PR B 58 K ae T

ON THE ARC LENGTH UNDER INVERSION

REHIR X & &

FINKEIL BH KB
HEHBFHK



ON THE ARCLENGTH UNDER INVERSION

FEHIE X # &

o] XS HER HMLIB HXo= BHTF

19934 6 A B

FMRBE HE KRR HEHFEK

feE ® & Bt

REB] HEPR HLBM HXE R




CONTENTS

<Abstract>
Introduction .. 1
1. The arc length of a regular curve ... .. ... L 2
2. The properties of inverse curve under inversion  ............. 6
3. The arc length under inversion ... ... .. ... ... 11
REFERENCES ., 15
<& B> 16



<Abstract>

ON THE ARC LENGTH UNDER INVERSION

Yang, Chang-Hong

Mathematics Education Major
Graduate School of Education, Cheju National University

Cheju, Korea

Supervised by professor Hyen, Jin-Oh

Two points P and P’ of the plane are said to be inverse with respect
to a given circle (O)g, if OP - OP' = R? and also if both points are
on the same side of O. Circle (O)g is called the circle of inversion and
the transformation which sends point P into point P’ is known as an
inversion.

In theis paper we consider the curves in two dimensional Euclidean
space R? and prove that the length of a regular new curve segment
B(t) of the inside curve a(t) under inversion is equal to the length of
a regular curve segment a(t) by scalar multiple.



Introduction

In this paper, our study of curves will be restricted to the certain
plane curves in two dimensional Euclidean space RZ.

In Section 1, we present the basic definitions and examples with re-
spect to reparametrized curves and study some properties of the differen-
tial geometry, in particular, the arc length of curve segment
a:[a,b] — R?.

Next, in Section 2, we introduce the definition and some properties of
inverse curve under inversion. That is, the symbol (O)g is an inversion
circle with center O and radius R and the relation between the inside
point P and the outside point P’ of (O)g is given by OF - OP' = R?
where its two points and O are collinear.

Finally, in Section 3, from the definition and the properties in Section
2, we prove the main theorem ; the length of a regular new curve segment
B(t) of the inside curve «(t) under inversion is equal to the length of a

regular curve segnient «(t) by scalar multiple.



1. The arc length of a regular curve

Let a be an injective function from an interval into R? and a(t)
. . . a
denote the curve in the plane.  Then we have the derivative E(tg) of

a evaluated at t =tg if a(t) is differentiable in interval (a,b).

Definition 1.1 A curve « : (a,b) — R? is called a regular curve

d
if a € C*¥ for some k> 1 and if d_(: # 0 for all t € (a,b).

If t is time, then the velocity vector of a regular curve a(t) at t = to

is the derivative evaluated at ¢t = to. The speed of «(t) at t = tg is the

da
—Jt—(to)

length of the velocity vector at t = to,

Let ¢ :(c,d) — (a,b) be an one-to-one and onto function, and let g
and its inverse h: (@, b) = (¢, d) be of class C* for some k>1. Then

g is called a reparametrization of a curve a : (a,b) — R>.

Proposition 1.2 If a : (¢,b) — R? is a regular curve then the
: .. dg
new curve 3 = a o g is a regular curve, if . # 0.
n

Proof.

(1.1) o= —laog(r)] = = 7



that 1s,

.. dg dj
if o # 0 then I # 0.

Example 1.3 Let ¢g:(0,1) — (1,2) be given by
g(r) =1+7r% Then g is one-to-one and onto with inverse
hit)=vt—1, g € C* on (0,1) and h € C* on (1,2) for some k > 1.

Thus ¢ is a reparametrization of any regular curve on (1,2).

A regualr curve segment is a function o : [a,b] —» R? together with
an open interval (c,d), with ¢ < a < b < d, and a regular curve

r:(c,d) = R? such that a(t) = r(t) for all t € [a,b).

Definition 1.4 The length of a regular curve segment « : [a,b] —

R? is defined by

da(t) ‘ )

(1.2) =

’

Theorem 1.5. The length of a curve is a geometric property, that

is, it does not depend on the choice of reparametrization.
Proof. Let ¢ :[c,d] — [a,b] be a reparametrization of a curve seg-

ment « : [a,b] — R?, and let the new curve # = aog. Then, for r € [¢,d],



since g(r) =t, t € [a,b], the length of 3 is

d ; d
/c % dr:/c dir(aog) dr
- [ (2
A dt dr
d
da||dg
dg dg| dg
If o > 0, then o= and
g(c)=a, g(d)=1b.
Thus
[ |2].
Cat||ar |
5 / da| (dg\ ;.
T ). | dt | \dr '
b
{
= / = ae.
o | dt
dyg dg|  dyg
If I < 0, then = and

dr



Hence

d
da| | dg “lda| [ dg
[l = [ @)
b
da
= — | dt.
[ &

da
Example 1.6. Let a(t) = (rcost,rsint) with r > 0. Then i
(=rsint,rcost). Counsider the arc length s = s(t) of a(t).
Then
da
s = / — | dt
.| dt
= / Vr2sin? t + r2 cos? t dt
Cc
=rt.
That is,
s
s=rtand t = g(s) = -.
”
Hence,
B(s) = (rcos 2,7' sin i) is the unit speed parametrization of a circle of
r 7
radius r.



2. The properties of inverse curve

under inversion

In order to study the theorems in Section 3, we will see the properties
of inverse curve.

Let the symbol (O)gr denote the circle with center O and radius R.

Definition 2.1 Two points P and P’ of the plane are said to be
inverse with respect to a given circle (O)g, if OP-OP' = R? and if P, P’

are on the same side of O and the (O, P, P') are collinear.

A circle (O)g is called the circle of inversion, and the transformation
which sends point P into P’ is called an inversion.  As point P moves
on a curve C, its inverse point P’ moves on a curve C’ which is the
inverse curve of C. DBut the center O of the circle of inversion has
no inverse point, for when P is at point O, OP = 0 and the relation

R* | :
OP' = — is meaningless.

~ OP
Proposition 2.2 A line through O inverts into a line through O.
Proof. It is evident from the fact that O and inverse points are

collinear.



Proposition 2.3 A line not through O inverts into a circle through
0. Conversely, a circle through O inverts into a line not through O.

Proof. Let | be a line not through O and @ be the foot of the
perpendicular from O to [, and let P be any point on [ (Fig. 2.1).

Then, there are the inverse point Q' and P’ of @ and P, respec-

tively.
That 1s,
(2.1.a) 0Q-0Q'=0P-0OP' =R?
and
0oQ OP
.1.b — = .
(2.1.b) OP 0OQ'

Therefore, A OQP and A OQ'P’' have a common angle Z POQ.
By (2.1), & OQP is similar to A OP'Q".
Thus

L OQP = £ OP'Q' = 90°.

But the arc in which a 90° angle is inscribed is a semicircle.  Thus the

point P’ lies on a circle whose diameter is OQ'.



A reversal of these arguments completes the proof of this theorem.
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< Fig. 2.1 >

Proposition 2.4 The angle between any two curves intersecting
at a point which is different from the center O of the circle of inversion
is unchanged under inversion.

Proof. Let the given curves C; and C; (Fig.2.2) intersect in a point
P distinct from the center O of the circle of inversion and let any line
[ through O intersect these curves in the respective points A and B.
Then the inverse curves to Cy and C;, namely C] and Cj}, intersect at
the inverse point P’ to P.

If curves Cy and C} are met by line [ in the inverse points A’ and

B' of A and B, respectively. Let 6 be the angle between the tangents



at P to curves C; and C, and let ' be the angle between the tangents
at P’ to curves C} and C,. We must show that § = §'. Consider the

triangles OPA and OP'A’'. Then we have

OA _OP'

(22) OP — 0a"

Hence AOPA and AOP'A' are similar, so are AOPB and AOP'B’.

Therefore
(2.3) L OPA=/(OAP
and
(2.4) . OPB=/0OB'P.

Subtraction (2.3) from (2.4) gives

[ APB=/A'P'B'.



Therefore Ilil(l)lp /[ APDB =6 and lin,lp’ LA'P'B' =0'. Hence the

{—

proof is complete.

(O)r

< Fig. 2.2.>



3. The arc length under inversion

Let «:(a,b) —» R? be the curve C; inside of inversion circle (O)g.
Then, for all t € (¢,b), a(t) the image of « is the pomts P; on curve
C,. There exists a inverse curve C; = f(t) outside of (O)r.

Let OP; be a distance from O to point Py on curve C;. If a func-

tion ¢ : C; — Cy is defined by
(3.1) g(P;) = P/ for P, € C,

then we can take a new curve 3(t) = g o a(t) and see that the following

properties hold.

Theorem 3.1 If curve C) = a(t) is a regular curve, then the in-

verse curve C; = /3(t) is also a regular curve.

da(t
Proof. Let a(t) = P, for each t € (a,b). Then (ji(t) #

0 for all ¢t € (a,b), since a(t) is regular on (a,b). Since g(r,y) =

R%*z Ry . )
($2 T2 2+ y2> , ¢ is of class C' in R%\ {(0,0)}.
Now
R*(y? — x?) —2R%zy
dp(t) (22 +y2)? (z? + y?)? do(t)
dt —2R?%ry R%*(z? — y?) dt

(22 + y2)? (22 + y2)2

—11—



R4(y2 _ x'z )(.L'2 . y2) 4R4z2y2

Si : —
(a? + y2)° (@ +y2)°

# 0 for all (z,y) except

dpj
(z,y) = (0,0), T/t # (0,0), and hence g is regular in (a,b).
¢

Let OP, and OP/ be distances from the center of inversion circle
(O)r topoint P, and P; on curves C) and Cy, respectively.  Consider
the curve equation OP; = «(t) with respect to the polar coordinate.

Then the equation of the new curve §(t)is given by OP; = §(t).

Theorem 3.2 Tlhe length of a regular curve segment of new curve

B(t) of the inside curve «(t) under inversion is given by

/h
ty

where ¢ 1s the angle hetween OP; and horizontal line.

dp(t)

) gy it [ LTOTECT,

It =
) . a2(t)

Proof. Let OP, = «(t), OP/ = pB(t) and let t; < t,.

to ts 2
Then / dt = / \//32(t) + {w] dt.
' " dt

dj(t)
dt




From (2.1.a), we have

/ \/2 dit) J dt
=/,,“ﬂ%r+[%%rdt
/ ¢ t) a?(t)d(ji(tt)rdt

7 Vel () + [ (B))?

t a(t)

Thus we have the result.

Example 3.3 Let the circle through center of inversion circle (O)r

be a(t) =cost and let 0 < ¢

co|=1

Then we have

x
3

cos? ¢

3
=R2/ sec? t dt
0

= R? [tan t]()%

/cos?
dp(t) l gt — RZ/ cos? ¢ + sin®
dt 0

= V3R,



™
On the other hand, in virtue of (2.1.a),if t = 3

R_2: R? = 2R?
a(t) cost T

p(t) =

Thus PQ = V3R? (Fig 2.1).
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