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. INTRODUCT ION

Let V, be a n-dimensional Riemannian space referred to a real
coordinate system X* and defined by a fundamental metric tensor
h;., whose determinant

(1.1) 0 28 Det ((h;,))%0.

According to (1,1), there is a unique tensor h*’ =n"?

defined by

(1.2) h,n» L4
Let ?”, (£=1, 2, - , n), be a set of n linearly independent
vectors,

Then there is a unique reciprocal set of n linearly independent

i . . .
covariant vectors e;, (f=1, 2,+, n), satisfying

(1.3) a e’ é; =d3 (%)

Z
(1.3) b e? é; = J'(
. ¢ i
y
DEFINITION 1. 1) With the vectors e* ard e; a nonholonomic frame
y)
Of V_ is defined in the following way ; If T; """ are holonomic

L)

Throughout the present paper, Greek indices are used for the
aolonomic components of a tensor, while Roman indices are used
Jor the nonholonomic¢ components of a tensor,

Both indices take the values 1, 2, «- , n, and follow the
summation convention,




components of a tensor, then its nonholonomic components are

defined by




2. PRELIMINARY RESULTS

In the present section, for our further discussions, results

obtained in our previous paper will be introduced without proof,

THEOREM 2.1) The product of two nonholonomic components of

h;, and h?* 'is kronecker delta,
e _ k
(2.1) hjjhl —(f‘j
THEOREM 2.2) We have

= e.uhjj hi, .
4

9 9 v / h hlu
(-’--‘) e - e‘ J] b

4

The nonholcnomic frame in V, constructed by the unit vectors e”*
4
tangent to the n congruences of an orthogonal ennuple, will be

termed an orthogonal nonholonomic frame of Vn,

THEOREM 2.3) We have

(2.3) a2 n; o= d, il = 4



3. MAIN THEOREMS

In this section, we will study some of the relationships
between holonomic and nonholonomic compcnents, and derive a use-
ful representation of the nonholonomic components,

Our further discussions will be restricted to an orthogonal non-
holonomic frames only,

First of all, we shall derive some special properties or this
frame in the following theorem,

THEOREM 3.1) We have

(3.1) e* = e,, e, = et

Proof), By means of (2,3)b and e* are mutually orthogonal
y;

unit vectors, easily obtained the results,
THEOREM 3.2} The nonholonomic components of the covariant

h;, and contravariant tensor h’# expressed in terms of e*, as
p;

rollows ;
’ i J

(3.2) h** =e’n¥/ e = e;h;.e,,

i 7 47

Proof), Using (1,4)b, (2.3)a and (3.1), easily obtained the
results,

DEFINITION 3.3) A symmetric covariant tensor i whose determinant

def

a Det ((az)) < 0




defined by
(3.3) at d_ii: A is a symmetric contravariant tensor
satisfying a,, a®* =Cf",
where A,, 1is the cofactor of a;, in a,
THEOREM 3.4) The derivative of e’ is negative self-adjoint
i
That 1s,
i i
(3.4)a o (ex)e* = ~o.(e*)e;,
7 J
Proor). Take a coordinate system y4 for which we have at a

point p or Vn,

] ‘ v
3y 4 ax
b = e ——— = eV
(3.4) ex} 2 b ay‘l 1.
) i
% (ez) e* = = (ez)F e, (e?)e”
J v J

!

g
= ff(eﬂ)ez e* a.(e?)
7]

4
P4
= - 4 5. #
Cf‘j ""a‘(e.)

4

yA
= - ey 9, (e"),
J

THEOREM 3.5) The derivative of the tensor a, is negative
selll — adjoint,

Proof), By means of (3.3), we derive the

(3.5) a™a(an) = —ay a(a™),
THEOREM 3.6) The derivative of the nonholonomic components of

A2, 15 negative self-adjoint,



Proof), Using (1,4)a, (1,4)b, (3.3), (3.4)a, (3.5),

47 . . 47

3 ;o
= atl 5, (a;, ' e*) + a;; o (a%# e; e,)
4 7

g w4
= a'lj P (a‘ip) e,l e# + a'Aw e; ew aip EP (e‘) e.y
4 7 4 /

i 7
+atwe, €y i ::j‘ akki")

. L7 : 4
tajja (a**) e &, +a,, e ¢ a' o (e1) e,
i

4 /
+auw 3‘ e a' e, ac (&)
4 7
R i 2 J
= a'¥ I (al;u)+ €1 9 (e )+ €y 9« (eﬂ)
y 7
= ;
+ aip E ¥ (aiﬂ) + e,i Ix (82) + e_# 9c (ey)
] J
= a'* 9, (an,) + az, a (a**)

By the theorem (3.4)b, we have the result,

COROLLARY 3.7) The negative self-adjoint of the derivative

of the tensor a;, is equal to its nonholonomic components,
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The purpose of the present paper is to study some of the rela-
tionships between holonomic and nonholonomic components, and so

derive some special properties of this frame,
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