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1. INTRODUCTION

The notion of paracampactness i1s a relatively recent one &s
topological ideas go, and was first introduced by Dieudonné(1944),
In the hierarchy of topological spaces, Paracompactness lies

between normality and metrizability,

In this paper we see that stratifiability lies between para-
compactness and metrizability in the hierarchy of tepological
spaces, And also, we can find the exact condition of a monotoni-

cally normal space introduced in this paper,

This paper is organized into three sections,

§ 2. 1is a preliminary section containing some useful proper-

ties for a stratifiable space and a monotonically normal space,

§ 3. contains the main theorem, In this section we see the
exact condition of a monotonically normal space and also that

every stratifiable space is paracompact,



2. PRELIMINARY

In this section we collect some basic definition and some
useful properties for a stratifiable space and a monotonically

normal space,

DEFINITION 1. A T,—-space X is stratifiable iff to each

closed set AT X, one can assign a sequence G,;(A), G,(A), -+

of open sets such that

oo [ o B
My A=n G (A)=n G (A),and
1

n
n= n=]

(2) if ACB then Gnh(A) C Gh(B) for every nezt,

In the above definition, a T,— space X which holds the
oo
condition A=( G (A) instead of (1), is called a
n=]|
semi-stratifiable space, Thus every stratifiable space is

seml—stratifiable,

Note that every metric space obviousely is stratifiable,

DEFINITION 2. A space X is called a menotonically normal

space if to each ordered pair(H, K) of disjoint closed subsets

H and K of X, one can assign an open set D(H, K) such that
(1) HCD(H, K)CT D(H, K) C X—K, and
@ if HCH’ amd KDK' then D(H, K)C D(H’, K’).

Moreover D is called a monotone normality operator,
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Using the above difinitions, we have the following result;

PROPOSITION 1, Stratifiable spaces are monotonically normal,

Proof). Let X be stratifiable, Then for each closed ACX,

we can find a decreasing sequence {Gn(A)} of open sets such that’

oo oo
(1 A= 1 Gp(A) = N Gp(A), and

(2) if ACB then Gp(A) C Gn(B) for every ne zt,

For any ordered pair (H, K) of disjoint closed sets, let

(e o]
D(H,K) = U [(X-=Gp(K) — (X—Gn(H) ) ), Then D(H,K) is clearly
n=1

open

o0
To show that HC D (H,K), let pe=H, Then p&K =N G,(K)
n=]

since H(1K=¢, Thus there exists an ne 2% such that pSGniK ,

and so p =X -G (K), Since »& G (H) for every ne 21, we have

pXX —Gp(H) for every n=2Z7t  Since X~Gp(H)TX—Gp(H) = X

~ Gn(H), We have px X~ Gn(H) for every ne ZT, Thus p<= D(H,K);

so HZ D (H,K),

Next, to show that D(H,K) € X — K, let p=D (H,K),

oC

Suppose p &K, Then peD (K,H) = |J (X—-Gn(H) - (X —Gp(K)) ).
m=]

Since p< D (H,K) and p= D(K,H), there is a point ¢&D (H,K) N

D(K,H) by the definition of closure, Thus fer some m,nc Z+,

9€X~0p(K) - (X - Gm(H) ) and

g=X— Gn(H) - (X -~ Gn(K) ).

-3



If n<m, then =X —-Gp(K) C X ~ Gy (K)

If m<n, then =X -Gp(H)Z X — Gn(H), In either case we have

a contradiction, Thus » &K, that is, peX-K,

and so D(H,K) Z X-K.

Finally, we must show that D(H,K) CD(H', K’) if HCH’ and

K= K’, Let p=D (H,K), Then there exists an ne Zt such that

P=X ~-Gn(K) — (X — Gn(H) )

or 2= X - Gn(K) but PEX —Gp(H),

Since X is stratifiable, K =K’ and HC H’, then

Gn(K) = Gn(K’) and Gh(H) < Gn(H"),

Thus X - Gn(K) = X — Go(K") and X — Gu(A) S X — Gn(H7),

_—
Hence p=X — Gu(K’). but PRX — Gp(H') and so

p—X = Gn(K') = (X~ Gp(H’) = D(H’, K')

Accoraingly, D(H,K)Z D(H’ , K ), and the proof is complete,

Recall that a family of subsets {H,,] ac A} of a space X
1s discrete iff {E,[ a4} is nbd~finite and Hys are mu-

ually dis joint,

DEFINITION 3. & topological space X is collectionwise normal

1T for each discrete family of subsets { H, ,aeA }, there
are mutually disjoint open subsets { G, ] a=A} such that

H,C G, for each a& A4,



In above definition, we can make use of a discrete family of
closed subsets {CG |a&A} instead of a discrete family of subsets

{Hol a4}, For,C, =H, is closed and, H,."H, = C, for every ac< A4 ,

PROPOSITION 2. Monotomcally normal spaces are collectionwise

normal,

Proof). Let X be a monotonically normal space with the monotone
normality operator D,and C={C, | ac4 } a discrete family of
closed subsets of X where A4 is well—ordered,sa.yA:{c\:,,,al,azz e}
Then U {C,| a4} is closed,since {C, )l ac 4} is a

nbd -finite family of closed subsets of X,

Let Go,=D( v Cs, J Cz) for every a&Ad . Then
8<a 8>«

S« . 1 CgTD( L € U Ce) =g for a4 . Thus C,C G,
i<a PE0) AT a

and G, 1s open for each a=,.

Since, for r<a, J Csz= Csg T U Cg and
Sy B & ﬂSm
PGy L G T Cg, we have G, =D ( (U C U Cs)
3L>7 8 8 >a 8 55 8 r -]

88a «
=G¢o
Thus Ga = Ga — Ga —
0 1 2
Define O =G,
0 o
Oa; =Gq; — Gg _for i>1,



Then {0, | a4} is a family of mutually disjoint open set,

Obviously, CaaCO%- Moreover,

Oui = G ~T;_,
=D( U Cs, U Ca)-D( U Cay, U Cs )
F< ey E>ay Ala;—) Ba,
= o Ca~ (X~ iy C )
2%, 05a,?

=] | C U C
(ﬁéa,ﬂ)ﬂ(;§>u 8 )

H -1
=(CsUCa; )1 (Cuy UCs")
=Ca; U(CaUCs?)

SCa,

for i>1 since C;s are disjcint,

Therefore, C,Z 0, for each a& 4, and the proof is complete,

0
Note that a family F is o—discrete iff F= U Fn where Fn is a
=1

discrete family,

DEFINITION 4. A space X is subparacompact iff every open

cover of X has a ¢ ~discrete closed refinement,

Note that a family N is discrete iff each point of the space

has a nbd which intersects at most one member of N

{proof: (6) p.6 ).

PROPOSITION 3, Every semi - stratifiable space is subpara-—

compact,

Proof), Let X be a semi —stratifiable space, Then { x} is

.-.6-



closed for every x<X since X isa T, ~space, Thus for each yxc=X
there is sequence [gn(x)} of open nbds of x such that

nglgn(x) = {x}.

Let 0= {0, ] a=/A} be an open cover of X where 4 is

well-ordered, say A= {ap,a,,a,+}, Let

H"o,n =X - xéoﬂgn(x);

Hen=X = ( xgoagn(x) YU ﬁL<Ja Og) for each a>a,

and n€Z+, Then H,,, is closed and Hayy — 0O

- [ Y
To show that Nn ={H,,|l a=4} is discrete, 1let yeX,
Then there is the least element a4 such that ycO,,
Consider an open nbd gn(y')ﬂ On of y, suppose z€g, (y) N

O‘,[?Hﬂm ] If 3<a then y&0p since ac= 4 is the least element such

that y<—0,, Hence ?-Egn(y)’:-p‘ gn(y) and so ZE Hy,, .
y=&04

If a<p3, then z&0, = ‘<J50“ and so 2&XHy,» ., Both are contrary
to z2&Hg,n Thus a=3, In other words,each point of X has an
¢pen nbd which intersects at most one element of Nn°

Accordingly, Nn 1s discrete,

O
Finally, we must show that N= J Nn is a cover of X,
n=1

Let yeX and acAd the least element such that ye 0.

Then y& U Og.
e B

Now, there is an n&2” such that y& U g,(x). If it
IEOG
1s not so,for every n& 2t there is an anX—Om such that

_7—



yEgn(xn), Since X is semi-stratifiable, we have
yEgi(x) =G ( {x}) C G(X=-0,),

yEga(x:) =G, ( {x2}) C G,(X=-0,),

veg,(x,) =ac, ({x,})C G, (X~04),

o0

(oe]
Thus, y& gn(xn ) N G, (X-04) =X-0,, a contradiction,
n=1 n=1

Accordingly, y=X-( J g,(x))U ( U 0.) =
d xEOan 8 & 8) = H,, ,and so N

is a cover of X.

oo
Therefore N= J Nn is a o—discrete closed refinement
n=1

of O; and hence X is subparacompact,



3. MAIN THEOREM

Recall that a Hausdorff space X is paracompact iff every

open cover of ‘X has a nbd— finite open refinement

LEMMA 4. A Hausdorff space X is paracompact if it is
subparacompact and collectionwise normal,

Proof).lf X is subparacompact and collectionwise normal then
every open cover X has a 6 —discrete open refinement [ proof:(6)
p. 8 J.

The space X is paracompact iff each open cover of X has an

open o—discrete refinement [(proof; (5) pp. 156~ 160].

Using the above lemma, we have the following main theorem an

our paper,

PROPOSITION §. Every stratifiable space is paracompact,

Proof) By proposition | and 2, every stratifiable space is
collectionwise normal, Since every stratifiable space is
semi—stratifiable,it is subparacompact by proposition 3,

Therefore, every stratifiable space is paracompact by lemma 4,

Now let us find the exact condition of a monotonically normal

space,

PROPOSITION 6. A T,~space X is montonically normal iff for each
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x &€ X and open set | >ontaining x, one can assign an open set
Uy containing x such that if U, N Vy, X ¢ then either x = V or
yio U,

Proof), Let X be a monotonically normal space, For each

x:- X and open set U containing x, define

Ur =D({x}, X=U)~-D(X-0U, {=}),

Then for an open set V containing y,

Vy =D( {y}, X=V)=D(X =V, (7]
If XV and y & U then {x} Z X — V and {»y}c X-1U,

Thus D ({2}, X -U)ZD(X-V,{»})CD(X~-V, {y]), and so
U (1 Vy = ¢,

Therefore, Uy NV, % ¢ implies either x = V or y & U,
Conversely, let X be a T; — space and for each *x< X and
open set U containing x, one can assign an open set U, contain-
ing x such that U NV, % ¢ implies either x= V or ye U,
For each » € X and open set U containing z, define

Ww.o= U W where W is open,
X x&EWTU

Suppose p & Yy 1 Vg Let WC U such that peE W, , and SCR
X Y-
such that p & Sy, Then W, S, = ¢ implies either x € S or y& W,
Let (H,K) be any pair of disjoint closed sets, and

D(H,K) = xgHV(x_x)x, Then H C D (H,K)-

. Suppose pe& D(H,K) N K, Let U be an open set containing p and

contain no point of H, Then VUpﬂ D(H,K) % ¢ and so there is a

a point ¢ € y,; 1 D(H,K), Since there is a point ¥ = H such that
P

g EV; N V(x—K) we have either 2 < X~ K or & U, a contradic—
4 %

—-10—-



tion, Hence D(H,K) C X — K,

Finally,let H " H’ and K 2K’, and p<D(H,K), Then there is
a point x&€H such that p=v ( X—K ) and so there is an open
set W such that x&W C X-K and p&W,, Since X— K C X —K’,

we have W, CV (yx g Thus p=W, ¢ V( X—K), C xU V(x-K )

& H’

X

= D (H’,K"), and so D(H,K)CTD(H",K"),

Therefore, X is monotonically normal,
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