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1. Introduction

Semiring was first introduced by Vandiver in 1934. P.J.Allen def-

ined Q- ideal and maximal homomorphism in a large class of semirings.

In this paper, we shall investigate the direct sum of semirings. This

investigation is done by proving the followings,

Firstly, if I, is a Q;-ideal of the semiring R; for i=1,2,---,n, then

T I; isa [l Q-ideal of 7" R;.
= 1= i=l

Secondly, if the semiring R is the internal direct sum of ideals I,, I,,

“»I4, then R is isomorphic to the external direct sum of I, , I,,---,

I,..

Thirdly, if R= }E}@Ri is the direct sum of a finite number of semi-
=1

ring R;, then every ideal I of R is of the form I=i‘,(—BI; where I, are
=t

ideal of R;.

Fourthly, if I, isa Q,-ideal of R for i=1,2,---,n and R= Z}@Ii,

then R/I;, =~ 21;@1‘ for j=1,2,---,n,
'y

Lastly, if R is the direct sum of the semirings R, and I, a Q,-ideal

of R; for i=1, 2,---,n and I= 3@1,,then R/IX f‘i@(Ri/Ii)-
i=l 1=



2. Definitions and Preliminaries

There are many different definitions of a semiring appearing in the
literature, Throughout this paper, a semiring will be defined as fol-

lows ;

DEFINITION(2-1). A set R together with two associative binary

operations called addition and multiplication(denoted by + and ., respe-
ctively ) will be called a semiring provided ;

(i) addition is a commutative operation,

(ii) there exist 0 R such that x + 0 = x and x0=0x=0 for each
x &R, and

(iii) multiplication distributes over addition both from the left and

from the right.

DEFINITION (2-2).A subset I of a semiring R will be called an ideal

if a, b&1 and r R implies a+be1, rac] and ar =1,

DEFINITION(2-3). A mapping ¢ from the semiring R into the sem-

iring R' will be called a homomorphism if(a+b)®= a®+ b® and (ab)®
= a¥b¥ for each a, b&R. An isomorphism is a one-to-one homomorphi-
sm. The semirings R and R' will be called isomorphic ( denoted by R~R')

if there exists an isomorphism from R onto R'.



DEFINITION (2-4) An ideal I in the semiring R will be called

a Q-ideal if there exists a subset Q of R satisfying the followings ;
i +1 is a partition of R, and
(i) f{q }qu P

(ii) if q,,q, €Q such that q, #q,, then(q,;+ 1) N{q,+1) = ¢.

DEFINITION (2-5) A homomorphism ¥ from the semiring R onto

the semiring R' is said to be maximal if for each a =R' there exists
c, =¢7!' ({a}) sueh that x+ker(9) Cc, +ker(®) for each xs¥ ' ({a}),

where ker (¢) = {xER|x¢=01.

THEOREM (2-6) Let I be a Q-ideal in the semiring R, If x&R,

then there exists a unique q&Q such that x+I1cCq+]1.

proof . Refer to Lemma 7. in (1.

THEOREM (2-7) If I is a Q-ideal in the semiring R, then

({q+I}qu, ®Q'®Q) is a semiring,

Proof, Refer to Theorm 8, in [1),

In Theorem (2-7), we can define the binary operations @Q and @Q
on {q+I}qEQ as follows:

(i) (q,+I)@Q(q2+I)=q3+I where q, is the unique element in Q
such that q,+q,+I1Cq;+ 1, and

(ii) (g, +1) © (q,+1I) = q3+1 where q; is the unique element in
Q such that q,q,+ICq;+ 1. The elementsq,+I and q,+1I in {q"'I}qEQ

will be called equal (denoted by q,+1=q,+1I) if and only ijf q1=q;.

_3...



THEOREM (2-8), Let f be a homomorphism from the semiring R

onto the semiring R'. Then

(1) for each ideal I' of R', the subsemiring f~' (I') is an ideal of

R, and
(2) for each ideal I of R, the subsemiring f(I) is an ideal of R',

Proof, Refer to Proposition(2-2) in(2]).

THEOREM (2-9), If I is a Q-ideal in the semiring R, then I is

a zero element in R 1,

Proof. Refer to Proposition 13 in (3],

THEOREM (_2—10). If ¢ is a maximal homomorphism from the sem-

iring R onto the semiring R', then R ker(¢)~R',

Proof, Refer to Theorem 16 in[1],

————



3. The direct sumof Semirings

Let R,,R,, -+, R, be a finite number of semirings and consider th-
eir Cartesian product Rzﬂ:l=l R, (or R, XR, X -+ XR, ) consisting of all
ordered n-tuples (a;,a,,---, a,) with a, €R;, We can easily convert
R into a semiring by performing the semiring operations componen-
twise ; in other words, if (a,,a,, --,a,) and(b;,b,, -+, b,) are two
elements of R, simply define

(ay,a,,-+-,a,) + (b,,b,,---,b,)="(a,+b,, a, +b,,---,a,+b,)
and (a,,a,," - ,a,)(b;,b,,---,b,) = (a,by, a,b,, -, a,b, ).

The semiring so obtained is called the external direct sum of R,,...,

R

ne

LEMMA (3-1), Let I, be a Q,-ideal of the semiring R, and I, a

Q,-ideal of the semiring R,.
Then I,XI, is a Q, XQ,-ideal of the semiring R, XR,.

Proof, It is eclear that I, xI, is an ideal of R, XR,.

(1) If (r,, r,)=R, XR,, then r, €q,+ 1, and r,eq,+1,
for some q, <Q, and q, Q,, Thus r;,=q,+ i, and r, = q,+ i,
for some i,=I, and i, €I,, So, (r,,r,) = (q, + iy, Q; +1i,)
= (@ a) + Gy B €@ a) +(Lix T e\ (eI x1,)),

EQ xQ,
Hence \_J (q+(I,xI,)) =R, xR,.

1€Q *xQ,



(2) Suppose that [((q,,q,)+ (I, xI,)IN({q,q/) +(I, xI,)])#¢
for some (q,,q,),(q/),q/) € Qi X Q,. Then x=(q,,q;) + (i;,iz)=
(/.99 )+ (i),i,) for some i,,i,' =1, and for some i,, i) I,. i.e.
x=(q,+iy,q,+1,) = (g +i/,q/ +1i]).
Thus q,+ i, = q,'+ i) €(q, +1,)N(q,)+1I,) and q,+ i, = q +i &
(q2 +I.) N (g +1I,). So, (¢, +1,) N (a,)!+1,) # ¢ and (q, + I,)N(q;

+ 1,) #¢. Thus q,= q, and q:=q. . i.e. (4;,9;) = (a,.q97).

Making successive use of the Lemma (3-1) immediately yields the

following theorem.

THEOREM (3-2) If I; is a Q;-ideal of the semiring R, for i =

1,---,n, then 171:l I, is a[Ii:l Q;,-ideal of Hi:l R;.

Let us now describe certain binary operation on the set of ideals
of the semiring R, Given a finite number of ideals I,,I,,---,I, of
the semiring R, one defines their sum in the natural way:

I,+I,+ --+I,={a, +ta,+---+a,] a; € 1I,;}.

Then I,+ I,+ ---+ I, is likewise an ideal of R and is the smallest
ideal of R whieh contains every I;; phrased in other way,

I, +I,+ ---+1, is the ideal generated by I, UI, U .-- UI,.



DEFINITION (3-3) Let I,,I,,:---. I, be ideals of the semiring

R. We call R the internal direct sum of I,,I,,---,I,, and write
R= i@li (or I, @I, @ ---@PI,), if each element x of R is uniquely
i=1

expressible in the form x=a, +a,+ --- +a, where a, &1I;.

LEMMA (3-4) Let I,,I,,---,I, be ideals of the semiring R,

If R= 22691&- then I, N (I, +---+I, ,+T+---41)=1{0]}
for each i=1,2,---, n,
Proof., For each i, if xeI, N(I,+---+I;+I44+---+1,), then
x=a; and x=a;+ - +a;,+a;,+ - + a, where a; € I;,
Since xR, x is uniquely representable as a sum of elements from the

ideals I;, Thus a,=a,=:-- =a,=0,1.e. x=0.

LEMMA (3-5) . Let I,,I,,---, I, be ideals of the semiring R,

1f R= 3@®1I,, then I; NI,= {0} for each i #j,
i=1
PrOOf, For eachi%j, IjCIl+...+Ii—l+Ii+l+'..'+Iﬂ'

By Lemmma (3-4), I,NI;=1{0}.

THEOREM (3-6), If the semiring R is the internal direct sum of

ideals I,,1I,,---, I,, then R is isomorphic to the external direct sum

of I,,1,,-.. 1

2 ne

Proof, Define the mapping ¥ :R— JI_ I; by(a, +a,+ - +a,)¢ =



(ay,a;,---,a,), Since every element of R is uniquely representable
as a sum of elements from the ideals I;, ¥ is well-defined,

It is clear that ¢ is an 1-1 and onto mapping.

Let a,+a,+---+a, and b, +b,+ - +b, are elements in R. Then (a,
+a,+ -+ +a,)(by+b,+---+b,)=2a,b, +a,b,+--- +a,b, by Lemma(3-5),
Thus ((a; +a,+---+a,) (b, +b,+---+b,)) = (a,b,+a,b,+---+a,b_ )¢
= (a;by,a,by,- -, a,b,)})="(a,,a,,---,a,) (b, ,by,---, b, )= (a,+
a,+---+ a,)¢)({(b,+by+---+b,)¢?) and (a,+a,+ - - +a,)+ (b, +
b+ +4+b,)P=(a,+a,+ - -+a, )P+ (b, +by,+--- +b,)¢?. So, ¢ is

a homomorphism, Hence R~ 77" 1..

Because of the isomorphism proved in theorem {3-6) we shall
henceforth refer to the semiring R as being a direct sum, not qual-
ifying it with the adjective "internal" or "external", and rely ex-

clusively on the & — notation,

THEOREM (3-7) Let R= i@R; be the direct sum of a finite
i=1
number of semirings R; (i=1, 2, -, n) ., Then every ideal I of Ris
of the form I = }» @ I, where I; an ideal of R;.
i=1

Proof. For fixed i, define the mapping 7; : R—R; as follows ;

if a=(a,, a,, "*,a,) where a; =R;, then ajf, = a;, Then, for all

i, II; is a homomorphism from R onto R;. Let I be any ideal of R and



I,=(I}; for i=1,2,---, n, By Theorem(2-8), then I, is an ideal
of R, for i=1, 2, "+, n, We claim that I = -é:,@Ii’ It is clear that
Icé@li_ If (by, by, -+, b,) & é@xi, then b; &I, for each i. For
each i, there exists(x,,---,xX;;,b;, Xju, """, X, ) &1 such that(x,,
"y Xy, by Xy, e, x,)T;=b;, Thus(0,--+, 0,b;,0,°++,0) = (x,,
s Xy s by .Xi+1"".xn)(0."‘.0;1.0,"',O)EI for each i, So,

(bl'bzl-"obn)= (blsov...10)+(Ovb2i0:.."0)+"'+(0:.'.!0-bn)

e I. Hence I = i@—)li.

i=1

THEOREM (3-8), Let I, be a Q;-ideal of R for i=1,2, *--,n and

R= 2 @®I,. Then R/I,~ 5 @1, for each j=1,2, - n,
i=1 j=
i ]
Proof. For fixed j, define ¢; : R— &I, by(a, +--- + a,)¥; =
—_— o
i#j

a,+---+a;,+a;,+---+ a,, Then it is clear that ¥; is well-defined

and a homomorphism from R onto 2@ I;. For each a=a,+ - +a;,+
n g

ant-r+a, € LDI;, let e, =a,+---+a,,+0+a,,,+ -+ a, where
i=1
iz

0 is the zero element in I;. Then ¢, €¢~i({a}). For any xc¢-1({a}), x=
j p]
ay+---4+a,+x;+a;, +---+a, for some X; €I;. Then x + ker v, =c,

+(0+---+0+x;+0+---+0)+ker $;Cec, +ker ¢, since (0+---+0+x;
+0+4+---+0)sker ¢;, Hence ¢; is a maximal homomorphism from R onto

2 @©I;. By Theorem (2-10), R ker P, = ‘n@I;. Since ker ¢; > I,,

y '
RT; = Z! DI;.
i#i
_.9—



THEOREM (3-9). Let R be the direct sum of the semirings R, for

i=1,2,---,n, If I; is a Q;-ideal of R; for i=1,2,---, n and

I=i@1;, then R/1 = i @(R;/I;); in other words,

i=t i=l

(L @ornALe 2 E © (RT,)

Proof, By Theorem (2-6), for any element (a,,a,,---, a, ) ER,
there exists a unique q; €Q; such that a; +I,cq;+1I,, for i=1,2,

-, n, Define ¢ : R — .g@(R;/I;) by (a; , a,,- -, 8, )¢ =(q,+1,,
q.+15,:+, q,+1,) where q; is the unique element in Q; such that
a;+1; Cq;+1I; for i=1,2,---,n,
Clearly, ¢ is well-defined and onto.
Let(a,, *-,a,)¢=(q,+I,,---,q,+1I,) and (b,,---,bn)® =1(q, +1I,,
", q, +I,), Then a; +I; C q;+I; and b;+1I,Cq;"+1I; for all i If
(a;+b,, ..., a,+b,)¥¢=(ay+1,---, q,'+1,) and (q,+1,, -+, q, + I, ) + (q,' +
I,,--".q,"+1,)= (q1*+ I,,---, q,,*-i- I,), then a; +b;+1; Cq;,"+ I;
and g, +q'+1;, C q;*+Ii for all 1. Since a;+IiCq;+Ii and b;+I;, Cq,'+1;,
a;=q; +j; and b; =q;'+ j;' for some j,, j;' 1I,. Thus a; +b,; +
I;=q;+q;'+ji+ji'+1,cqi+q;'"+1,Cq;"+1I, for all i, Since a,+
b;+I;,Cq;"+I, and ai+bi+Iiqu*+Ii for all 1, q;" = qi* for all

i. Thus (a,, --,a,) + (by,--~,b,)¢=1(a,, --,a,)¢+(b,, --,b,)®

-10-



If (ayby,-+-,a,b,) ¢=(pi+1,, ", Pa+I.) and (q, +1,, ", qu+I,)
(ai'+I, ., ad +1.)=(p/+1,, -, p)+1,) where p;,p/! € Q; for
all i, then a;b;+I,Cp;+1;, q;q/ +I;,Cp!+1;, and a;b;+1, = (q,+
i) (e +id)+1i = qiqi'"+qiii'+qi"ji+iidi'+I, S qiq" + I, Cp; !
+1; for all i, By Theorem (2-6),p; = p;' for all i, Thus ((a,,---,
a,)(by, -,b,)) ¢=(a,,---,a,) ¢ (by,---, b, ) ¢, We claim that ker¢
=I(= Z®L:).

If(x,,---, x,) & é@li. then x; & I; for all i, Thus x;+1I; C I,
for all i, So, (%, -, x,) ¢= (I1,,---,1I,) is the zero element in
iéle')(Ri/Ii)- i.e, (x,,--+,x,) € ker 9.

If(y,,'° ", ¥,) € ker ¢, theny; €y, +1,CI, for all i, Thus (y,,---
,yn)Eé@Ii.

Lastly, we claim that ¢ is maximal. For any z = (q, +I,, -, q,+I,)
Eé@(Ri/Ii), let c, = (ql.,"'!qn). Then ¢, & ¢ ({z}). Forﬁa‘my
t=(t,, -t €2 ({z}), (t,, ", t,) &= (q;+1,,---, q,+1,).
Then t; +1I;C q4+1I; for all i, So, for all i, t; = q; +m; for some
m; €I;, Thus t+ker¢ = (q,+m,,---,q,+m,) + ker ¢ = ¢, + (m,,
“--,m,)+ker ¥ Cec, + ker ¢ for every t =9 ' ({z})). Hence ¢ is a

maximal homomorphism from R onto i@—)(Ri/I; ) By Theorem (2-10),
i=1

R/1TZ £ @ (R,

._11_
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