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1. INTRODUCTION

In this paper we w-11 study the class CI K—spaces which

is larger than that of locally compact spaces and metric

spaces, and prove alsc the condition that the cartesian

product of two k- spaces is a k-space,
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2. MAIN THEOREMS

PROPOSITION 2--1

—et X be locally ~ompact,
An A ZX 1is open ir ani only iT its intersection with each compact
C ZX 1s open in C,
Proof
Let C be compact in a space X and A C X,
Assume AN C open in T,
We claim that A is cpen 1n X,
Let a=A, Then a=X,
Since X is locally compaci,then there exists a relatively
compact nbd V{a’
Then V(a) is compact and hence A;’}\Ta) is open in V(—ai,
So,A "V (a) is open in V(a).
Thus,A "V (a) is open in X,
Therefore A is ocpen in X,
For the converse,let A be cper i X,then AN C is open in each compact
CCX,

DEF INITION 2-2

Let X be a set,and let{ ={A.lacA}be a family of subsets of X,

with each A, having a topclogy,
Assume that for each(a,5 ) SAXA,both

(1) The topologies of A,anc Ag agree on A, Ay,
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(2) Either (a) each A, A is open in A, and in Ay or {(b)each A,NA;
is closed in A, and in Ag,
The weak topology in X determined (cor inducéd ) by Y

T ={UcCX I'%a: U4, is open 1in a,}

PROPOSITION 2-3

If X is a space with weak topology determined by >{A¢|aEA}, then
an f: X-Y is continuous if aml only if each £ | A, : A, = Y is
continuous,

Proof

If f: XY 1is contiruous, then the restriction f.to A, is evidently
cant inuous,

Let UCY be open, then ' (U)nA. =L (UNA.)=13'(U) is open
in A, for each a& 4,

Since X has a weak topclogy induced by {Aq |as 4}, then £~ (U) is
open in X,

Therefore £ is continuous.

DEF INITION 2-4

Let {Y.|acsA} be any family of spaces,
For each ac A, 1let ¥Yi be tne space {a}xY,,s0 that Y.=Y, and the
family {Y; |a &4} is pairwise disjoint,
The free union or the given family {Y,| a=4d} is the set |UYs with
the weak topology determined by the spaces Y. .

This space is denoted by L Ya
x



PROPOS ITION 2-5

Let (X,7 be a space with weak topology determined by the covering
A rasA),
Let A:§AI, be the free union of { A, : ac4}, and for each a, let
h,: Al—2A. TX be the homeamorphism (a.a) —a .

Define h: A —X by h|4A/=h, for each ac4.
Then h is continuous and A/K(hW=X, where K is a relation

defined by x~x’ if h(x) = n(x’),

Note that K is an equivalence relation in A,
Proof

If follows from proposition ?-3 that h is contimous,
Obviously, h i& surjective,
To show the proposition 2—5, we need to show only that h
is an identification,
To do this, let UCX be such that h™'(U)is open in A,
Then h*(U)NAs = ¥,'(U"A,) is open in Al for each a4, and,
since hy, is a homeomorphism, UNA; is an open in A,
Thus U is open in X,
Therefore h is an identification,
This identification h turns out to be A/KM=X,
It follows from de finition 2-2 that a locally compact sp—
ace has the weak topology determined by the family of its

compact subsets,

Sc¢ we have the following Definition:



DEFINITION 2-6

A Hausdortf space X is called = k-space if and only if it has

the weak topology determined by the family of its compact
subspaces,
It follows from definition 2-2 and 2-6 that every locally

compact space is a k-space,

PROPOSITION 2-7

Every 1st countable Hausdorff space is a k—-space,

Proof

Let X be alst countable Hausdorfr space and A Z“ X such that
AI5C is closed in C ror eacn compact C, then ANC is closed
in X, We claim that A is :losed in X, Let x=2Z&, then thae is
a sequence {g,ln=7}CTA with a, X, where s the set of
all natural numbers, Thus {a,ln=Z"})"{x} is compact and so
also 1s the closed A~ ({ g, ln=7} _{x}).
Thus this intersection being inrinite subsetof {a"lnez+}u{x}’
must contain x, so X =ZA

Therefore A is closed,

it follows rrom Jdefiniticn 2—2 <that X is a k—-space,

DEFINITION 2-8

Let X be a space, R an ejuivilisnce reiation in X, X/R the

quotient set, ana p thne canncnical projection of X onto X/R



given by p(xy=[(x), where (x¥] is an equivalence class of x,
Then the set X/R with the identification topology deter—
mined by the projection P:X—X R is called the quotient sp-
ace of X by R,

THEOREM 2-9

Let X be Hausdorff,

Then X is a k—space if and only if it is a quotient space
of a locally compact space,

Proof.

Agsume X to be a k-space,

It follows from proposition 2-5 that X is a quotient space
of the free union of its compact subspaces, and since the
free union of compact subspaces is clearly locally compact,
a quotient space of a locally compact space,

For the converse, let p:Y—5X be the identification map,where
Y is locally compact, and let UCX such that U3C is open in
C for each compact C,

We claim U is cpen in X, For each relatively compact open
VCY, we have UNpf) opern in p(V), that is, Unp®) = pWM)NG
for some open GCX,

Since P (NP M=0"'p V)p~':G;, we find by interecting with
V,that p™(U)nv=v G, :herefore p~'(UNV is open in Y,

Since there is an open covering Y==gV; by relatively compact
open sets, p (U= v P LUV, snows p~l'()open inY, so Uis open in X,

Thererfore, X is a k—-space,



THEOREM 2-10

If X is a k—space and p:X-7 1is an identification, then Z is
also a k-space,

Proof

Let Y be locally compact and g:Y—>X an identification,
Then pog is an identification and so by theorem 2-9 and

definition 2-8 Z is a k—space,

THOEREM 2-11

The cartesian product of two k—-spaces is a k-space if either
(1) both factors are ]lst countable or (2) one factor is locally
compact.

Proof

Consider (1)

We have known that the cartesian product of two 1st countahle
spaces is lst countable, It follows from preoposition 2—7
that the cartersian product of two lst countable spaces is
a k-space,

Next we consider (2)

Let X be a k-space and Y a locally compact space.

We claim XXY 1i1s a k-space, We first observe that if P is
any k-space and R is any locally compact space, then f:PxR
—Z 1is continuous if and only if f|CXR 1is continuous- for

sach compact CCP,.

In fact, since R is locally compact, the. continuity of f is
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equivalent to that of{.‘\:p—)ZR, since £ has the weak topology
determined by compact subsets, proposition 2-3 shows that
/f\ is continuous if and only iT /f\‘lc is continuous for eich

compact C, where ZR ig the set of all continuous maps of R
into 2, By definition 2-2, every open set in the cartesian
product topology Jic) of XXY is open in k-topology JXk) of

XxY, so we need prove only that 1:(XxY, J()-(XXY,J(K))

is continuous,

For compact CZX,Cl’ZY, the compactness of CxC’and proposition
2~1 assumes that 1| CxC’ is continuous.

Keeping any compact C fixed and recalling proposition 2-—7

that Y is a k-space, our observation above shows that

1] CxY is continuous,

Since X is a k-space, 1 is continuous,

So XXY 1is a k-space.



3. PRODUCTS OF K-SPACES

In this secticn, we have that if a product of nonempty
pace is a k—space then for eacn infinite cardinal n, some

product of all but n of tne factors has each n—fold subpro-

duct n-N,-compact,

DEFINITION 38-1
A subset F of a topological space X is k-closed if FNK
is closed in K for each compact subset K of X, A space in

which each k—-closed subset is closed is called a k-spPace,

DEFINITION 3-2
A space is n-N,-compact of each n-~rold open CoOver contains

a finite subcover,

DEFINITION 3-8

A space is n—determined 1f a subset is closed whenever it
meets each subset S havimg n or fewer elements in a set

which is closed in S,

A space is n—bounded if each subset with n or fewer ele—

ments is contained in a compact setl,

LEMMA 3-4
If a product of nonempty spaces is a X—space then, for

gacn infinite cardinal n, some product of all but n of its

factors has eacn n—-fold subproduct n—N, —ccmpact,



Proof

Tce see Reference (5 ¢©. 160

LEMVA 3-5

Fcr n on infinite cardinal, an m-fold Product of n-deter—
minel spaces is n-determined if and only if all but at most

n of the factors are indiscrete,

Proof

To see Reference (5) p.611,

DEFINITION 3-§

A space is called strong n-bounded if each subset with
fewer than n— elements is contained in a compact set, And a
space is called strong n—-determined if a subset is c¢losed

whenever it meets each subest S having fewer than n elements

in a set which is closed in S,

PROPOSITION 8-T7
Let X=/ X,.If each X, 1s strong n-bounded and strong

acn

n-destermined, then X is a k-space

Proof
Let ACX be k—closed and let ¥ be any point in the closure of

A, We will produce a subset A" of such that % is in the

-10-



closure of A’ and such that, for each « an n, ILA" has cardi-
nality less than n, Since each X, is strong n-~bounded, each
I,A’, and hence A’ itself, is contained in a compacCt set,

It follows that x must be in A and hence that X is k-space,

as desired, Let II* denote the projection from X to X*= ﬁ]] Xz
\C

and note that, since n is regular, we have that X*is strong
n-determined, We first show that, for each a, 7°(x) is in IT°(A).
Certainly 7*%x) is in the closure of /7*(A) and hence, 8inceX"
is strong n-determined, ;7*(x)1is in the closure of /(B for
some subset B of A having rewer than n-elements, Since X is
strong n-bounded, B is contained in some compact set K, Let
K1 be the projection of K onto ﬂ[>7 X5, and let K =[T*(K) U{7"(x)}.
a

Since A is k-closed, A K XK is closed in K XK, and terefore
its projection onto K, , whica is just T*ANK;, 18 olosed in X,
Since 7%B) < M*(A) N"K; and *(x) 1s in the imersection of the cl-
osure of [7*(B)with K,, it follows that [%(x) is in [7%), as de-~
sired, To construct the set A’, choose, for each a, a point #*
in A such that (&) =M0%x)and lst pz-={x":@&€n} It is clear

that A’ has the desired properties, s0 the proof is complete,
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