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1. INTRODUCT ION

In this paper, We shall study the measure on the real line Bl
On the other hand, we use the properties of measure to get an
exact knowelege of length on the real line,

Finally, we shall show that the length on the real line E! is
certainly a measure on E!,

We begin by defining a measure on dg-algebra X of subsets of X,



2. PRELIMINARY

DEFINITION 2-1
A collection X of subsets of a set X is a g-algebra(or a o-
rield) if and only if
D¢, XX

2 if AeX, then A¢ = X—aA=X

J if{A,} is a sequence of sets in X then U A X,
n=1|

An ordered pair (X, X), or simply, X is called a measurable
space and any set in X is a X-measurable set,
It follows from definition 2-1 that E'; the set of all real

numbers, 1s a measurable space,
PROPOSITION 2-1

Let A be a nonempty collection of subset of X,

Then there exists a smallest eg-algebra of subsets of X
containing A,
PROOF Recall that the collection of all subsets of X is a

J—algebra and contains A,
Let # = N {3:F is a o-algebra containing A}, Then AC ¥l .
It follows rrom definition 2-1 that ¥H is a g-algebra,
and nence Z4 1s the smallest o-algebra,
This smallest o-algebra is often called the o-algebra

generated by A,



DEFINITION 2-2
The Borel algebra is the o- algebra B generated by all segments
in E', we say that any set in B is called a Borel set,
DEFINITION 2-3
A measure 1is an extended real-valued function ¢ defined on a
o-algebra X of subsets of X such that
) e(é)=0
2 #(E)20 forall E=YX
3 # is countably additive in the sense that if {E,} is any
disjoint sequence of sets in X, then #(nglEn):nZ::],u(En)_
It follows from definition 2-3 that the characteristic

function of a nonempty set X is a measure on a o—algebra X of

subsets of X,

PROPOSITION 2-2

If G is open, then there exists a unique countable

collection S(G) of segments(a.b) so that the members of S(G)

are mutually disjoint and 1) S(G) =G,

PROOF Let G be an open set in R, Since each point x < G is

contained in a segment which 1is contained in G,for x &G,
Let I, be the maximal segment containing x which is inG:
that is, I, 1s the union of all segments which contain

x and which are in G,
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Ifx, x'=G andx#x’ , then either I,NIx'=¢ or I,=I,
Since if I,NI4' #¢, 1,UI,+ is a segment containing x and x’

and so by the maximality of I, and I s, I, =1,/

Clearly G= U I, because if *&G, I1,CG, then Y I.—g apg
=G x=G

I,and GS U 1 |

X x&=G

if x=G, then erx, xexg'
Since each I, contains a rational number, the number of
distinct Ix’s must be countable, since the set of rationals
is countable,
We use proposition 2-2 to define the length of an open set
in B!,

DEFINITION 2-4
If G is open on the real line E', then the length of G,
denoted by IG}, is defined by iG[: 2 [SI, where S(G) is the

Ses(G)

set of all mutually disjoint segments such that G={J S(G),

If $=(a,b), then [s|=[b-a

If S=(a,®) or (—,a), then ‘S’:m
If S=¢, then we define |S|=l¢|=0,

PROPOSITION 2-3

Suppose each of M;, M; - is open,
then | U M, 1< X [M;
PROOF For each M;, there exists a unique collectiOn{Sjj} of
mutually disjoint segments such that 'Mj = 2 ITAE
7=1
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by proposition 2-2 and definition 2~4,

Let S denote the collection of all segments S;;

then ¥ |M;|= Z] (% S”I Z‘ Sij
41=1 =1 = 4,7=1
Since each M; is open, then M,
4=

Let T={t;, tz, - } denote the collection of mutually

is open,

-]
disjoint segments such tha.t.’ M ’= Z '! and
[‘—] _‘=
U Mj=J t;,then OUM=00 t,= § i We claim that

i=1 i=1 4= i=1 4',,-_]

for each /, tj is the union of a subcollection of S,
Suppose there exists a positive integer j such that

if §’ is a subcollection of S, then t; is not the union

of segments of S’, Suppose futher there exists no subco-
llection S’ of S which contains t;

Then t; contains a point of U M; but not in LJ 8

ij
=] i,7=1

a contradiction,
Hence there exists a subcollection S’ of S with the
following Properties,
1) every segment in S which intersects t; is in §’,
2) every segment in S’ contains t;
3 if 8" ={s; , s’ e }, then U s‘.' contains t,,
o ’
Suppose (J 8’ —t;%¢.
n=1 ” 4
Let p be an endpoint of t,, then there exists a j&N

such that petj $O t,; 1ntersects tj’ a contradiction,
_5—



Therefore, t; 1s the union of subcollection of S,

For each &N, 1let V,= {V",, Viz woeeee } denote the

A
1 47

e

subcollection of S which intersects tj then tj=
, ,
J

Also, if V is the set of all Vjj» then V=§: that is,

]1

V is a rearrangement of S.

Hence L _[%j|= 2 _Wijpyand U vi= J s, =0ty
4,7=1 4,74 4= 4= i=1
Thus if V; contains only one element Vjy then )tj’=’v”
)

and if V; contains more than one element, then

&

l[ti $‘j§l Vi J’

Hence I‘.J_Mj = Z_ ISLD Y= X s, =.i Mjl
1= 4=1 4y =1 0= £=1 |




3. Properties of measure on E!

DEFINITION 3-1

Suppose MCE! M has length means for each € >0 »
there are open sets G, and G, such that MC Gy, and G;-MCQG;
and

G, |<e.

DEFINITION 3-2
If M has length, then we defined the length of M by
IM] =glb { IG‘ : G is open and MCG },
It follows from definition 2—4 that if G is open, then G has
length and the definition 3-1 and 3-2 fOrlG‘ coincide,
PROPOSITION 3-1

x
If each of M,, M, - has length, then so does .| M, .

—

4=1
PROOF Since each M; has length, so by definition 3-1 for a

given ¢, there exists cpen G;, H; such that M;Z G, and

G, - M, T H, and‘H‘-|<°/24'. Now, J M, = _ G, and
4+=1 =1
y J M 3 O oM )< U )T J H
G,— .= 4 (G, — | M.)Z ! G. — M.) .
i=1 ¢ =1 r S A= S A S R
It follows from proposition 2—3 that | D H, gf H,
‘J=l i=1
<2 €94 = ¢

Therefore _f! M; has length.
£=1



PROPOSITION 3-2
If G is open and € >0, there exists a closed set FCG such
that | 6-F | <e.

PROOF It follows from definition 2-4 thatl G’z f

iy
yi
i=1

Sl-ﬂsj;_‘,e/, £ #j, and each 8, i1s a segment,
Let €>0 be given, there exists a meN such that
n}mw, sn|<5/2n+z for eachkm, choose Fy = (agp+€/ 5k+2, bp—¢/9k+1 ],
and let F=k§l Fx, then F is closed and FCG,
Futhermore, ’ G—F({E/Za'f-e/za'f‘ """" = s/3 <e,
PROPOSITION 3-3
If M has length, then R—M has length,
PROOF Since M has length, so choose open sets G, such that
MCG, , ’ G,,—M’<$.
It follows from proposition 3-2 that each G;C, has length,
Let H=  G° then H has length, and HC M€,

,
n=1 n

Let M*=H.U Z, where Z = M°- H,

Then Z=M*-H=M° - J Gi= A (M-Gf)= 7 (mnq, )
- n=] n=] n=]

=ng=1(Gn— M) — G,—M so that( ZK[G”—M}<;II-, for every n,

HenCelZI = 0 and Z has length,

Hence M®=H U Z has length by the proposition 3-1,
PROPOSITION 3-4

If M and N are disjoint sets each having length,

—8—



thenlMU Nl = JM] + IN[ . More generally, if M;, M; oot is a

sequence of disjoint sets each having length, then

=3 1 M‘-l ,
4=
PROOF It follows from proposition 3—1 that M; U M; has length,

For each € >0, choose open sets Gy, G2 such that M,CG, ,

M,C G, and|c, ‘< |+ &, JG, ]gfmzj + ¢ so

|m: U, Ju|+ &y +|u

<IGJ U G2(<’Glj + ,G: + 6/2

=,M;’+‘M;‘+e

Hence M,

+)Mz’

M, U M,f<

>

Next, we want to show thath, U M. M, ‘-f— fM;’

For each &2>0, choose an open set G such that

M, M.C G anlek,M; U M:|+ €. Write G = I, .,

1

Tcs

where I;S are muntually disjoint segments,

o

Then k§1 I, glu, U M| + €, let N, ={neN|I,,ﬂl;+¢}
and N; = {meN [ I, Mg } then [, |+| s | < > |,

n< N,
+ ”ém I"'Jgkéﬂ [Iklglu, J M|+ e, so | M| + | e < s 1|

Therefore IM; U M. » Provided that

= ) l)’ +| Hz
¥: N M; = ¢ each having length, Proceeding by induction

- 00
onn, we have| U M| = 3 ‘M‘. l » if each M; has length
4=1 4=1

and they are mutually disjoint,

Consequently, it follows from defintion 2-1, 2-2 and
2—-3 that length is a measure on the Borel algebra E1,

—P—



PROPOSITION 3-35

If M and N have lengths and MCN with M finite length,

then |N-M|=|N|-|uM[, in particular [N |2|M|,

It follows from proposition 3-3 that N-M has length,
PROOF sSince N=M U (N-M) and MN(N~M)=¢, it follows
from proposition 3-4 that |N|=|M U (N-u)|=|m|+|N-u],
so|N-M|= ¥|-|#| 1 particutar|N| 3| |,

PROPOSITION 3-6

If each of M;, My, < has length, then, G M, ’g i !M“ .
i=1 i=1
PROOF Let Bt = MJ N Bg = Mz - M1 g et Bn=Mn - ( M:U """ UM”_.I)

for n > 3, then B,s are mutually disjoint and each B,

has length,

It follows from proposition 3-4 that

+=]

O wl=| 0 5
i=]

i=1

B; l But it follows from proposition

3-5 that each B;CM; =B |<|M; |

Therefore | U M, | = i} Bi| < 5—2: \Mi‘ .
i=1 i=1 i=1
PROPOSITION 3 -7
If M,CMC oo and each has length, then, U M= 1im M,,l.
1:]_ 27—

If some of M has an infinite length, then we are done,
So we assume each of M;, M, - has finite length,
PROOF Consider Jl Mj =M, U ( Mz =M, ) U(M:-Mz ) U oo
1:

then M,, M; - My, My — M., are mutually disjoint and

—10~



each has length by proposition 3-3

then

-]
JoM
i=1

by proposition 3-5,

3—-4, and also

f: M; has length by proposition 3-]

i=1
and hence| {; Mil = lim f RL'I
=1 n—oe
PROPOSITION 3-8
If My T M2 eeeeee and each has length, then _ﬁ M=
i=1
PROOF Let B] = M1 - Mz, Be = Mz - M,, """ and Bn‘—'Mn

for n2>3.

It follows from proposition 3-~3 that each Bn has length,

Alsc, B;s are mutually disjoint,

We clzim that M, - % Mj = C B[_
£=1 i=1
o -4 ha .
In fact, M,- M, = U (M,—MJ).Z (M; -Mz ) U
i=1 +=1
(Mz — Mz) and if x= i;; B,, then x< B, for some n,

and xeMn but ir x & Mn-l-l’ then x & M,

but if x& % M, thenx< M- 3 ;.
1=]1 i=]

So U B, “Mi~ ™ M, . Therefore M,— 3 M. =
i=1 4 =1 4 ! jgl 4
Note that ,3 M, has length, since (

i=1+4 y)

=1
3M)=¢ 0 M)
R FE R

i



has length,

It follows from proposition 3-4 that IM,— ﬁle
J:
Now | M, - ﬁ M, I“IM’I‘l R M;| and .21’13‘.‘ =lm,‘—M;
l— =
+’Mz,'—M3 ...... + Mn_Mn_l‘-f_ ......
by proposition 3-5.
Thus,‘ M.l— A Mj! = IM, - [ Ms—( ,M”l ]y e
- an 11)_...... = ,M, _n_];:'.n;, M,
D oM;l= 1im [ M,
i=1 7o

We conclude that length satisfies the properties of a

measure defined on the o - algebra X of subsets of x,
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