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< Abstract>

Normal fuzzy probability and Exponential fuzzy

probability for various fuzzy numbers

Using quadratic curve and trigonometric curve, we define quadratic
fuzzy number and trigonometric fuzzy number, then calculate some op-
erations(addition, subtraction, multiplication, division) of two quadratic
fuzzy numbers and two trigonometric fuzzy numbers, respectively. The
results of addition and subtraction of two quadratic fuzzy numbers and
two trigonometric fuzzy numbers become a quadratic fuzzy number and a
trigonometric fuzzy numbers possibility, but the results of multiplication
and division may not be a quadratic fuzzy number and a trigonometric
fuzzy number, respectively. But the results of multiplication and division
of two trigonometric fuzzy numbers are expressed by trigonometric func-
tion. And we calculate the operations of two fuzzy numbers through an
actual examples.

We define the normal fuzzy probability and the exponential fuzzy prob-
ability using normal distribution and exponential distribution, and then
calculate the normal fuzzy probability and the exponential fuzzy proba-
bility of quadratic fuzzy number and trigonometric fuzzy number. Also,
we calculate the normal fuzzy probability and the exponential fuzzy prob-
ability for the result of operations of two fuzzy numbers and calculate

concretely through an actual examples.
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1. Introduction

The operations of two fuzzy numbers (A, u4) and (B, up) are based
on the Zadeh’s extension principle([18], [19], [20]). We consider four op-
erations, addition A(+)B, subtraction A(—)B, multiplication A(-)B and
division A(/)B described in section 2.

Let (2,8, P) be a probability space, where € denotes the sample space,
§ the o—algebra on €2, and P a probability measure. A fuzzy set A on
Q) is called a fuzzy event. Let pa(-) be the membership function of the
fuzzy event A. Then the probability of the fuzzy event A is defined by
Zadeh([17]) as

P(A) = /Q pa@) dPW),  palw): Q= [0,1].

In section 3, using quadratic curve and trigonometric curves, we define
quadratic fuzzy number and trigonometric fuzzy number. And we cal-
culate some operations of two quadratic fuzzy numbers and two trigono-
metric fuzzy numbers. The results of multiplication and division of two
quadratic fuzzy numbers and two trigonometric fuzzy numbers may not to
be a quadratic fuzzy number and a trigonometric fuzzy number, respec-
tively. But the results of multiplication and division of two trigonometric
fuzzy numbers are expressed by trigonometric function.

In section 4, we define the normal fuzzy probability and exponential
fuzzy probability using the normal distribution and exponential distribu-
tion, and we derive the explicit formula for the normal fuzzy probability
and exponential fuzzy probability for triangular fuzzy number and fuzzy

numbers driven by operations and give some examples.



In section 5, we derive the explicit formula for the normal fuzzy prob-
ability and exponential fuzzy probability for quadratic fuzzy number and
trigonometric fuzzy number. Also, we calculate the normal fuzzy proba-
bility and exponential fuzzy probability of fuzzy numbers driven by oper-

ations.



2. Preliminaries
2.1 Fuzzy number

Let X be a set. A classical subset A of X is often viewed as a char-
acteristic function py from X to {0,1} such that pa(x) = 1if x € A,
and pa(z) =0if x ¢ A. {0,1} is called a valuation set. The following

definition is a generalization of this notion.

Definition 2.1. A fuzzy set A on X is a function from X to the interval

[0,1]. The function is called the membership function of A.

Let A be a fuzzy set on X with a membership function p4. Then A is
a subset of X that has no sharp boundary. A is completely characterized

by the set of pairs

A=Az pa(@), e € X}

Elements with a zero degree of membership are normally not listed.

When X is a finite set {z1, -+ ,z,}, a fuzzy set A on X is expressed as

A= pa(my)/my+ -+ palen) /oo = > palw)/zi.
=1

When X is not finite, we write

A= /X pa(z)/z.

Two fuzzy sets A and B are said to be equal, denoted by A = B, if and
only if pa(x) = pp(x), for all x € X.



Example 2.2. Let X = {1,2,3,4}. Then the function py : X — [0, 1]
defined by

pa(l) =0, pa(2) =1, pa(3) =05, pa(d)=0,

can be considered as a membership function for A = {two or so}. Thus

A=0/14+1/2+05/3+0/4.

Example 2.3. Let X =R and pa(z) = T+ (z_5)7
o

1
A:/]R—1+<x_5)2/x.

Then A is a fuzzy set of real numbers clustered around 5.

Definition 2.4. Let A and B are fuzzy sets. Operations of two fuzzy sets
A and B are defined as

1. Union AU B :

paup(z) = max{pa(z), pp(x)}, VoeX.
2. Intersection AN B :

pans(z) = min{pa(z), pp(2)}, Voe X.
3. Complement A€ :

pac(z) =1—pa(x), VrelX.

4. Probabilistic sum A+ B :

tazp(@) = pa(z) + pp(z) — palz) - pe().

5. Probabilistic product A - B :



pap(@) = pa(x) - pp(r).

Example 2.5. Let X = {1,2,3,4,---,10}, A = {(1,0.5),(2,0.9), (3,1),
(4,0.9), (5,0.5)}, and B = {(2,0.4),(3,0.8), (4,1),(5,1), (6,0.8)}. Then
AUB ={(1,05),(2,0.9),(3,1), (4,1), (5,1), (6,0.8)}.
AN B ={(2,0.4),(3,0.8),(4,0.9), (5,0.5)}.
A° = {(1,0.5),(2,0.1), (4,0.1), (5,0.5), (6,1), (7,1), (8, 1),
(9,1),(10,1)}.
ATB = {(1,0.5),(2,0.94), (3,1), (4,1), (5,1), (6,0.8)}.
A-B=1{(2,0.36),(3,0.8), (4,0.9), (5,0.5)}.

Theorem 2.6. Let A, B and C be fuzzy sets on X. Then the followings
hold.
1. Commutative law : AUB=BUA, ANB=BnNA.
2. Associative law :
AU(BUC)=(AUB)UC=AUBUC,
AN(BNC)=(ANB)NC=ANBNC.
3. Distributive law :
AN(BUC)=(ANB)U(ANCQC),
AU(BNC)=(AuB)N(Au().
Involution : (A€)¢ = A.
Idempotency : AUA=A, ANA=A.
Absorption : AU(ANB)=A4, AN(AUB)=A.
Identity : AUp=A, ANo¢=0o.
Absorption by p and X : AN¢g=¢, AUX =X.
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9. De Morgan’s law :
(AUB)¢ = A°NB°, (ANB)°=A°UB".
10. Excluded-middle law and Contradiction law are not satisfied :

AUAC£ X, AnNAC+ 6.

Definition 2.7. The set A, = {x € X | pa(x) > «} is said to be the

a-cut of a fuzzy set A.

The membership function of a fuzzy set A can be expressed in terms of

the characteristic functions of its a-cuts according to the formula

pa(z) = sup min(a,pa,(z)),
a€e(0,1]

where

1, x€ A,

0, otherwise.

pas(z)= {

It is easily checked that the following properties hold

(AUB)y =AaUB,, (ANB), = A4 N B,.

Definition 2.8. A fuzzy set A on R is conver if
pa(Azy 4+ (1= N)ag) > min(pa(z), pa(xe)), Vo, ze € R, VA €[0,1].

Definition 2.9. A convex fuzzy set A on R is called a fuzzy number if
1. There exists exactly one xg € R such that pa(xg) = 1.

2. pa(x) is piecewise continuous.



Definition 2.10. A triangular fuzzy number is a fuzzy number A having

membership function

07 r<ap, as < xz,
rT—a
pa(z) =< ooa; @ =T <ag,
a3 —=x

as—ay’ @2 <z <as.

The above triangular fuzzy number is denoted by A = (aq, asz, as).

Definition 2.11. A fuzzy set A having membership function

07 r<ap, a4 <,
T—aq
pa(z) = @ a; <z < ag,
]-a az < < as,
as—x

ws—ag’ U3 <z <ay.

is called a trapezoidal fuzzy set.

The above trapezoidal fuzzy set is denoted by A = (a1, a2, as,a4).

2.2 Operations of two fuzzy numbers

Definition 2.12. The addition, subtraction, multiplication, and division

of two fuzzy numbers are defined as
1. Addition A(+)B :

payB(z) = sup min{pa(z), ps(y)}, =,y € R.
z=x+y

2. Subtraction A(—)B :

pa—p(z) = sup min{ua(z), p5(y)}, v,y € R.

Z=T—yY

3. Multiplication A(-)B :



pays(z) = sup min{pa(x), up(y)}, =,y € R.

Z=x-y

4. Division A(/)B :

,uA(/)B(z) = su;/) min{pa(x), us(y)}, z,y € R.
z=x/y

Example 2.13. Let A = {(2,1),(3,0.5)} and B = {(3,1),(4,0.5)}.
1. Addition :
(i) If z <5, sincex +y >5forall z € Ajy € B, ua)p(z) =0.
(ii) If 2 = 5, since pa(2) Apup(3) =1A1 =1, paB(5) = 2:1_1;{1} =1.
(iii) If 2 = 6, since pua(3) Aup(3) =0.5A1=10.5 and pa(2) A up(4) =
1 A0.5=0.5, we have pig4yp(6) = sup {0.5,0.5} = 0.5.

3+3,2+4
(iv) If z = 7, since pa(3) A up(4) =0.5A 0.5 = 0.5, we have pa4)(7)
= sup{0.5} = 0.5.
3+4

(v) If 2 > 7, since x4y < 7 forallwx € A,y € B, piac4yp(z) =0.
Thus we have A(+)B = {(5,1),(6,0.5),(7,0.5)}.

By the same way, we have

2. Subtraction : A(—)B = {(-2,0.5),(-1,1),(0,0.5)}.

3. Multiplication : A(-)B = {(6,1),(8,0.5),(9,0.5),(12,0.5)}.
4. Division : A(/)B = {(%,0.5),(2,1),(3,0.5), (1,0.5)}.

Theorem 2.14. ([5],[15]) For two triangular fuzzy numbers
A = (a1,a9,a3) and B = (by, ba, b3), we have
1. A(+)B = (a1 + b1, as + ba, as + b3).
2. A(—)B = (a1 — b3, as — ba, az — by).
3. A(-)B and A(/)B need not to be triangular fuzzy numbers.



Example 2.15. Let A = (1,2,4) and B = (2,4,5) be triangular fuzzy

numbers, i.e.,

0, r<l1l, 4<u,
palz) =< = —1, 1<z<2,
—%:1:+2, 2 <z <4,
and
0, r<2 5<ux,
pp(z) =4 iz—-1, 2<z<(4,

—z+5, 4<zx<5,

we calculate exactly the above four operations using a— cuts.

Let A, and B, be the a-cuts of A and B, respectively. Let A, =

ol

[aga), aga)] and B, = [bga), bga)]. Since a = aga) —land a = -3 +2,

()
we have A, = [aga),aga)] = [a+ 1,—2«a + 4]. Since a = blT — 1 and

a=—-b 45, By =B 5{7] = 20+ 2, —a + 5].

1. Addition :

By the above facts, A, (+)Bs = [aga)%-bga),a;a)—kbga)] = [Ba+3, —3a+
9]. Thus pa(4yp(z) = 0 on the interval [3,9]¢ and pa(1)p(z) = 1 at © = 6.
By the routine calculation, we have

0, r<3, 9<uz,

pa)B(T) = sz—1, 3<x<6,

—3z+3, 6<x<9,
ie., A(+)B = (3,6,9).

2. Subtraction :
Since Aa(—)Bgy = [0l — b5, a0 — 5] = [2a — 4, —4ar + 2], we have

pa(—yB(z) = 0 on the interval [—4,2]¢ and pa—)g(z) =1 at z = —2. By

the routine calculation, we have



MA(_)B(x) = %ZE + 2, —4<xr<-2

ie., A(—)B = (~4,-2,2).

3. Multiplication :

Since Aq(-)Ba = [a{™ (), a™ - b{] = 202 + 40+ 2, 202 — 14a + 20),
pacys(x) = 0 on the interval [2,20]° and pacyp(x) = 1 at 2 = 8. By the
routine calculation, we have

0, r<2, 20<uzx,

pagp(r) = 22 2<w <8,
Tvat2e - 8 <z < 20.

Thus A(-)B is not a triangular fuzzy number.

4. Division :

Since Ay (/)Ba = |

aga) aéa)

_ at+l —a+2
—

b;_awbg_a)] e o)y ba()B(x) = 0 on the

interval [£,2]¢ and pa(/)p(x) = 1 at & = 5. By the routine calculation,

we have
0, T < %, 2 <ux,
5x—1 1 1
pas(®) =19 T3 5 =7<3;
—x+2 1
Z+1 5 S T < 2.

Thus A(/)B is not a triangular fuzzy number.

Theorem 2.16. ([5],[15]) For two trapezoidal fuzzy sets
A = (a1,a9,as,a4) and B = (by, ba, b3, by), we have
1. A(+)B = (a1 + b1, ag + ba, a3 + b3, ag + by).
2. A(—)B = (a1 — by, az — b3, a3 — ba, ag — by).
3. A(-)B and A(/)B need not to be trapezoidal fuzzy sets.
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Example 2.17. Let A = (1,5,6,9) and B = (2,3,5,8) be trapezoidal

fuzzy sets, i.e.,

0, r<l1, 9<ux,
z—1 1<z <5,

7]
€Tr) =
Hale) 1, 5<z<6,
=29 6 < <9,
and
0, r<2, 8<ux,
(2) r—2, 2<x<3,
€Tr) =
HB 1, 3<z<5,

—z+8
wTJF, 5<x <8,

we calculate exactly the above four operations using a— cuts.

Let A, and B, be the a-cuts of A and B, respectively. Put A, =

(a) _ gl
[aga), aga)] and B, = [b(la), bga)]. Since o = “ Land a = 2 9 we

have Ao = [a{?,al?] = [4a+ 1, —3a +9]. Similarly, B, = [b(*, 5] =
[+ 2, =3 + §].

1. Addition :

By the above facts, A, (+)By = [a§“)+b§“),a§“)+bga>] = [ba+3, —6a+
17]. Thus pa4ys(z) = 0 on the interval [3,17]° and py4yp(z) = 1 on

the interval [8,11]. By the routine calculation, we have

0, =<3, 17<uz,
=8 3<x <8,

paB(T) = 1, 8< <1,
=l 11 <z < 17,

ie., A(+)B = (3,8,11,17).

2. Subtraction :



Since Ay (—)By = [aga) - béa), aéa) — bga)] = [Taa — 7, —4a+ 7], we have
pa—yB(z) = 0 on the interval [~7,7]¢ and ps(—)p(x) = 1 on the interval

[0, 3]. By the routine calculation, we have

0, <=7, 7T<ux,
o 1<z <0,

1, 0<z <3,
%”, 3<x <,
ie., A(—)B =(-7,0,3,7).

3. Multiplication :
Since A, (-)Ba = [aga) -bga), aga) ~béa)] = [4a® +9a+2,90% — 5la+72),
pacys(x) = 0 on the interval [2,72]° and pa()p(z) = 1 on the interval

[15,30]. By the routine calculation, we have

0, r<2 72<uz,
—9+/49+ 16z <
fiacys(x)= e SeBtE L
il 155" 30,
17—/1¥4

Thus A(-)B is not a trapezoidal fuzzy set.

4. Division :

aga) aéa)

Since A, (/)Ba = [b;_a>’ bg—a)] = Aokl =309 4 yp(x) = 0 on the

—3a+87 a+2
interval [5, 9]¢ and pa(/)p(z) = 1 on the interval [1,2]. By the routine

calculation, we have

1
0, T <3, %S.’I?,
8z—1 1
= s <z<l
344’ 8 = )
MA(/)B(m): ‘T’lL 1 <
, <z <2,
—2z+9 9
P 2<r<3.

Thus A(/)B is not a trapezoidal fuzzy set.

12



3. Quadratic fuzzy number and
trigonometric fuzzy number

3.1 Quadratic fuzzy number

Similar to triangular fuzzy number, the quadratic fuzzy number is de-

fined by quadratic curve.

Definition 3.1. A quadratic fuzzy number is a fuzzy number A having

membership function

0, r<a, f<ux,
—a(rx —a)(zr—B)=—alz—k)?>+1, a<z<}p,

pa(z) = {

where a > 0.

The above quadratic fuzzy number is denoted by A = [, k, (3].

Theorem 3.2. For two quadratic fuzzy numbers A = [x1, k, z3] and B =
[x3,m, 24], we have
1. A(+)B = [z1 + x3,k + m,zo + x4].
2. A(-)B = [x1 — x4,k — m,x9 — x3].
3. pacyB(r) = 0 on the interval [r1x3,z224]¢ and payp(z) = 1 at
x = km. Note that A(-)B needs not to be a quadratic fuzzy number.
k

4. pacyp(x) = 0 on the interval [24, 22]¢ and pyyp(z) =1 at © = .

394’ xr3

Note that A(/)B needs not to be a quadratic fuzzy number.

Proof. Note that

0, r <z, r2 <,
pa(x) =

—a(r — k) +1=—a(x —x1)(x —22), 71 <z < T9,

13



and

(z) 0, r <3, T4,
xTr) =
He — —b(x — x3)(x —x4), x3 <2 <14

We calculate exactly four operations using a-cuts. Let A

= [aga)vaéa)]
and B, = [bga), béa)] are the a-cuts of A and B, respectively. Since a =

—a(aga) —k)2+1land a= —a(aga) — k)2 + 1, we have

o o 11—
A= [af,af) = [ /120 ]
a

Similarly, we have

e «@ l—Oé
By = [0, 0{"] =

l—a].

1. Addition : By the above facts,

Ao(+)Ba = [0 + ) a0 4 b))

k—l—m \/l—a \/1—047
1— 1—
k+m+\/ a+\/ a].
a b

Thus p14(4+)s(7) = 0 on the interval [k +m — \/LE - % k+m+ % \[]

1 ¢
(1 4 23,22 + 24]¢ and pa4yp(x) =1 at © = k + m. Therefore
ta+)B(T)

0, r<x1+x3, T2+w4 <7,
B (er\/)z{a? (k+m)}+1, @1 +a3 <o <zp+ a4

ie, A(+)B = [x1 + x3,k + m,xo + z4].

2. Subtraction : Since

14



Ao(—)B, = [aga) b(a) ( ) b(a)]

k _— \/1—@_\/1—047
1l -« 11—«
E—
m—l—\/ 4 -I-\/ b },

we have i 4(—yp(z) = 0 on the interval [k —m — (\F—i_\/) k— m+(f+
1

\/5)]6 = [z1 —

T4, 22 — x3] and pa—yp(z) =1 at = k — m. Therefore
MA(—)B@)

0, x <1 — Ty, T2— 3 <X,
B (f_H[)Q{x (k_m)}z +1

, T1— Ty S X < To— T,
ie., A(—)B = [x1 — x4,k — m, x5 — x3].
3. Multiplication : Since

Aa()Ba = [y, 0305

B S

a b

pacys(x) = 0 on the interval

1

(- )= ) )

7 \/5)] = [z123, X274]°
and payp(z) = 1 at © = km. Therefore
pac)s(x)

( 0,

T < T1T3, Taxy < X,

i(él — 2k2%a — 2m?2b — 4\ abx

+2(ky/a + mvb)\/ (ky/a — mvB)? + Wabz),

T1x3 < T < ToXy.

15



4. Division : Since

(@) @) k=152 k+, /=2
Aa(/)Ba = | L, “f—)] = , ]
TR N NN
pa(yB(z) = 0 on the interval
[\/E(k\/a— ) Vb(kva+1) r B [ﬁ xz]c
Va(mvb+1)" Va(mvb 1) 24’ @3
and pa(/yp(z) =1 at z = £. Therefore
ta()B(@)
{ 0, r< B 2y
Ta XT3
= a(l—bm2)x2—|—2\/%(1+\/@km)x+b(l—akz2) T T
(\/az+\/g)2 ) 33411<$<$§

Example 3.3. For two quadratic fuzzy numbers A = [1,2,3] and B =

that

0,
—(ZL’ - 2)2 + 17

pa(z) = {

and

pe ()

L
_%(‘r - 5)2 =+ 17

2,5, 8], we calculate exactly the above four operations using a-cuts. Note

r<l1, 3<zx,
1<z <3,

r<2 8<Zux,
2<x <8.

Let A, = [aga), aéa)] and B, = [bga), béa)]. Since o = —(aga) —2)2+1 and

a = —(a;a) —

2)2+1, we have A, = [aga),aga)] =[2—-vV1—q,2+1—ql.

Similarly, By = [0, ("] = [5 — 3T —a, 5+ 31 — al.

16



1. Addition : By the above facts, A, (+)B, = [aﬁ‘” +b§0‘), aéa) +b§a)] =
[7—4v1 -0, 7T+ 4y1—a]. Thus payp(z) = 0 on the interval [3,11]°
and pa(4+)p(z) = 1 at z = 7. By the routine calculation, we have

0, <3, 11<u,
1

—(@—=7)%+1, 3<x<11,

MA(+)B(17) = {

i.e., ,uAH_)B(I) = [3, 7, 11].

2. Subtraction : Since A,(—)Bs = [aga) - b;a),aga) — bga)] = [-3 -
4v1 —a,—=3+ 41— af, we have pa_yp(z) = 0 on the interval [-7,1]°
and py—yp(r) = 1 at x = —3. By the routine calculation, we have

r< -7, 1<z,

0,
,UA(—)B(@ = { _1_16(30—'_3)2 +1, —-7<z<]1,
i.e., ,UA(—)B(-I) =[-7,-3,1].

3. Multiplication : Since A, (-)Ba = [aga) ~bga),aga) ~béa)] = [13—3a—
11v1 = a,13 = 3a+ 111 — a'], pacys(x) = 0 on the interval [2,24]¢ and

pacys(x) =1 at x =10. By the routine calculation, we have

0, r<2 24<uz,
1

“"‘<‘>B($):{—18<6x+43—11 Re+1), 2<z<24

Thus A(-)B is not a quadratic fuzzy number.

4. Division : Since

2—V1-a 24+V/1-«

Aa Ba: ’ ’
() 54+3vV1I—a 5—-3V1I—a

bga)’ bga)

ta((z) = 0 on the interval [§,3]¢ and pa(/p(z) =1 at = Z. By the
routine calculation, we have

17



0, r<i % <z,
papp(®) =9 —@Bz-1)(2z-3)
(3x +1)2 T8

Thus A(-)B is not a quadratic fuzzy number.

3.2 Trigonometric fuzzy number

Similar to triangular fuzzy number, the trigonometric fuzzy number is

defined by trigonometric curve.

Definition 3.4. A trigonometric fuzzy number is a fuzzy number A hav-

ing membership function

07 T < 017 03 S xz,
sin(x—@l), 01 SIE<93,

pa(z) = {

where 03 — 01 = 7.

The above trigonometric fuzzy number is denoted by A =< 64, 03,03 >,
where 0 = 601 + 5. And for all trigonometric fuzzy number A =<

01,065,053 >, we define sin~!(-) as an inverse of sin(-) : [0,60y — 6] — [0, 1].

Theorem 3.5. For two trigonometric fuzzy numbers A =< ¢y, co,c3 >
and B =< di,ds,ds >, we have

1. A(+)B =< ¢ +di,co +da,c3 +ds >.

2. A(-)B=<c¢; —ds,cog —da,c5 —dy >.

3. A(-)B and A(/)B are expressed by trigonometric function.

Proof. Note that

pa(z) = {

0, r<c, m+c <z,

sin(z —e¢1), ¢ <zx<7m+c,
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and
( { 0, r<dy, m+d <z,
) =
B sin(x - dl), di <x<m+d.

We calculate exactly four operations using a-cuts. Let A, = [aga) , aga)]

and B, = [bga),béa)] be the a-cuts of A and B, respectively. Since a =

sin(aga) —¢1) and aga) =7 +2c — aga), we have

Ay = [aga), a(Qa)] = [Sin_1 a+ec, m+ep —sint a],

where 0 < sin"!ta < ¢y — ¢1. Similarly,

B, = [bﬁ“), béa)] = [sin_1 a+dy, T+ d —sin? a} )

1. Addition : By the above facts,

Aa(+)Ba — [a:(la) _|_ bga)’aga) + bé@)]

= |2sin Yo+ +dq, Q(W—sin_la)+cl+d1 )

Thus pa(4+)p(2) = 0 on the interval [c;+dy, 2m+c1+d1]¢ = [c1+dy, c3+d3]°
and pyyp(z) =1 at x =7+ c1 +di = c2 + dp. Therefore

pa)(T)
_{ 0, Z’<61+d1, Cg—f-ngIL’,

sin%(x—cl—dl), Cl+d1§$<63+d3,

i.e., A(+)B =<1 + dl,CQ + dQ,Cg +ds > .
2. Subtraction : Since

Aa()Ba = a1 = b5 a5 — b}

= QSin_loH—cl—dl—W, 7T+01—d1—28in_1a],
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we have pa—yp(xz) = 0 on the interval [c; —dy — 7,7 + ¢ — di]® =

[c1 —d3,c3 —di]® and pa—yp(z) =1 at & = ¢; — dy. Therefore

pa—)B()
{ 07 $<Cl—d3, 63_d1§$7

sin%(:ﬁ—}—ﬂ—}—dl —c1), ¢ —ds<x<cg—dy,
i.e., A(—)B =< c — dg,Cl — dl,Cg —dy >.

3. Multiplication : Since
Aa(")Ba = [aga) 'bga)v aga) 'béa)]
= [c1dy + (dy 4 c1)sin P a+ (sinTt@)?, 7+ (dy + )
+c1dy — (2 +dy +¢1)sin~la + (sinTt )?,

we have p4)p(x) = 0 on the interval [c1dy, 72 + (di + c1)7 + c1dq]© =
[c1dy, c3ds]® and g )p = lat o = %2+(d1+01)%—|—61d1 = cydy. Therefore

0, x < cidy, czdy <,
MA()B(J:) = sin % (—(Cl + dl) -+ \/(dl —+ 01)2 T 4(Cld1 — x)),
c1d; <z < csds.

Note that A(-)B is not a trigonometric fuzzy number, but the membership

function of A(:)B is expressed by trigonometric function.

4. Division : Since
aga) a;a)

Aa(/)Ba = _@7 p
B [ sin"ta+ e —sinta4e+7
N —sinta+rw+d;’ sin"'a+d; ’

we have pua(/)p(2) = 0 on the interval [ f-, Fret]e=[qL, 22]¢
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_ _ Ster ¢
and pyHp(r)=1at v = T d Therefore
@) 0, x < 2—;, fi—i <u,
HA(NB\T) =\ . (¢tdi)o—
sin (THd)z—c) mﬂr)f < 2—; <zr< 2—?.

Note that A(/)B is not a trigonometric fuzzy number, but the membership

function of A(/)B is expressed by trigonometric function. O

Example 3.6. For two trigonometric fuzzy numbers A=< 7, 7, 37” > and
B=< 3, %”, %’r >, we calculate exactly the above four operations using a-

cuts. Note that

3
,UA(-T):{ 0, r<3g, 5w,
sin(z — 2), 2 <z<3in,
and
4
LLB(SE:{ 0, r< g, T,
sin(g—=%); 28 e<im

Put A, = [aga),aga)] and B, = [bga), béa)]. Since o = sin(a(la) — %) and

2
(@) () (a) 1.3
1

aga):%r—al , we have Ay = [a) ',ay '] =[5 +sin” " a, 5

7 —sin"!al.

Similarly, B, = [bga), bga)] =[Z +sin ' o, 47 —sin" ' al.

1. Addition : By the above facts, A, (+)B, = [ala) +b§°‘), aéa) +béa)] =

(57 + 2sin ' o, Zr — 2sin"' a]. Thus payp(z) = 0 on the interval
(o7, x]¢ and pacryp(z) =1 at & = Lir. Therefore
(2) { 0, .T<%7T, %WS.T,
€Tr) =
HAGHB sin %(m — %ﬂ'), %ﬂ' <zr< %771',

ie., A(+)B =< %7?, %7?, %7‘(’ >.
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2. Subtraction : Since A, (—)B, = [aga)—bga),aga)—bga)]

5.7

= [2sin™ ' a—
Sqp ITn—9sin™!
676

o], we have y4(—)p(x) = 0 on the interval [—2m, Z7]° and
pa—y(z) =1at x = §. Therefore

,UA(—)B(x) = { ,

sm%(:c +57m), —r<z<inm
ie, A(—)B =< —3m ir Ir >

3. Multiplication : Since

Ao (-)By = [(04) b(a) () b(a)]

2
[F + i sin™t a4 (sin"! a)?,
17
27° — Ew sin™t o+ (sin™! a)?],

we have payp(z) = 0 on the interval [%-

27?2]0 and payp =1 at x =
572, Therefore

r <7, 212 <z,
MA(.)B(fE) =

4. Division : Since

Aa(/)Ba =

ga) aga)] B [2sin_1a—|—37r 97 —6sin" ' a

béa) ’ b(lo‘) 87 —6sin o 6sin a4+ 21|’

we have (/) 5(z) = 0 on the interval [3, 9]¢ and pa(/)p(z) =1 at z =
Therefore

SIS

0, T < % % <z,
payB(®) =9 . srei3c 3 9
S5 g,y § ST <3
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4. Fuzzy probability

4.1 Probability space and fuzzy probability

Let Q2 be a nonempty set. Let § be a o-field of subsets of €2, that is, a
nonempty class of subsets of €2 which is closed under countable union and
complement.

Let P be a measure defined on § satisfying P(Q2) = 1, i.e., P satisfies

(1) P(A) >0 forall A€ 3.

(2) P(Up—y Ap) =>°07 P(A,,), for all disjoint subsets A,,.

(3) P(2) = 1.

Then the triple (2, F, P) is called a probability space, and P, a probability
measure. The set {2 is the sure event, and elements of § are called events.

We note that, if A4, € §,n = 1,2,---, then A, U A,,N> A,,
liminf, o Ay, limsup,,_, . A,, and lim,, ., A,, if it exists, are events.

Moreover,

P(liminf A,,) < liminf P(A,) < limsup P(A,) < P(limsup 4,,),

n—00 n—0o0 n— o0 n— 00

and, if lim,, . A,, exists, then

P(lim A,)= lim P(A,).

This is known as the continuity property of probability measures.

Definition 4.1. Let (Q2,§, P) be a probability space. A real-valued func-

tion X defined on 2 is said to be a random variable if

XY E)={weQ:X(w)eE}eF forall Fe€hB,
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where B is the o-field of Borel sets in R = (—o00,00) ; that is, a random

variable X is a measurable transformation of (2, §, P) into (R, B).

Remark. X is a random variable if and only if X ~1(I) € § for all inter-
vals I = (a,b], a,b € R.

We note that a random variable X defined on (€2, §, P) induces a mea-

sure Px on B defined by the relation

Px(E)=P{X Y(E)} (E¢€B).

Clearly, Px is a probability measure on B and is called the probability
distribution or the distribution of X. We note that Px is a Lebesgue-

Stieltjes measure on B.

Definition 4.2. Let X be a random variable. The function Fx : R — R
defined by

Fx(z) = Px(—o0,2] = P{lw € Q: X(w) < z}.

is called the distribution of X.

Theorem 4.3. The distribution function F' of a random variable X is a

nondecreasing, right-continuous function on R which satisfies

F(—o0)= lim F(z)=0

r—r— 00

and

F(o0) = lim F(x)=1.

r— 00
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Let (Q2,§, P) be a probability space, and X be a random variable defined
on it. Let g be a real-valued Borel-measurable function on R. Then g(X)

is also a random variable.

Definition 4.4. We say that the mathematical expectation of g(X) exists
if

is finite.

It is known that if F[g(X)] exists, then g is also integrable over R with

respect to Px. Moreover, the relation

(4.1) [ axyap = [ o) apx o)

R

holds. We note that the integral on the right-hand side of (4.1) is the
Lebesgue-Stieltjes integral of g with respect to Px.

In particular, if g is continuous on R and E[g(X)] exists, we can rewrite

(4.1) as follows

[acorar= [ gars = [ g ar),

where F' is the distribution function corresponding to Px, and the last
integral is a Riemann-Stieltjes integral.

Let F' be absolutely continuous on R with probability density function
f(x) = F'(z). Then E[g(X)] exists if and only if [*_|g(z)|f(z)da is finite

and in that case we have
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Bl = [ g()f(@) do

— 00

We note some elementary properties of random variables with finite
expectations which follow as immediate consequences of the properties
of integrable functions. Let §1 = F1(Q,F, P) be the set of all random
variables with finite expectations. In the followings, we write a.s. to

abbreviate ”almost surely with respect to the probability distribution of

X on (R,B)”.
. X,)YeFand o, ER=aX + Y € F; and E(aX + YY) =
aFB[X|+ BE[Y].
2. X € = [E[X]| < B[ X]].
3. XeF1,X>0as = E[X]>0.
4. Let X € §1. Then E[|X|]=0< X =0 as..
5. For A € §, write x 4 for the indicator function of the set A, that is,

xa =1on A and x4 = 0 otherwise. Then X € §1 = X - x4 € §1,
and we write
/XdP:E[X-XA].
A

Also, E[|X|-xa] =0 < either P(A) =0or X =0 a.s. on A.
6. If X € §1, then X =0 a.s. & E[X -xa|=0forall Ac3.
7.Let XeFiand A€ F. Ifa< X <fas. on Afor a,f €R, then

aP(A) < /A XdP < BP(A).

8. Let Y € §1, and X be a random variable such that | X| < |Y] a.s..
Then X € §; and E[|X|] < E[|Y]]. In particular, if X is bounded
a.s., then X € §;.
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Example 4.5. Let the random variable X have the normal distribution,

denoted by X ~ N(m,o?), with the probability density function

1 —(z—m)?
e 222 , x€R,

flz) =

2mo
where 02 > 0 and m € R. Then E[|X]|?] < cc for every v > 0, and we

have
E[X]=m and E[X —m)?] =0

The induced measure Px is called the normal distribution.

A fuzzy set A on () is called a fuzzy event. Let pa(-) be the mem-
bership function of the fuzzy event A. Then the probability of the fuzzy
event A is defined by Zadeh([17]) as

B(A) = / ja(@) APW), paw): 2 — [0,1].

Theorem 4.6. The probability of the fuzzy event satisfies the following
properties.

1. P(AUB) = P(A) + P(B) — P(AN B).

2. P(A°) =1— P(A).

3. P(A¥B) = P(A) + P(B) — P(A- B).

Proof.
1. P(AUB) = [, paup(w)dP(w)
= Jo(ra(w) + pp(w) — panpw))dP(w)
= JoraW)dP (W) + [ pp(w)dP(W) = [ kanp(w)dP(w)
= P(A) + P(B) — P(AN B)
2. P(A%) = [q pac(w)dP(w)
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= Jo{l — pa(w)}dP(w)
=1- P(4)
3. P(A¥B) = [o 1 y7pw)dP(w)
= Jo(na(w) + pp(Ww) — pa(w) - pp(w))dP(w)
= Jora(w)dP(w) + [ np(w)dP(w)
— Jopa(w) - pp(w)dP(w)
= P(A)+ P(B)— P(A- B)

4.2 Normal fuzzy probability

Definition 4.7. The normal fuzzy probability ]B(A) of a fuzzy set A on
R is defined by

B(A) = / sa(z) dPy,

where Px is the normal distribution.

Theorem 4.8. The normal fuzzy probability IB(A) of a triangular fuzzy

number A = (ay, a9, as) is

ﬁ(A) _ m — ap (N(ag—m) —N(al —m))

a2 — aq g g

I o ( 7(111—?2%)2 (02—7271)2>
R —— el B 7 20 — € 20
V2m(ag — aq)
m — as as—m az —m

+ (ME=) - N (=)
a9 — as g o

i o ( _(az*;n)2 _(‘13*7271)2 >
—_— | € 20 — e 20
V2m(as — a3) ’

where N (a) is the standard normal distribution, that is,
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Proof. Since

T—aq
az—ai )

pa(z) =
as—x

as—asg )

we have

/ a2
ai

r — ay

g1(z)f(z) de + /

r<ay, a3<z,

a; <z < ag,

az < x < as,

as

2

h = , x) = and f(z) =
where g1(z) = = ga(a) = = and f(z)
Put #== =1, then

T — aq 1 _(z=m)? as —

P(A) =
) /a1 az — a1 /270

1 / v
B AY4 27T(CL2 — al) ‘11;7”

ag—m

ai

e foe

agz—m

1 2
——
27T(CL2 — ag) 22

agz—m

as

e} Jue

29

e 202 dr+

(m+ ot)e” 7 dt
e zdt

+2
(m+ot)e” zdt

e zdt

g2 (x)f(aj) de,

as
/¢12 az — a2 v/



ag—m ag—m

o / T e Edt+ d / " teTdt
= — e _ e
V2r(ag —ap) Jazm V2r(az — ay) Jazm

ag—m az—m

il / T e a4+ mn / T et
e — [ 2 e — [ 2
V2n(az —ay) Ll V2m(az — a3) az—m

agz—m agz—m

++/ ’ te—édt—“—?’/ T e Tdt
v2m(ag — ag) Jezm V2r(az — ag) Jaazm
m — ay a —m a, —m
- N N )
(M(E) - N

az — ax
n g < _M _M>
—_— | e 20 — € 20
vV 271’(612 - al)
m — as as —1m ao — 1M
+ I (N - N
a2 — as o o
N o ( 7<a2—72n>2 <a3—;n)2>
— | e 20 — € 20 .
V2m(ag — a3) O

Example 4.9. 1. Let A = (1,3,5) be a triangular fuzzy number. Then
the normal fuzzy probability of A with respect to X ~ N(3,22) is 0.3687.
In fact,

putting wT_?’ =1,

3 5
~ r—1 1 (z—3)2 5—1x 1 (z—3)2
PA:/ . e” s dx—i—/ . e s dx
(4) 1 2 227 3 2 227
1 1 t2
= 2t~|—2 / (2—2t)e 2 dt
2\/ 22

/ d 1 1 t2d
= — te” 2 t+ - / / e 2dt
\/277' —1 271' 0

1 1

+2
te” zdt

Ve
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B V2T
1 1
R 1 —e 2
/_27r( )
= 0.3687.

2. Let B = (2,4,6) be a triangular fuzzy number. Then the normal
fuzzy probability of A with respect to X ~ N(3,22) is 0.3315. In fact,
putting ”“"T_?’ =1,

4 6
~ xr— 2 1 (z—3)2 6—=x 1 (z—3)2
PA:/ - ——e 8 da:—f—/ -———e 8 dx
(4) s 2 2orm 4 2 2/or
2

1 2 2 1 t
= ot + 1)e~ = dt + / 3 2t)e 7 dt
2/2r /—_( )e pvar )y B2

wleo

% 2 +2
e”zdt+ e”zdt

1 [z e 1 3
=— [ teTdt+ ——
\ 2T /_1 24/ 2m S 2427 J1

2 2 2
1 1 9
— e 8 —e 8
%( )
= 0.3315.

3. Let A = (1,3,5) be a triangular fuzzy number. Then the normal
fuzzy probability of A with respect to X ~ N(3,3?) is 0.2565. In fact,
putting 1—53 =1,

3 5
~ r—1 1 (x—3)2 5—x 1 (x—3)2
PA:/ . e~ 18 da:—{—/ . e” 18 dx
(4) 1 2 3V2m 3 3V2m
0
t2 1 t2
= 3t+2)e 2dt + / 2 —3t)e” 2 dt
227 %2( ) 2v2m Jo ( )

\)

(N
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3 -2 2
ok (M) - N(?)> + (N(g) —- N ()
3 s
- 2\/%(1 —e€ 9)
= 0.2565.

By Example 4.9, we have the following property of normal fuzzy prob-

ability for triangular fuzzy numbers.

Remark. 1. The normal fuzzy probability of the triangular fuzzy number
A = (b—a,b,b+a) with respect to fixed X ~ N(m,c?) takes its maximum
at b=m

2. For fixed triangular fuzzy number A = (m —a, m, m+a), let P, and
P, be the normal fuzzy probabilities of A with respect to X ~ N(m,o?)
and X ~ N(m,03), respectively. Then P, < Pyif o1 > 0.

Now, we calculate the normal fuzzy probability for the four operations
of two triangular fuzzy numbers. Since addition and subtraction of two
triangular fuzzy numbers are triangular fuzzy numbers, the normal fuzzy
probabilities of addition and subtraction can be calculated by the same
way. But, in calculating of the normal fuzzy probabilities for multiplica-
tion and division of two triangular fuzzy numbers, we have to calculate

the integrals of the following two forms ;

Form 1. pa(z) =+Vax +b
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/\/azzs+ TS (z m) dx
T

ar +be 22

1 (—m@ Eff““&%”),

g

T

2o

where

Erf(z / -z dz.
\/_

cr +d P
ar+b axr+b

Form 2. pa(z) =

- 1 (z m>2
ar+b 2mo

(z—=m)?

p 67 202 q (:c m)2
= dx + / dx
27m/ ax+b V2ro
T o(m—zx) T o(m—zx)
p <6Erf<—ﬁ >)+ g (_6Erf< e >)
o

(ax +b)o

B 2mo

2mo

Example 4.10. We calculate the normal fuzzy probabilities for multipli-
cation and division of two triangular fuzzy numbers in Example 2.15 with
respect to X ~ N(5,4).

1. Multiplication

f)Z//LA(.)B(x)dPX
/8 —2+V2r 1 o2
2 2 2\/ 27

/20 T—V9+2z 1 2
+ . e 27 dx
8 2 2\/ 2

dx
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-2 8 (2—5)2 1 8 (o 5)2
= e 8 dx+ / V2xre T ® dx
427 Jo 427 Jo

/o e & 4ar-— re  ® dx
4/ 21 8 4/ 271 8

3
1 2 2 8 _(m75)2

= e zdt—+ 2T e 5 dr
V2 -3 421 Jo

7 L 1 20 505 - S22y
+ e zat— / VI+2re 5 dx
2v2m J3 421 Jg

3 3 1 8 (2—5)2
=N(=5) = N(5 —/ V2z e T & dx
( 2) (2) 4\/2_71 2

7/ 15 3 L 20 -
Ny =Ny - 5 o
"‘2(( (2) (2)> N /_27'('/8 VI9+2re  ® dx
= (0.5485.

2. Division

P= / fra())B(2)dPx

/2 or — 1 1 _(z2—2>2d +/2 —z+2 1 _(m;i)zd
= : (& ) X . e - T
1 v+l 2y2r 1oz+1 227
1
]- 2 6 (c1375)2
= - + 5) e” 8 dx
24/2m /% ( rz+1

e [ ()
_ e -
24/ 2m 1 x+1

NI

1 (e-5)? 1
-3 2 g7 8 dz + 5 /2 7(36_85)2 p
= T o e AT o) ”
V2rJr  x+1 NP 1
(z—5)
3 2 e 8 1 2 (9075)2
+ dl’ - e_ 8 dx
227 /% r+1 2/ 1
_(2=5)?

1
-3 2e 2

9
5 -1

- dfC—i——/ e” 2 dt
Ver Jro x4+l Vor 1z
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9 _ (=572 _3
+ 3 / c al:)s—L 26_%(125
2v2m Ji r+1 Vam J_e
3 [he = 9 12
— e 8
= d 5(N _h _N(== )
Var Jy a1 T (=) —N=%)
2
3 [ 3 9
+ d:z;—(N—— —N——)
2\/277/% z+1 (=3) = N(=9)

= 0.0177.

4.3 Exponential fuzzy probability
In this section, we define the exponential fuzzy probability using the
exponential distribution.

Example 4.11. Let the random variable X have the exponential distri-

bution with the probability density function

fla) = re™7,

for x > 0 and A > 0. Then we have

E[X] = ; and  E[(X — §)2] _ %

The induced measure Py is called the exponential distribution.

Definition 4.12. The exponential fuzzy probability ]S(A) of a fuzzy set A
on R is defined by

B(A) = / sa(z) dPy,

where Pyx is exponential distribution.
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Theorem 4.13. The exponential fuzzy probability P(A) of a triangular

fuzzy number A = (a1, as,as) is

)\@2

2
P(A) = |:an2_ _2_7)\0,1_&]
() = P e (canan + ) - e ()
Aas “xas 33 hay a% ]
p— [e (7) e (azasq 7) .
Proof. Since
0, r<a, a3,
pa(z) =14 aca, @ <z <a,
;33:527 az S T < as,
we have
P(A) = [ nate) aps
R
as as
- [ 9@l dt | e d.
al a2
where g1 (2) = —— =, gy(z) = 2" and f(z) = Ae (x> 0).
as — aq az — as
. az _ as _
P(A) :/ — Ae—“dwr/ 977 NeMdy
a; @2 — a1 a, a3 — 2
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Example 4.14. Let A = (1,4,6) be a triangular fuzzy number.
the exponential fuzzy probability with respect to A = 2 is

4, 6p_
P(A) = / vl 2e 2" dg —|—/ b-z 2eHdy
13 s 2

2 9,1 w0t _op, 11z 76
_[f ( QL+F 7 +3),

= 0.0225.

Then

Example 4.15. We calculate the exponential fuzzy probabilities for mul-

tiplication and division of two triangular fuzzy numbers in Example 2.15

with respect to A = 2.
1. Multiplication

P:/MA()B(IL')CZPX

8 20
LN ) — 2
_ / %.26—2956[“ / T AP 22 v;’ﬂﬂ.ge—zxdx
2 8

8 8 20
= —2/ e dr + / V2r e dx + 7/ e 2 dx
2 2 8
20
- V9 + 22 e % dx

8

= 0.0021.
2. Division
ﬁ = //LA(/)B(SC)CZPX
I 5p— 1 2 g2
= / ac 22e 2 dx + / T2 2 e 2%y
1 +1 1z +1
= 0.3604.
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5. Fuzzy probability for fuzzy numbers
driven by operations

We derive the explicit formula for the normal and the exponential fuzzy
probability for quadratic fuzzy number and trigonometric fuzzy number

and give some examples.

5.1 Normal fuzzy probability for quadratic fuzzy

number and trigonometric fuzzy number

Theorem 5.1. Let X ~ N(m,0?) and A = [a, k, 3] be a quadratic fuzzy
number. Then the normal fuzzy probability of A is
~ )2

(a—m —m)?
P(A) :\/% ((aa +am+b)e” 22 — (af+am+b)e” s )

+(a02—|—am2+bm+c)[N(ﬁ_m)—N(a_m)]

o o

Proof. Note that

0, r<a, B<ux,
ar’ +br+c=alr —a)(z—F), a<z<p.

pa(z) = {

Putting =" =1,

~ /6 ]_ (.avf’rn‘)2
P(A :/ ax’® + bx + ¢ e 202 dx
=/ e
B—m
1 [ 2
= Nir / {a(at +m)* 4+ b(at +m) + cle” =z dt
7T o—1m
9 —m B—m
ao T 5 2 2ao0m + bo o 2
= te"2dt + ——— te” 2 dt
\/271' Oé;"n \/271' a;m

38



am? 4+ bm + ¢ e +2
+

e 2 dt
V2 m
UG
= ——|((acc + am e 22 — (af+am e 20
2w
+(a02+am2+bm+c)[]\f(ﬁ_m)—N(a_m)]. O
o o

Corollary 5.2. If a quadratic fuzzy number A = [o, k, 3] is represented
by

07 T <a, ﬁgmu
alr—k)?+1, a<z<p,

pa(z) = {

then

P(A) = \/(;_w <a(a + m — 2k)e” ] a(f+m — 2]{5)6_%)

+(alo? + m =0 +1) - [V - N (A,

o o

Example 5.3. Let A = [1,2,3] be a quadratic fuzzy number. Then the
normal fuzzy probability of A with respect to X ~ N(3,22) is

~ & 1 (2—3)2
P(A) = 2?44 —3)—— e 5 dx
W= [ (- P
—4 0 t2 4 0 t2
= — tle”Tdt — — te” T dt
\/27‘( /_1 \/271’ —1
4 _ 1 4 _1
= 0.2304.
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Since the results of addition and subtraction of two quadratic fuzzy
numbers are quadratic fuzzy numbers, the normal fuzzy probability can
be calculated by Theorem 5.1. But multiplication and division of two
quadratic fuzzy number may not to be quadratic fuzzy numbers. So we

have to calculate by definition.

Example 5.4. Let X ~ N(5,2?) and consider the fuzzy numbers in
Example 3.3.

1. Multiplication

dx

5 /24 —(6r+43) +11y/122 +1 1 o2
= €
2 18 2421

1 /24 _ (1—85)2 d + 43 24 _ (1—85)2 d
= — X e ua e ua
6V 2T Jo 36v 21 Jo

1 2 (x—5)2
+ 11vV122+1e” 8 dx
22 /2
= 0.6402.

2. Division

S _8z—1)(22-3) 1 2
}3:/ —(8z — )(9,;_ ) CEL L
1 (3x +1) 22
—1 [?162° 26243 -5
= e
2
2v2m J1 924 + 62 + 1
= 0.0145.

dx

Theorem 5.5. Let X ~ N(m,0?) and A =< 0y,605,05 > be a trigono-

metric fuzzy number. Then the normal fuzzy probability of A is

~ Os 1 (w—m)2
P(A):/e sin(x — 61) e 207 dx

2o
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1 _m2 [ m2-2imo?-o? o +im —ix
=__ ¢ 2.2 |e 202 cos 04 Erﬁ(—)
4 V20
m242imo2 ot 0‘2 —m +ix
+e 2052 cos 01 Erﬁ(—)
\/5(7
. m272ima'2fo'4 0'2 + Zm — Z[L’
+ e 202 sin 67 Erﬁ(—)
\/50
C om242imo2-0t 0% —im +ix 19
— i€ 202 sin 64 Erﬁ(—)]
\/50‘ 01

where
Frfi(z) = — /m —=°q
rfi(z) = — e z.
ivT Jo

Example 5.6. Let A =< 0, 3,7 > be a trigonometric fuzzy number.

Then the normal fuzzy probability of A with respect to X ~ N(3,22) is

Pld) = [ sinr o R
= s x e i
0 20/ 27

= —i ers [6_%_“% Erﬁ(—4 Hadhy m>

2v/2

4 e B3 Erﬁ<4 — 3i + z:c>]7f

2./2 0
= 0.3003.

Since the results of addition and subtraction of two trigonometric fuzzy
numbers are trigonometric fuzzy numbers, the normal fuzzy probability
can be calculated by Theorem 5.5. But multiplication and division of two
trigonometric fuzzy number may not to be trigonometric fuzzy numbers.

So we have to calculate by definition.

Example 5.7. Let X ~ N(3,22?) and consider the fuzzy numbers in
Example 3.6.

1. Multiplication
41



B QWQS. < 5 N 2 N ) 1 ’(m_ss)Qd
= in|——m — e T
% 12 144 IN 2
= (0.0001
2. Division
9
~ 2 8rx — 37 1 (z—3)2
P= sin( ) e” 8 dx
2 2(1+3z)/ 2¢/2n
= 0.0045

5.2 Exponential fuzzy probability for quadratic

fuzzy number and trigonometric fuzzy number

Theorem 5.8. The exponential fuzzy probability ﬁ(A) for quadratic
fuzzy number A = [a, k, 3] is

~ i 2a +bX+e\2  2a+ b
P(a) = —eM( 3 o

2a 4+ b\ + )\ 2a + b
— A
+e ( e + \

where the membership function of A is —d(z — a)(a — 3) = ax?® + bz +c.

B+ ad?)

a+aa2>,

Proof. Since

0, r<a, p<u,
pa(z) = 2 2
ar®+br+c=—-dlx—k)*+1, a<z<p,

we have

42



B
/ ax? + bx + c) e Mdx

B

2a+b)\—|—c)\2 2a + b
e +
= |- e )
_ 2a+b/\+c)\2 2a + b\
=—e ’\5( 2 +— ﬁ—f—aﬁQ)
/\a<2a—l—b)\+c)\2 N 2a + bA
A2 A

x + axQ)}

(e

+e a+aa2>. 0

Example 5.9. Let A = [1,2,3] be a quadratic number. Then the expo-
nential fuzzy probability of A with respect to A = 2 is

. 3
P(A) = / (=2 + 4z —3)2- e *dx

= 0.0714.

Similar to Example 5.4, we can calculate the exponential fuzzy proba-
bility for the results of multiplication and division of two quadratic fuzzy

numbers by definition.

Example 5.10. The exponential fuzzy probabilities of the fuzzy numbers
in Example 3.3 with respect to A = 2 are

1. Multiplication

2 e 2%y

5 /24 — (67 +43) + 11y/12z + 1
B 18
2
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1 [ 11 %4
_ _§/ (60— 43) e *du+ 5 | VI2e+1ede
2 2
= 0.0906.
2. Division
3
~ 2 —(8x—1)(2z—3
I
1 (3z+1)
3
31622 —262+3 _,
=2 —*d
/1 022 +6z+1
= 0.5062.

Theorem 5.11. The exponential fuzzy probability P(A) of a trigono-

metric fuzzy number A =< 64,605,603 > is

> A
Pa) = _>\2—+1(€_)\93 cos(f3 — b1) + Ae N8 sin(f3 — 01) — e_wl).

03
P(A) = / sin(z — 6,) X e dx

01
— |:€_A1’ COS(QZ — 91) )\B—Aaz Sin(.T N 01) 05
)\2 + 1 )\2 + 1 6,
A . .
= _>\2——}—1(6_>\93 008(93 - 91) —+ )\6—A93 Sln(93 _ 91) —e /\01). O

Example 5.12. Let A =< 0, 3,7 > be a trigonometric fuzzy number.

Then the exponential fuzzy probability of A with respect to A = 2 is
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P(A) = / sinz 2 e **dx
0

2 —or
= (e cosm+2e *sint — )

)
= 0.4007.

Example 5.13. The exponential fuzzy probabilities of the fuzzy numbers

in Example 3.6 with respect to A = 2 are

1. Multiplication
27?2

P / i < RN > 2 e"27(
= Siny| —— — X e X
a2 127 144

=9.5105 x 10710,

2. Division
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