, we have the following indices:

1<4,7,--<pi 1<a,b,---<n,

1<a,3,---<q(=2n), 1<AB,---<p+aq.



2. Preliminaries

Let (M, garr,F) be a (p + ¢)-dimensional Riemannian manifold with a foli-
ation F of codimension q and a bundle-like metric gas with respect to F({8]).
Let VM be the Levi-Civita connection with respect to gas. Let TM be the
tangent bundle of M and L the integrable subbundle of TM given by F. The
normal bundle @ of F is given by Q = TAM/L. The metric gpr defines a

splitting o of the exact sequence
(2.1) 0—L—TM=Q—O0

with 0(Q) = L*(the orthonormal complement bundle of L in TM)([2]). Then

gar induces a metric g on Q:
go(s.t) = gar(o(s).0(t) for any s,¢ € TQ.
A connection V in @ is defined by

(2.2) Vxs=n([X,Y]) for XeTL, =(Y)=s,
Vxs =n(VNY,) for X eTQ, Y,=oa(s),
where s € T'Q([2]). Then we have

Proposition 2.1([2]). The connection V in Q is torsion-free and metrical

with respect to gg.

The curvature Ry of V is defined by

(23) Rv(}{, Y).s‘ =VxVys— Vy Vs — V[‘\'yy].s
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forany X,Y € ITM and s € TQ. Since i(X )Ry = 0 for any X € I'L([2]), we

can define the transversal Ricei operator po : TQ — I'Q of F by
q
(2.4) pv(s) =) Ru(s,E,)E,
a=1

where {E,} is an orthonormal basis of Q. Let V(F) be the space of all vector

fields Y on M satisfying
(2.5) Y,Z] e T(L)

for any Z € TL. An element of V(F) is called an infinitesimal automorphism

of F([3]). We set
QY = (s e T(Q)]s = =(Y),Y € V(F)}

Then s € TQL satisfies Vys = 0 for any X € I'L([3]). From (2.1), we have

associated exact sequence of Lie algehras
0 —TL — V(F)-5TQ" — 0

From now on, the foliation is assumed to be transversally Kéahler. By a K
ahler foliation F we mean a foliation satisfying the following conditions: (i)
F is Riemannian.with a bundle-like metric gas on M inducing the holonomy
invariant metric go on @ = L1, (ii) there is a holonomy invariant almost
complex structure J : Q — Q where dim@Q = ¢ = 2n(real dimension), with
respect to which g¢ is Hermition, i.e. go(Js, Jt) = go(s,t) for s,t € TQ,
and (iii) if V denotes the unique metric and torsion-free connection in Q, then

V is almost complex, i.e. V.J = 0. Then we have the following identities:

(2.6—1) Re(s,t)] = JRv(S,t)



(2.6-2) Ry(Js,Jt) = Ro(s,t)

(2.6-3) Ro(s,t)u+ Ry(t,u)s + Ro(u,s)t =0

for s,t and u are elements of I'Q. In fact, (2.6-1) follows from V.J = 0, (2.6-2)
follow from gq(Js, Jt) = go(s,t).

Finally (2.6-3) is a consequence of the Jacobi identity. Let {e4} be an
oriented orthonormal basis of T, M with e; in L, and e, in LE (F is of codi-
mension ¢ = 2n on M?1?). The transversal Kahler property of F allows then

to extend e,, Je, to local vector fields E,, JE, € "Lt such that
(2.7) (VE.Eb): = (VEJEY): = (Vyg,Eb): = (Vyg, JEy), =0
As a consequence of torsion freeness([2])

(2.8) (Eo, By, [Eo. JEY],, [JE.,JE}), € L,

The Eq, JE, can be chosen as (local) infinitesimal automorphisms of F, so

that
(2.9) VyE,=7[X,E,]=0

for X € L. We can complete E,, JE, by the Gram-Schmidt process to a
moving local frame by adding E; € 'L with (E;)r = €;. In terms of such a

moving frame the transversal Ricci operator py : Q — Q is given by

(2.10) pv =Y JRy(E, JE,)

4



. In fact, let s € Q. Then by (2.6-1) and (2.6-3)

RV(E(I,\JEH)S = _RV(']Eaa Ea )s = RV(E(u -*')‘]Ea + RV(S, ']E(l )Ea
= JRu(Ea.s)Eq — JRo(s, JE.)JE,

= —J(Rv(s, E.)Es + Ru(s, JE.)J E,)

or

JRV(E(“ ']Ea)5 = RV(S, Ea)Ea + HV(S-. JEa)JEa

. It follows that

pvs =Y (Re(s.Eu)Eq + Re(s.JE,)JE,)

1s given by (2.10).

o



3. Infinitesimal automorphisms
The transverse Lie derivative 8(Y") with respect to ¥ € V(F) is defined by
(3.1) (Y )s = n([Y.Y))

for any s € I'Q with #n(Y;) = s.
Definition 3.1. IfY € V(F) satisfies (Y )gg = 0, then s = 7(Y') is Called a

transverse Killing field of F.

If gar 1s a bundle - like metric on M and Y € TTA a Killing vector field

for (M, gar), then 7(Y") 1s transversal Killing field for 9. But the converse

1s not necessarily true: Y € V(F) may satisfy 6(Y)go = 0 without satisfying
8(Y)gar = 0. Under what condition, is it true? In orther to this, let us

introduce the following tensors([6]):

AvY =aDoxatY + 7t D yrY
TxY =lrDlvntY FatDavrY
for any vector field X,Y € TM. Since the Riemannian foliation can be con-

sidered as Riemannian submersion locally, it is possible. And the following

properties hold;

Ax =0 and AV =-ApU

Ty =0 and TwY =Ty X

for any X,Y € TL and U,V € T'Q. The Riemannian foliation is said to be

totally geodesic if all the leaves are totally geodesic submanifolds, that is,

[



T = 0. Moreover, the normal bundle L+ = Q is integrable if and only if
A = 0(in this case the integral submanifolds of L+ are totally geodesic). For

any Y € V(F), we have

(0(Y)gar)(Z, W)

=Ygm(Z, W) — gm(8(Y)Z, W) — gri(Z, 6(Y )W)

for any Z,W € I'TM. On the other hand, since TM = L+ L+, and ga =

gL + 9@, we have
You(Z,W) = You(nHZ), 75 (W) + Yao(r(2), n(W).
Also, using theA property 8(Y)s = n[Y,Y,], n(Y,) = s, we have
gm(6(Y)Z, W) = gp (8(Y)7(2), m(W)) + gm (8(Y ) (Z), nH(W)).
Similarly
gm(Z,0(YYW) = ga1(m(2), 6(Y)n(W)) + gm (8(Y )n (W), 7(2)).

Summing up the above equations, we have

(3.2) (8(Y)gar)(Z, W) = (B(Y)gr)(xH(Z), xH (W) + (6(Y )gQ)(m(Z), 7(W)).

7



On the other hand, since we get
(8(Y)gL)(x(Z), xH(W))

=Ygu(x*(2), 75 (W) = gar(8(Y)n(2), (W)
— gm(7*(2),6(Y)r (W)

=Y gu(n*(2), 7H(W)) - gua([Y, 7 (2)), 7 H(W))
— gu(n(2), [¥, 7+ (W) |

=Ygu(nt(2), 7 (W) — g (VY 74(2) = VI ) Y), 71 (W)
= ga(xH(2), (VY r (W) = VAL V)

=Y gu(nH(Z), 7 (W) — gu(Vy/ 7w (Z), n(W))
— gm(7H(2), V7 (W) + gar (VL )Y, 71 (W)
+gr(7H(2), Vil (1Y)

=(Vy gm)(n(2), 7 (W) + gar (VL 5 Y, (W)
+gnm(7(2), VI )Y)

=90 (VEL Yo n (W) + gm(7(2), VI 11y V)

we have

(33) (Y )gar)(2, W) = (8(Y )gq)(n(2), 7(W))
+am(Val Yo m (W) + g (7 H(2), VM, ) Y)
From this equality, we have

Proposition 3.2. Let n(Y') be the transversal Killing field of M, Then Y is
a Killing field of M if and only if

(3.4) au(VYY, W)+ ga(Z,VNY) =0

8



for any Z,W € I'L.
From this Proposition 3.2, we have

Corollary 3.3. Let %Y be the transversal Killing field of M. If the infinites-
imal automorphism Y is parallel along the leaves, then Y is a Killing field of

M.

On the other hand, we have
(3.5)
am(VI )Y (W) = gu(T2Y, (W) + ga(VEL zmH(Y), 7 (W)

From this equation, we have

Coroally 3.4. Let F be the totally geodesic foliation. Let n(Y) be the
transversal Killing field of M. If the tangential part of the infinitesimal auto-

morphism Y is parallel along the leaves, then Y is Killing field of M.

Definition 3.5. If Y € V(F) satisfies V ys = 0, then s = n(Y) is called a

projectable.

Definition 3.6. IfY € V(F) satisfies 8(Y)J = 0, then s = n(Y) is called a

transversally holomorphic.

By definition, for Z € 'L+
(3.6) (0(Y)INZ)=6(Y)(JZ) - J(6(Y)Z)
But this expression cquals 7Y, .JZ] — Jx[Y, Z], which yields the formula

(3.7) (0(Y)INZ) =~V zs+ TVzs

9



for Y € V(F) and s = 7(Y). Hence s = n(Y) is a transversally holomorphic

if and only if

(3.8) Viyzs =JVzs forallZ e TLL.



4. Vanishing Theorem

Let Q7(M.Q) = T(Q) = Q7(M) be the space of Q- valued r-forms over M,
where 27(M) is a space of differential r-forms on M. For any s € I'(Q) and
n € Q7(M), the clement s &7y € Q7(M, Q) is usually abbreviated to sn. We
can consider the connection V given in (2.2) as an R-Liner map V : Q°(M, Q)

— QY(M, Q) such that
(4.1) Vi{(fs) = fVs+ sdf
for any f € Q°(M). s € T(Q) and such that
(4.2) d < sy,80 >= Vs Asg+ 35, AV,
for any s7.s, € QM. Q). where we define
S A say =< S1,82 > A

for any sy € Q7(M, Q) and 531, € Q%M. Q). By the usual algebraic formal-

ism, V: QM Q) — QYNM. Q) can be extended to an anti-derivation
de QM. Q) — Q"ML Q)

by the following rule: if sy € Q7()M, Q). then

(4.3) dy(sy) = Vs A+ s(dy)

for s € T(Q),n € Q(M,.Q). for a Riemannian metric gy on M, we extend

the star operator * : Q7(M) — Q"77(M)(n = dimM) to

1 QN(AM,Q) - QUM Q)

11



as follows : if s € ['(Q) and 5 € Q"(Af), then

(4.4) *(s1) = s(*1)

Moreover the operator dg : Q7(M, Q) — Q71 (m, Q) given by

(4.5) dvo = (=1)"UtD M wdo x 6,6 € Q' (M, Q)

is adjoint of dy with respect to an inner product < -, - > defined by
(4.6) < s sany >= gQ(sies2) ().

The Laplacian A for Q*(M, Q) is given by

(4.7) A = dvds + dedy

Let ey, -, e, be orthonotmal basis of T, M and E. -, E, alocal framing of TM
in a neighborhood of &, coinciding with e, -, ¢, at = and satisfying V:ﬂ Ep =
(Vg!A Ep)r =0(4,B =1.-.n), whereVY denotes the Riemannian connection

of (M, gar). Let w? he a coframe field of e 4. Then on Q*(M, Q) We have
(4.8) dv =Y w? AV, dt=- > i(ea)Vey,
where V is a connection on Q*(AM, Q) defined as

Vx(sn) = (Vs +s(VA)

and
(X)) = w[i(X )]

12



for s € 'L,y € A*(M). The Q-valued bilinear form o on M is defined by
(4.9) X, Y)=—(Vam)(Y)

for all X,Y € I'TM ([9]). Since a(X,Y) = n(VYY) forall X,Y €TL,
we call o the second fundamental form of F([9]). The tension field T of F is

defined by

(4.10,) T = Za(Ei,Ei)

i=1
where {E;}i=1,... , is an orthonormal basis of L. We remark that 7 = dym €

FQ([9]). The foliation F is minimal (or harmonic) if 7 = 0([9)).

Theroem 4.1([2]). (Transversal divergence theroem) Let F be a transver-
sally oriented Riemannian foliation on a closed oriented Riemannian manifold

(M, gar). Let Y € V(F), then

/ divgY - = / go(m,Y) - v=<7Y >
M M

(the global scalar product of sections 7 and Y of Q).

We calculate the Laplacian of § = #(Y") :

(B5)e = (ddes)s = = Y (Ver(des)ea) = = 3 (Ve Viys = Vo g,5).
A=1 A=1

Since V., E, = n#(VME,) = 0, we have VME, € T'L,. This implies that
a €q ’ €a I
Vvi\; EsS = Vo5, where 7, = Zf W(VS{E,‘) is the mean curvature vector

field of 7. Hence we have

p+n p+n
(4.11) Ds== Y VeVes— Y Vi, Vigs+V,s
a=p+1 a=p+1

13



Lemma 4.2. If s = n(Y") is a transversally holomorphic, then

As = pys+ V,s

Proof. Since s = m(Y) is projectable, V(. .15 = 0. By (2.3), we have
RV(Jf as€a )'* = ']v(‘n vE,, s+ Jv./eavJE,, S

Therefore we get

=Y Ve VEs =Y Vi, Vigs =Y JRv(Jeq eq)s = pys.

From (4.11). we obtain the result. O

Next we evaluate for + € AL

< (YY) O(Y) >,
p+n

=" goU(B(Y)T)eq, (B(Y) T )ea)
a=p+1
p+n

+ > 9B (T ea) (B(Y)T)(Tea))
a=p+1

= 90(Vyes = IV, 3,V jogs = IV, 5)

+ 3 90(Ves + IV e, 5, Ve s+ IV e, 5)
The second sum equals

> oIV s = Ve, s, Vs = Vg, 0).

a



and thus equals the first sum. It follows that

< B(Y)T8(Y)T >,

=2 Z 9Q(V ye,s = IV 5,V je, 5)
+2Y 9o(IV ses + Ve, 5, Ve, )
=2)" ;eﬂgQ(vhns —JV,,s,3)
— 23 90(V e Viess = Ve, J(Ve,5),5)
+ 2 Z €a9Q(JV se s + Ve, 8,8)
=23 9o(Ve, J(Vie,s) + Ve, Ve, 5,5)
=2Y" ;(.,,gQ(v.,fas —IVe59) = 2)  90(Vie, Vie,s.s)
+23 40(JV 16, Ve5,5) 423 ag@(IV sers + Ve, s,5)

=23 eIV Vi 58 =2 go(Ve,Ve,s,s)

a

Since Ru(Jea.co)s = Ve Ve, s =V, Vg s — VA{UE..E.}§ Where the last
term vanishes by (2.8) and As = =5 V. Ve.s =Y V5. Vieg s+ V,s.

Hence we have

< BY)TB(Y)] >,

=23 go(JRE(JE( Eq)s.s): + 29Q(Ds — Vs, s); + 2(divpZ),
where Z € T'QQ is defined by

9o(Z,X) = go(Vxs+ JV xs,s) for X eTQ

15



and the transversal divergence divpZ of Z is defined as the unique scalar
satisfying 8(Z )1 = divgZ - v, v being the transversal vohune form defined by
gq([4]). From (2.10), It follows that

(4.12)
<OY).O(Y)] >, =2(divgZ), +290(Ds,s) e — 290(pv(s),8)s

—290(Vrs,s);
By Theorem 4.1, we have

/ divgZ =< Z. 7>
Al

=L Vs 4+ IV ps0s > .

Integrating (4.12), we have

Proposition 4.3. For Y € V(F), we get

LOY) Y )] >=k N5, 5> — K prs.s > + K IV s8>

2| =

where s = n(Y").
Coroally 4.4. IfY € V'(F) is a transversally Lolomorphic, then we have
K As, 8 >=K prs,s >+ K V5,5 >
where s = n(Y").
Let s € T'Q be any section. We obtain the classical identity([3],[5))
1
(4.13) ~3AgQ(S, $) = 9(Vs, Vi) = go(As, s).

The Laplacian on the LHS is the ordinary Laplacian d*d of the function on M.

The first term on the RHS is the indneed norm square on Vs € Q1(1M, Q). In

16



fact, let * € M and ey,...,e, € T, M an orthonormal frame. Let Ey, ..., E,
be an extension of €1, ... . ¢, to an orthonormal frame of TM in a neighborhood
of z, and satisfying V;‘!Ej =0, i.e. the value at x of VA E; equals 0 for any
vertor field X such that X, = ¢,. With these notations, we have

n

1 1 . !
—5890(s,5)r = —S(d dgq(s,5)). = > (VMdgo(s,s))(ei)/2

1=1
= Z[V?;’(dyq(& s)(ei)) — dgo(s, s)(VY Ei)]/2
= _Vil(Eigals, )/
= Z VM (go(V s s) + aq(s, VEs))/2
= ivf,-’!/Q(VE.--*,S)
= ZgQ(v“vE,.s,.s) + ZgQ(VE,.s, Veis)
= ZgQ(A.«,s) + ZgQ(vc,s, V,.s)

=) 9o(Vs.Vs)— > go(Ds:s)

1 T

Summing up Proposition (4.3) and (4.13), we have

Proposition 4.5. ForY € V(F) and s = n(Y"),

2

<

1 4 1 .
—/ Alsl* = S804+ < pes,s > — < IV o85> —||Vs]]?
M =

Coroally 4.6. IfY € V(F) is a transversally holomorphic, then

1 . .
=5 | Ol =~ < pusis> - € Ves,s > +]| Vs
- M

From this Coroally 4.6, we obtain



Theorem 4.7. Let F be a non-harmonic I ahler foliation on a closed manifold
M with transversal Ricci operator pg < 0. If the transversally holomorphic in-
finitesimal automorphism is parallel in direction to the mean curvature vector,
then Va(Y) = 0. Moreover, if pg < 0 at some point x € M and V.n(Y) =0,
then 7(Y)=0,1e,Y €T'L.
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