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1. Introduction

In this paper, We shall study the uniform spaces generalizing

the metric sgpaces,

We shall also show that the topological spaces derivable form

the proximity spaces are precisely the uniformizable spaces,

We begin by defining the uniform spaces,



2. Preliminary

Definition 2—1

Let S=& and p C 2 sXs satisfying the following axioms:

(U,) The diagonal A = {(x,x)1x=S}CU, VUe;t_

(Us) If U ¢ and UCV, then Ve g,

(Us) If U, Vep, thenU Vep,

(Uc)VUEF there exist V& ¢ such that VeV CU,

(Us) USe implies that J ' ep.
Then ¢ is called a uniformityfor S and (S,#) is a uniform
space,
If ¢ satisfies (U;) ~ (Uy) , then 2 is a quasiuniformity

for S,

Definition 2—2
If ¢ is a uniformity (quasiuniformity) for S, then BC g is a base

for # if each member of ¢ contains a member of B,

It follows form definition 2-1 that conditions (U;), (U«), and

(Us) on a uniformity correspond roughly to conditions (M;)
d(x,¥1>0, d(x,y) =0 iff x=y, (Ms) d(x,y) < d(x,2)+d(z,y) and

(M:) d(x,y) =d(y,x) respectively, on a metric on S.



Proposition 2—-1

Let(S,#) be a uniform space,

For each x& S and each U # ,define

W) = {yeSl (x,y)=U} by a nbd of x ,

Then the collection Bx = {U(x)| U€ #} for each xS is a nbd
system of x

Proof,

It follows from definition 2~1 and 2-2 that Bx is a nbd system

of «x.

We use proposition 2~1 to get a base for the topology on S

induced by the uniformity # on S.

Proposition 2-2
Let(S,#) be a uniform space and B = {Bx| x& S} where each Bx is
a nbd system of x.
Then B is a base for the topology on S induced by the uniformity
.
Proof,

Clearly, S = U{Bx: xe& X}

Let U(x), VW(y) =B and z&€U (x) NV(y).

Then z& U(x) and ze V(y)
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Let W=U(x) NV(y), then Wep and ZeW
So, We Bz and WeB
Therefore, Bis a base for the topolgy on S induced by the

uniformity g,
So, we have the following definition:

Definition 2-3

Let (S,#) be a uniform space and B a base for the topology on S
induced by the uniformity g,

We call such a topology J having B as a base

induced by the uniformity g,

We conclude that every uniform space is a topological space

induced by the uniformity

Definition 2—4

(S,8) is a Proximity space iff S<@and 3 is a relation on 2°
satisfying the following conditions:

(Pr) (A,2) £3, "ac2®

(Ps) ({x}, {x}) =3, "x5

(Ps) (C, AUB) €4 iff (C,A)=4 or (C,B)ed ' A,B,Ce2’,

(Ps) If (A,B) £3, then there exist C< s such that (A,C) &8 and

(S_Ca B) £ 8



(Ps) (A,B) €48 iff (B,A) €4
The relation 3is called a proximity for S, and (A,B) €4 is

read A is near B

Proposition 2-3
Every proximity space (S, ) is a topological space
Proof,
Let C(A) = {x&S! ({x},A) =4} for each Ac2®
We cleam that C satisfies the Kuratowski’s closure axioms
(a) C() = & from the definition of C and(P;)
(b) Let Ac 2° and x=A
Suppose x & C(A), Then({x},A) &3
Since {x} UA=A then ({x}, {x} UA)& & iff
({x},{x} £ and ({x},A) &)
a contradiction to (Py)
So ({x},A)Ed = x= C(A)
Therefore A C c(A)
(c) Let A& 2%
We claim C(c(A)) = c(A)
clearly <(A) C c(c(A)) by (b)
Let xec(c(A)) and suppose x Zc(A)

Then ({x},A) £ & '



There exist E& 2° such that ({x}.E)&Zd and (S—E,A) & 3 oy( p¢)
Now c(A) CE and({x},E) & 3, so that ({x}, c(A)) & 4
We have a contradiction,
Hence c(c(A)) C c(A).
Therefore c(c(A)) = c(A).
(d) Let A_.Bc 2%, then x & c(AUB) iff ({z}, AUB) € 4
iff({x},A) € 8 or ({x},B) e ¢
iff x € c(A) Uc(B)
Therefore c(AU B) = c(A)Uc(B)
Let 7 = {(c(A))°: ae 2°},

Then 7 is a topology on S,



3. Uniform space induced by metric and proximity

Proposition 3—1

Every metric space (S,a) is a uniform space,
Proof,

Let B, ={(x,y)& SxSld(z,y)<e} for each ¢>0, and
p = {UCSxS: B, C U for some &£>0}

we claim that # is a uniformity on S

Then A C U VUE“, smceAcB.Ve >0 and (U;) is satisfied,
If Uep and UC V, then B, CUC V for some £>0,

Hence V ¢ and (U;) is satisfied,

If U, V=g, then B,; C U and B,; CV for some e; €£;>0

Let ¢ =min(e&;,&6s), then B, C B,; (1 B,2 and B, CUNV

Hence UNV ¢ and(U;) is satisfied,

Let B, C Uc# and V = B-.

Then VeV={(x,y)cSxS|There exists zES such that d(x,z)<£za.nd

d(z,y)<%} BeC U So (Us) is satisfied,

Finally, since d is symmetric,

1 I

if B, Z Usp for some >0, then B,C U ' and hence U ' & s,
So, (Us) is satisfieed

Therefore every metric space is a uniform space,



Definition 31
A nonempty subset g of the power set of SXS is an M—uniformity
on S8 iff the following axioms are satisfied:
(1) AT U for each Ug ¢
(2) Ue # implies U = U
(3) For every ACS and U,V E 4,
there exist a Weg such that
W(A)YC U(A)NV(A), where W(A) = {y:(x,y)EW for some x = A}
{4) For every pair of subsets A B of S and every U< g,
V(A) NB#,Z for every V=g implies the existence of an x = B
and Wep such that W(x)C U(A)

(5] Ucsp and UCV=V 'C SxS implies V&n,

The pair (S:#) is called an M-uniform space,

Proposition 3—2
Every M-uniform space(S,¢) has an associated topology Jj=J(p)

defined by G & 7

1ff for each x&-G, there exists a Ucp such that U( x)=G
Proof,

Clearly, @& 7,

Let Ga< 7 Vae A, and choose x & U Ga

ac=A
Then x&Ga for some ac A

-



There exists U& ¢ such that U(x)cGaCU G,

acA
So U G 7.
acq @
Let G; Gz -+ GnEJ and x&G (] - nGn
Then for each i=]1, 2 n, xGj amd there exists

Ucsp such that U(x)C G,
n

So, U(z)CﬂlGj
J:

Hence () Gi €J
=1

Therefore (S,J7) is a topological space,
Proposition 3-3

Every M-uniformity # for S induce a proximity

3 = 8(p) for S defined by for each A.Be& 2°

(A,B) e ¢

iff U(A) N BZ@ for every Ucp

iff (AXB) N U#g for every U=p
Proof,

Let A=2%, then U(A)NZ=& and so(A,H)ed

So, (P,) is satisfied

Let xS

U(x)N{x}={x}#Q for Ucp and hence ({x}, {x}) € 4

So (P;) is satisfied,

Let A,B, C=2%, then

(C. AUB)=4 iffU(c)N(AUB)#@ for every Ucy



iff (U(c)NnA) U(U(c)nB)#2.Vues

+£f U(c)NA A& or U(c) () BZZ. YUenu

iff (C,A)e4 or (C,B)= 3

So (Ps) is satisfied,

(A,B)Zd iff there exists alUcsp such that (AXB)NU=¢&
By(Us), symmetric there existes Vep such that V-V U
Let E=V '(B) =V(B)

then (AXE)NV=@and( (S-E)XB)NV =&

So there exists Ec2% such that (E ,A)&Z 4§

and (S—E,B)&Z 4

Hence (P,) is satisfied,

It follows from the definition of M—uniformity for s that
(A.B)e 3 iff (AXxB)NUZg, YUcu

iff (BxA)NU '#D, Vucy

iff (BxA)NUZAZ, Yvep

iff (B,A)e 3

So, (B) is satisfied

Therefore Jis a proximity for S,

Definition 3-2
Let(S,s#) be a M—uniform space,
Then the proximity &(#) given by proposition 3-3 and g are

compatible if 4=4d(p)
._10...



Proposition 3-—4
Let & be a binary relation on the power set of S and # be a
collectionof symmetric subsets of SXS such that 4 a._nd J7;
satisfies
VA,Bezs, (A,B)e= ¢
iff U(A)NB#@ for every Ucpu
iff (AXB)NUZ@ for every Ucsp
Then 4 and ¢ are compatible iff
B is a base for an M—uniformity for S,
Proof,
Suppose that 4 and # are compatible
Then 3=4d(#)
Let V be an M-uniformity for S containing #
Then # is a base for V
For the converse, let # be a base for an
M-uniformity for S

It follows from proposition3-3 that &4 and ¢# are compatible

Proposition 3—5 (Main theorem)

The topological spaces derivable from the proximity spaces are
precisely the uniform spaces

Proof,

Let (S,#) be a uniform space



If A,Be23 we define (A,B)c$

iff vUen there exist x&A,y=B sguch that(x, y)eU
we claim that & is a proximity for S

clearly, (A,2)Z3, "Ac2®

So (P;) is satisfied

Since ACU, V'Uep, then ({x},{x})=83 VxES

So (P;) is satisfied

Let A,B,C=2%, then (C,A(B)E 4

iff There exists x&C,yEAUB such that(x,y)eU

iff (xeC, yesA) or (x=C or yeB)

such that (x,y)eU iff (C,A)eé or (C,B)e 3.

So (Ps) is satisfied,

If (A,B)Z 43, then there exists Usp such that VxEA, V yeB,
(x,y)&U

By(U.), there exists V&g such that V-VCU

Let E=V '(B) = {y: (x,y)eV"! for some xEB}

Then (AXE)NV =@

since otherwise (x,y)e(AXE)NV

= xcA, y<E, (y,x)eVv!

= xEA, There exists zEB such that(y,z)eV, (x,y)=V
= x&A, Therefore (x,z)eV-VCU

We have a contradiction



So (AXE)NV = &
= (A,E)& ¢
Similarly ((S-E)xB)OV = &
= (S—E,B) & ¢
So (P¢) is satisfied
(A,B)eé iff YUcpu There exists xA, y=B such that(x,y)=U
By(Us), (y,x)eU 'ep and so (B,A)e4d, and conversely,
Hence (ps) is satisfied
Therefore is a proximity for S induced by the uniformity g
Suppose that 3 and ¢# are compatible
For every pair of subsets A and B of S
define U(A,B) = X-X—[(AXB) J(BxA))
Let V = {A‘{B: (A,B) & o)
Then each member of V is clearly symmetric
So VeV o Vv =V !
Now, if (A,B)&3, then , g(A)NB = &
conversely if CL{D(A)QB = J for some pair C,D such that (C,D)&3d,
then either AGC and BCD or ACD and BCC
In either case, (A,B)& é
It follows from proposition 3—3 and 3—4 that

V is a base for a uniformity U and § = &U),
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