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<Abstract>

Lower bounds for the eigenvalues

of the basic Dirac operator

In this thesis, we review some basic properties of the transvese spin

structure and the basic Dirac operator Db. And we give some estimates

of the eigenvalues of the basic Dirac operator by using the transversally

conformal change of metric. Moreover, we give a sharp estimate of the

basic Dirac operator by using the new connection. We also study the

limiting cases of each estimates. In fact, at all of cases, the limiting folia-

tions are minimal and transversally Einsteinian with a constant positive

transversal scalar curvature.
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1 Introduction

In 1963, A. Lichnerowicz([22]) showed that on a Riemannian spin

manifold the square of the Dirac operator D is given by

D2 = ∇∗∇+
1

4
σ,

where ∇∗∇ is the positive spinor Laplacian and σ the scalar curvature.

In 1980, Th. Friedrich([6]) proved that any eigenvalue λ of the Dirac

operator satisfies the inequality

λ2 ≥ n

4(n− 1)
inf
M
σ (1.1)

on a compact Riemannian spin manifold (Mn, gM) with positive scalar

curvature σ. The inequality (1.1) has been improved to many cases by

many authors([8, 9, 10, 15, 14, 11, 18, 19, 20]). In particular, in 2001, S.

D. Jung([10]) proved the lower bound for the eigenvalues λ of the basic

Dirac operator Db on a foliated Riemannian manifold with a transverse

spin structure, which is introduced by J. Brüning and F. W. Kamber([2]).

Namely, let (M, gM ,F) be a Riemannian manifold with an isoparametric

transverse spin foliation F of codimension q > 1 and a bundle-like metric

gM such that the mean curvature form κ is basic harmonic. Then the

eigenvalue λ of the basic Dirac operator Db satisfies the inequality

λ2 ≥ q

4(q − 1)
inf
M

(σ∇ + |κ|2), (1.2)

where σ∇ is the transversal scalar curvature of F . In the limiting case, the

foliation F is minimal, transversally Einsteinian with constant transver-

sal scalar curvature σ∇. In 2004, S. D. Jung et al.([15]) improved the

above inequality (1.2) by the first eigenvalue of the basic Yamabe oper-

ator Yb, which is defined by

Yb = 4
q − 1

q − 2
∆B + σ∇, (1.3)
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where ∆B is a basic Laplacian acting on basic functions. In fact, any

eigenvalue λ of the basic Dirac operator Db satisfies the inequality

λ2 ≥ q

4(q − 1)
(µ1 + inf

M
|κ|2), (1.4)

where µ1 is the first eigenvalue of the basic Yamabe operator.

In this thesis, we give another estimates for the square of the eigen-

value λ of the basic Dirac operator Db.

This artcle is organized as followings. In Chapter 2, we review the

known facts on the foliated Riemannian manifold. In Chapter 3, we study

some basic properties of the transverse spin structure and the basic Dirac

operator Db. In Chapter 4, we give the new proof of the estimate (1.4)

with the conformal change of the transversal twistor operator. In Chapter

5, we give a sharper estimate than (1.2) with a modified connection.

Namely, any eigenvalue λ of the basic Dirac operator Db satisfies

λ2 ≥ q

4(q − 1)
inf
M

(
σ2 +

q + 1

q
|κ|2

)
. (1.5)

In Chapter 6, we apply some techniques and concerning conformal change

of the Riemannian metric to get a sharper estimate than (1.4). Namely,

λ2 ≥ q

4(q − 1)

(
µ1 +

q + 1

q
inf
M
|κ|2

)
, (1.6)

where µ1 is the first eigenvalue of the basic Yamabe operator.
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2 The geometry of foliations

2.1 Definition

Definition 2.1 A family F ≡ {Lα}α∈A of connected subsets of a mani-

fold Mp+q is called a p-dimensional(or codimension q) foliation if

(1) ∪αLα = M,

(2) α 6= β =⇒ Lα ∩ Lβ = ∅,

(3) for any point p ∈ M there exists a Cr-chart(local coordinate

system) (ϕp, Up), such that p ∈ Up and if Up∩Lα 6= ∅, then ϕp(Up∩Lα) =

Ac ∩ ϕ(Up), where

Ac = {(x, y) ∈ Rp × Rq | y = constant}.

Here (ϕα, Uα) is called a distinguished(or foliated) chart.

Roughly speaking, a foliation corresponds to a decomposition of a mani-

fold into a union of connected submanifolds of dimension p called leaves.

Remark. From (3), we know that on Ui∩Uj 6= ∅, the coordinate change

ϕj ◦ ϕ−1
i : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj) has the form

ϕj ◦ ϕ−1
i (x, y) = (ϕij(x, y), γij(y)), (2.1)

where γij : R → R is a diffeomorphism. Let pr : Rp+q → Rq be the

projection and N be a q-dimensional manifold with a chart (V, ψV ). Then

ψ−1
V ◦ pr ◦ϕU : U → V ⊂ N is a submersion and the leaves of F in U are

given as the fibers of a submersion f = ψ−1
V ◦ pr ◦ ϕU : U → V onto an

open subset V of a model manifold N .

2.2 Riemannian foliation

Let (M, gM ,F) be a Riemannian manifold with a foliation F of codi-

mension q. Let L be a tangent bundle of a foliation F and then L is the
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integrable subbundle of TM . i.e.,

X, Y ∈ Γ(U,L) =⇒ [X, Y ] ∈ Γ(U,L).

The normal bundle Q of F on M is the quotient bundle Q = TM/L.

Then the metric gM defines a splitting σ in the exact sequence of vector

bundles

0 → L→ TM
π→ Q→ 0,

with σ : Q→ L⊥ isomorphism. Thus gM = gL⊕ gL⊥ induces a metric gQ

on Q. With gQ = σ∗gL⊥ , the splitting map σ : (Q, gQ) → (L⊥, gL⊥) is a

metric isomorphism.

Definition 2.2 A key fact to study of transversal geometry is the exis-

tence of the Bott connection
◦
∇ in Q defined by

◦
∇Xs = π[X, Ys] for X ∈ ΓL, s ∈ ΓQ, (2.2)

where Ys ∈ ΓTM is any vector field projecting to s under π : TM → Q.

The right hand side in (2.2) is independent of the choice of Ys. Trivially
◦
R(X, Y ) = 0 for X, Y ∈ ΓL.

Definition 2.3 A foliation is Riemannian if there exists a metric gQ

on Q satisfying
◦
∇XgQ = 0 (or θ(X)gQ = 0) for any X ∈ ΓL. i.e.,

XgQ(s, t) = gQ(
◦
∇Xs, t) + gQ(s,

◦
∇Xt) for X ∈ ΓL, s, t ∈ ΓQ.

Definition 2.4 A Riemannian metric gM on M is bundle-like with

respect to F if the fiber metric gQ induced on Q turns the foliation into

a Riemannian foliation.
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A Riemannian foliation admits a bundle-like metric. In fact, we choose

any fiber metric gL on L, a splitting σ : Q→ L⊥ and set gM equal to the

orthogonal sum gL + gQ on TM ∼= L⊕ σQ.

For a distinguished coordinate system (xα, yα) in Uα, {∂/∂xj}(j =

1, · · · , p) is a basis of L and {ωi = dxi + Aa
i dya}(a = 1, · · · , q) forms a

basis of L∗. So {ω1, · · · , ωp, dy1, · · · , dyq} forms a basis of the cotangent

bundle T ∗M . Then gM has local expression

gM =
∑

gij(x, y)ωi ⊗ ωj +
∑

gab(x, y)dya ⊗ dyb. (2.3)

In particular, if gM is a bundle-like metric, then gM is of the form

gM =
∑

gij(x, y)ωi ⊗ ωj +
∑

gab(y)dya ⊗ dyb. (2.4)

Definition 2.5 In each distinguished coordinate chart (Uα, (xα, yα)), a

frame field {X1, · · · , Xp, Xp+1, · · · , Xp+q} is an adapted frame field to

the foliation F if {X1, · · · , Xp} and {π(Xp+1), · · · , π(Xp+q)} are basis of

ΓL and ΓQ, respectively.

Theorem 2.6 ([27]) The followings are equivalent.

(1) The metric gM is a bundle-like metric

(2) There exists an orthonormal adapted frame {Xi, Xa} such that
◦
∇Xπ(Xa) = 0 for any X ∈ ΓL.

(3) There exists an orthonormal adapted frame {Xi, Xa} such that

gM(∇XaXi, Xb) + gM(∇Xb
Xi, Xa) = 0.

(4) All geodesics orthogonal to a leaf at one point are orthogonal to

each leaf at every point.
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Definition 2.7 The transverse Levi-Civita connection on Q = TM/L

is defined by

∇Xs =


◦
∇Xs = π[X, Ys] for X ∈ ΓL,

π(∇M
X Ys) for X ∈ ΓL⊥,

(2.5)

where s ∈ ΓQ and Ys ∈ ΓL⊥ corresponding to s under the canonical

isomorphism L⊥ ∼= Q.

The transverse Levi-Civita connection ∇ is metrical and torsion free.

That is, ∇XgQ = 0 for all X ∈ ΓTM and for all Y, Z ∈ ΓTM

T∇(Y, Z) = ∇Y π(Z)−∇Zπ(Y )− π[Y, Z] = 0.

Definition 2.8 The transversal sectional curvature K∇, Ricci cur-

vature ρ∇ and scalar curvature σ∇ are defined by

K∇(s, t) =
gQ(R∇(s, t)t, s)

gQ(s, s)gQ(t, t)− gQ(s, t)2
, ∀s, t ∈ ΓQ

ρ∇(s) =
∑

a

R∇(s, Ea)Ea, σ∇ = gQ(ρ∇(Ea), Ea),

where {Ea} is a local orthonormal basic frame of Q and R∇ is the cur-

vature tensor for ∇, which is defined by

R∇(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] for X, Y ∈ TM.

Definition 2.9 F is said to be transversally Einsteinian if the model

space N is Einsteinian, i.e., ρ∇ = 1
q
σ∇I, where σ∇ is constant.

2.3 Transversal divergence theorem

The second fundamental form α : ΓL× ΓL→ ΓQ of F is given by

α(X, Y ) = π(∇M
X Y ) for X, Y ∈ ΓL. (2.6)

It is trivial that α is Q-valued, bilinear and symmetric.
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Definition 2.10 The mean curvature vector field τ of F is then

defined by

τ =
∑

i

α(Ei, Ei) =
∑

i

π(∇M
Ei
Ei), (2.7)

where {Ei}i=1,··· ,p is an orthonormal basis of L. The dual form κ, the

mean curvature form of F , is then given by

κ(X) = gQ(τ,X) for X ∈ ΓQ (2.8)

The foliation F is said to be minimal (or harmonic) if κ = 0. The

foliation F is totally geodesic if and only if α = 0.

Theorem 2.11 (Tautness theorem [1,23]) Let (M, gM ,F) be a closed,

oriented Riemannian manifold with a Riemannian foliation F of codi-

mension q ≥ 2 and a bundle-like metric gM . If the transversal Ricci

operator ρ∇ is positive definite, then F is taut, i.e., there exists a bundle-

like metric g̃M for which all leaves are minimal submanifolds.

Let V (F) be the space of all vector fields Y on M satisfying [Y, Z] ∈ ΓL

for all Z ∈ ΓL. An element of V (F) is called an infinitesimal automor-

phism of F . Let

V̄ (F) = {Ȳ = π(Y )|Y ∈ V (F)}. (2.9)

It is trivial that an element s of V̄ (F) satisfies ∇Xs = 0 for all X ∈

ΓL([28]). Hence we have [25]

V̄ (F) ∼= Ω1
B(F). (2.10)

Theorem 2.12 (Transversal divergence theorem [30]) Let (M, gM ,F)

be a closed, oriented, connected Riemannian manifold with a transver-

sally orientable foliation F and a bundle-like metric gM with respect to
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F . Then for any vector field X ∈ V (F)∫
M

div∇(X̄) =

∫
M

gQ(X̄, τ), (2.11)

where div∇(X̄) denotes the transverse divergence of X̄ with respect to the

transverse Levi-Civita connection.

Corollary 2.13 If F is minimal, then we have that for any X ∈ V (F),∫
M

div∇(X̄) = 0. (2.12)

2.4 Basic De-Rham Cohomology

Definition 2.14 A differential form ω ∈ Ωr(M) is basic, if

i(X)ω = 0, θ(X)ω = 0 for X ∈ ΓL. (2.13)

In a distinguished chart (x1, . . . , xp; y1, . . . , yq) of F , a basic form w is

expressed by

ω =
∑

a1<···<ar

ωa1···ardya1 ∧ · · · ∧ dyar ,

where the functions ωa1···ar are independent of x, i.e. ∂
∂xi
ωa1···ar = 0.

Let Ωr
B(F) be the set of all basic r-forms on M . The exterior deriva-

tive d preserves basic forms, since θ(X)dω = dθ(X)ω = 0, i(X)dω =

θ(X)ω − di(X)ω = 0 for a basic form ω. Hence Ωr
B(F) constitutes a

subcomplex

d : Ωr
B(F) → Ωr+1

B (F)

of the De Rham complex Ω∗(M) and the restriction dB = d|Ω∗
B(F) is

well defined. Its cohomology

HB(F) = H(Ω∗
B(F), dB)
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is the basic cohomology of F . It plays the role of the De Rham cohomology

of the leaf space M/F of the foliation. Let δB be the formal adjoint

operator of dB. Then we have the following proposition ([1, 10]).

Proposition 2.15 On a Riemannian foliation F , we have

dB =
∑

a

θa ∧∇Ea , δB = −
∑

a

i(Ea)∇Ea + i(κB), (2.14)

where κB is the basic component of κ, {Ea} is a local orthonormal basic

frame in Q and {θa} its gQ-dual basic 1-form.

The foliation F is said to be isoparametric if κ ∈ Ω1
B(F). We already

know that κ is closed, i.e., dκ = 0 if F is isoparametric ([28]).

Definition 2.16 The basic Laplacian acting on Ω∗
B(F) is defined by

∆B = dBδB + δBdB. (2.15)

The following theorem is proved in the same way as the corresponding

usual result in De Rham-Hodge Theory.

Theorem 2.17 ([28]) Let F be a transversally oriented Riemannian fo-

liation on a closed oriented manifold (M, gM). Assume gM to be bundle-

like metric with κ ∈ Ω1
B(F). Then there is a decomposition into mutually

orthogonal subspaces

Ωr
B(F) = imdB ⊕ imδB ⊕Hr

B(F)

with finite dimensional Hr
B(F) = {ω ∈ Ωr

B(F)|∆Bω = 0}. Moreover,

Hr
B(F) ∼= Hr

B(F).

If F is the foliation by points of M , the basic Laplacian is the ordinary

Laplacian. In the more general case, the basic Laplacian and its spectrum

provide information about the transverse geometry of (M,F)([26]).

9



2.5 Curvatures of transversally conformal metrics

Let (M, gM ,F) be a compact Riemannian manifold with a transverse spin

foliation F of codimension q and a bundle-like metric gM with respect to

F . Now, we consider, for any real basic function u onM , the transversally

conformal metric ḡQ = e2ugQ. Let ∇̄ be the metric and torsion free

connection corresponding to ḡQ. Then we have the following proposition.

Proposition 2.18 ([15]) On a Riemannian foliation, we have that for

X, Y ∈ ΓTM ,

∇̄Xπ(Y ) = ∇Xπ(Y ) +X(u)π(Y ) + Y (u)π(X)− gQ(π(X), π(Y ))dBu,

(2.16)

where dBu := grad∇(u) =
∑

aEa(u)Ea is a transversal gradient of u.

Proof. Since ∇̄ is the metric and torsion free connection with respect

to ḡQ on Q, we have

2ḡQ(∇̄Xs, t) =XḡQ(s, t) + YsḡQ(π(X), t)− ZtḡQ(π(X), s)

+ ḡQ(π[X, Ys], t) + ḡQ(π[Zt, X], s)− ḡQ(π[Ys, Zt], π(X)),

where π(Ys) = s and π(Zt) = t. From this formula, the proof is com-

pleted. 2

Proposition 2.19 On a Riemannian foliation, the curvature tensor as-

sociated with ḡQ is given by

R∇̄(X, Y )s =R∇(X, Y )s− gQ(π(Y ), s)∇XdBu+ gQ(π(X), s)∇Y dBu

+ {Y (u)s(u)− gQ(π(Y ), s)|dBu|2 − gQ(∇Y dBu, s)}π(X)

− {X(u)s(u)− gQ(π(X), s)|dBu|2 − gQ(∇XdBu, s)}π(Y )

+ {X(u)gQ(π(Y ), s)− Y (u)gQ(π(X), s)}dBu

for any X, Y ∈ TM and s ∈ ΓQ.
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Proof. By a direct calculation, from (2.16), we have

∇̄X∇̄Y s

= ∇X∇Y s+X(u)∇Y s+ Y (u)∇Xs+ s(u)∇Xπ(Y )− gQ(π(Y ), s)∇XdBu

+ {gQ(∇Y s, dBu) + Y (u)s(u) + s(u)Y (u)− gQ(π(Y ), s)|dBu|2}π(X)

+ {gQ(∇Xs, dBu) + gQ(s,∇XdBu) +X(u)s(u)}π(Y )

+ {gQ(∇Xπ(Y ), dBu) + gQ(π(Y ),∇XdBu) +X(u)Y (u)}s

+ {−gQ(π(X),∇Y s)− Y (u)gQ(π(X), s)− s(u)gQ(π(X), π(Y ))

− gQ(∇Xπ(Y ), s)− gQ(π(Y ),∇Xs)}dBu.

Hence the proof is completed. 2

Lemma 2.20 On a Riemannian foliation, the mean curvature form κḡ

associated with ḡQ = e2ugQ satisfies κḡ = e−2uκ. Moreover, vḡ = equvg

for volume element vg of gQ.

Proof. From (2.7), (2.8), we have

gM(τ,X) = gM(
∑

i

∇M
Ei
Ei, X), ∀X ∈ ΓQ,

where {Ei}i=1,··· ,p is an orthonormal basis of L. Let ḡM = gL + ḡQ be

a transversally conformal metric of gM . Then Ēi = Ei (i = 1, · · · , p).

Hence we have that, for any X ∈ Q,

ḡM(τḡ, X) =ḡM(
∑

i

∇̄M
Ēi
Ēi, X) = ḡM(

∑
i

∇̄M
Ei
Ei, X)

=
1

2

∑
i

{EiḡM(Ei, X) + EiḡM(Ei, X)−XḡM(Ei, Ei)

+ ḡM([Ei, Ei], X) + ḡM([X,Ei], Ei)− ḡM([Ei, X], Ei)}

=gM(
∑

i

∇M
Ei
Ei, X) = gM(τ,X).

11



In the last equality of the above equation, we used the fact that gM(X, Y ) =

0 for X ∈ ΓL, Y ∈ ΓQ and gL = ḡL. Hence we have that, for any X ∈ Q,

e2ugQ(τḡ, X) = ḡM(τḡ, X) = gM(τ,X) = gQ(τ,X),

which implies τḡ = e−2uτ and so κḡ = e−2uκ. On the other hand, the

volume form vḡ of ḡQ is given by

vḡ = θ̄1 ∧ · · · ∧ θ̄q.

Since θ̄a = euθa, the last statement follows. 2

Lemma 2.21 On a Riemannian foliation, the basic Laplacian ∆̄B asso-

ciated with ḡQ = e2ugQ satisfies

∆̄Bf = e−2u{∆Bf − (q − 2)gQ(dBf, dBu)} (2.17)

for any basic function f .

Proof. From (2.14) and (2.15), we have

∆̄Bf :=δ̄Bd̄Bf

=−
∑
a,b

i(Ēa)∇̄Ēa
(θ̄b ∧ ∇̄Ēb

f) + i(κḡ)d̄Bf

=−
∑
a,b

Ēb(f)ḡQ(Ēa, ∇̄Ēa
Ēb)−

∑
a

ĒaĒa(f) + κḡ(f),

where {Ēa} is an orthonormal basic frame associated to ḡQ and {θ̄a} its

ḡQ-dual 1-form. Note that from (2.16)

∇̄EaĒb = Ēb(u)Ea − e−uδabdBu. (2.18)

Hence we have

∆̄Bf =−
∑
a,b

Ēb(f)Ēb(u) +
∑
a,b

Ēb(f)δabĒa(u)

+
∑

a

Ēa(u)Ēa(f)− e−2u
∑

a

EaEa(f) + e−2uκ(f)

=e−2u{∆Bf − (q − 2)Ea(u)Ea(f) },

12



which proves (2.17). 2

From (2.17), we have the following corollary.

Corollary 2.22 For any transversally conformal change ḡQ = e2ugQ =

h
4

q−2 gQ (q ≥ 3) on F , we have

e2u∆̄B(h−1f) = h−1∆Bf − fh−2∆Bh. (2.19)

Proof. From (2.17), we have

e2u∆̄B(h−1f) = ∆B(h−1f)− (q − 2)gQ(dBu, dB(h−1f)).

On the other hand, a direct calculation gives

∆B(h−1f) = −fh−2∆Bh+ h−1∆Bf − 2fh−3|dBh|2 + 2h−2gQ(dBh, dBf).

Since u = 2
q−2

lnh, we have

gQ(dBu, dB(h−1f)) = − 2

q − 2
fh−3|dBh|2 +

2

q − 2
h−2gQ(dBh, dBf).

Hence we completed the proof. 2

The transversal Ricci curvature ρ∇̄ of ḡQ = e2ugQ and the transversal

scalar curvature σ∇̄ of ḡQ are related to the transversal Ricci curvature

ρ∇ of gQ and the transversal scalar curvature σ∇ of gQ by the following

lemma.

Lemma 2.23 ([15]) On a Riemannian foliation F , we have that for any

X ∈ Q,

e2uρ∇̄(X) =ρ∇(X) + (2− q)∇XdBu+ (2− q)|dBu|2X (2.20)

+ (q − 2)X(u)dBu+ {∆Bu− κ(u)}X,

e2uσ∇̄ =σ∇ + (q − 1)(2− q)|dBu|2 + 2(q − 1){∆Bu− κ(u)}. (2.21)
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Corollary 2.24 On a Riemannian foliation F , the scalar curvature σ∇̄

associated with ḡQ = e2ugQ = h
4

q−2 gQ is simplied as

h
q+2
q−2σ∇̄ = 4

q − 1

q − 2
{∆Bh− κ(h)}+ σ∇h. (2.22)

Proof. Since u = 2
q−2

lnh for q ≥ 3, we have dBu = 2
q−2

h−1dBh. Hence

we have

∆Bu =
2

q − 2
h−2|dBh|2 +

2

q − 2
h−1∆Bh. (2.23)

From (2.21), we have

σ∇̄ = h
−4
q−2σ∇ + 4

q − 1

q − 2
h−

q+2
q−2 ∆Bh− 4

q − 1

q − 2
h−

q+2
q−2κ(h),

which implies (2.22). 2

Now we define the generalized basic Yamabe operator Ỹb by

Ỹb = 4
q − 1

q − 2
(∆B −∇κ) + σ∇. (2.24)

Lemma 2.25 On a Riemannian foliation F of codimension q ≥ 3, the

generalized basic Yamabe operator of the transversally conformal metric

satisfies the following equation: For ḡQ = h
4

q−2 gQ,

¯̃Yb(h
−1f) = h

−q−2
q−2 Ỹbf. (2.25)

Proof. From (2.19), (2.22) and (2.24), we have

¯̃Yb(h
−1f) =4

q − 1

q − 2
{∆̄B(h−1f)− ∇̄κ(h

−1f) + σ∇̄(h−1f)

=4
q − 1

q − 2
h
−q−2
q−2 {∆Bf − κ(f)}+ h

−q−2
q−2 σ∇f,

which implies (2.25). 2
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Definition 2.26 For any vectors X, Y ∈ TM and s ∈ ΓQ, the transver-

sal Weyl conformal curvature tensor W∇ is defined by

W∇(X, Y )s

= R∇(X, Y )s

+
1

q − 2
{gQ(ρ∇(π(X)), s)π(Y )− gQ(ρ∇(π(Y )), s)π(X)

+ gQ(π(X), s)ρ∇(π(Y ))− gQ(π(Y ), s)ρ∇(π(X))}

− σ∇

(q − 1)(q − 2)
{gQ(π(X), s)π(Y )− gQ(π(Y ), s)π(X)}.

(2.26)

By a direct calculation, the transversal Weyl conformal curvature tensor

W∇ vanishes identically for q = 3, where q = codimF . Moreover, we

have the following theorem ([13]).

Theorem 2.27 Let (M, gM ,F) be a Riemannian manifold with a folia-

tion F and a bundle-like metric gM with respect to F . Then the transver-

sal Weyl conformal curvature tensor is invariant under any transversally

conformal change of gM .

Proof. By a long calculation with Proposition 2.19 and Lemma 2.23, we

have that W ∇̄ = W∇. 2
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3 Transversal Dirac operators

3.1 Clifford algebras

Definition 3.1 Let V be a vector space over a field K = {R,C} of

dimension n and g a non-degenerate bilinear form on V . The Clifford

algebra Cl(V, g) associated to g on V is the algebra over K generated

by V with the relation

v · w + w · v = −2g(v, w) (3.1)

for v, w ∈ V . The product “ ·” is called the Clifford multiplication.

Remark. (1) If (E1, E2, · · · , En) is a g-orthonormal basis of V , then

{Ei1 · Ei2 · ... · Eik |1 ≤ i1 < i2 < · · · < ik ≤ n, 0 ≤ k ≤ n}

is a basis of Cl(V, g), and so dimCl(V, g) = 2n.

(2) There is a canonical isomorphism of vector spaces between the

exterior algebra and the Clifford algebra of (V, g) which is given by :

∧∗V '→ Cl(V, g) as Ei1 ∧ ... ∧ Eik 7→ Ei1 · ... · Eik .

This isomorphism does not depend on the choice of the basis. Let us

denote Cln = Cl(Rn, <,>). Then we have the following proposition.

Proposition 3.2 ([21]) For all v ∈ Rn and all ϕ ∈ Cln, we have

v · ϕ ' v ∧ ϕ− i(v)ϕ and ϕ · v ' (−1)p(v ∧ ϕ+ i(v)ϕ),

where ∧ denotes the exterior, i(v) the interior product and ϕ ∈ ∧pRn ⊂

∧∗Rn ' Cln.
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Definition 3.3 The Pin group Pin(V ) is defined by

Pin(V ) = {a ∈ Cl(V )|a = a1 · · · ak, ‖ai‖ = 1}. (3.2)

The Spin group is defined by

Spin(V ) = {a ∈ Pin(V )|aat = 1}, (3.3)

where at = ak · · · a1 for any a = a1 · · · ak. Equivalently, Spin(V ) =

{e1 · · · e2k||ei| = 1}.

Let V be a real vector space. Then Spin(V ) is a compact and connected

Lie group, and for dimV ≥ 3, it is also simply connected. Thus, for

dimV ≥ 3, Spin(V ) is the universal cover of SO(V )(for detail, see [21]).

3.2 Basic Dirac operator

Let (M, gM ,F) be a Riamannian manifold with a transversally oriented

Riemannian foliation F of codimension q and a bundle-like metric gM

with respect to F . Let SO(q) → PSO → M be the principal bundle

of (oriented) transverse orthonormal framings. Then a transverse spin

structure is a principal Spin(q)-bundle PSpin together with two sheeted

covering ξ : PSpin → PSO such that ξ(p · q) = ξ(p)ξ0(g) for all p ∈ PSpin,

g ∈ Spin(q), where ξ0 : Spin(q) → SO(q) is a covering. In this case,

the foliation F is called a transverse spin foliation. We then define the

foliated spinor bundle S(F) associated to PSpin by

S(F) = PSpin ×Spin(q) Sq,

where Sq is the irreducible spinor space associated to Q. The Hermitian

metric < ·, · > on S(F) induced from gQ satisfies the following relation:

< ϕ,ψ >=< v · ϕ, v · ψ > (3.4)
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for every v ∈ Q, gQ(v, v) = 1 and ϕ, ψ ∈ Sq. And the Riemannian

connection ∇ on PSO defined by (2.5) can be lifted to one on PSpin, in

particular, to one on S(F), which will be denoted by the same letter.

Let (M, gM ,F) be a compact Riemannian manifold with a transverse

spin foliation F of codimension q and a bundle-like metric gM such that

∆Bκ = 0. The existence of such a metric is assured from [23, 24]. Let

S(F) be a foliated spinor bundle on a transverse spin foliation F and

< ·, · > a Hermitian metric on S(F). By the Clifford multiplication “ ·

” in the fibers of S(F) for any vector field X ∈ Q and any spinor field

Ψ ∈ S(F), the Clifford multiplication X ·Ψ ∈ S(F) is well-defined. Then

we have

Proposition 3.4 For any X, Y ∈ ΓQ and Φ ∈ ΓS(F), the following

properties hold:

(X · Y + Y ·X)Φ = −2gQ(X, Y )Φ, (3.5)

< X ·Ψ,Φ > + < Ψ, X · Φ >= 0. (3.6)

Proposition 3.5 ([8,21]) The spinorial covariant derivative on S(F) is

given locally by:

∇Ψα =
1

4

∑
a,b

gQ(∇Ea, Eb)Ea · Eb ·Ψα, (3.7)

where Ψα is an orthonormal basis of Sq. And the curvature transform

RS on S(F) is given as

RS(X, Y )Φ =
1

4

∑
a,b

gQ(R∇(X,Y )Ea, Eb)Ea · Eb · Φ (3.8)

for X, Y ∈ TM , where {Ea} is an orthonormal basis of the normal bundle

Q.
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Proposition 3.6 ([21]) For any X ∈ ΓTM , Y ∈ ΓQ, and Ψ,Φ ∈

ΓS(F), we have

∇X(Y ·Ψ) = (∇XY ) ·Ψ + Y · (∇XΨ), (3.9)

X < Ψ,Φ >=< ∇XΨ,Φ > + < Ψ,∇XΦ > . (3.10)

We now define a canonical section R∇ of Hom(S(F), S(F)) by the for-

mula

R∇(Ψ) =
∑
a<b

Ea · Eb ·RS(Ea, Eb)Ψ. (3.11)

Theorem 3.7 ([10]) On the foliated spinor bundle S(F), we have the

following equation∑
a

Ea ·RS(X,Ea)Ψ = −1

2
ρ∇(X) ·Ψ (3.12)

for all X ∈ ΓQ.

Corollary 3.8 ([10]) On S(F), we have R∇ = 1
4
σ∇.

Definition 3.9 The transversal Dirac operator Dtr is locally defined

by

DtrΨ =
∑

a

Ea · ∇EaΨ− 1

2
κ ·Ψ for Ψ ∈ ΓS(F), (3.13)

where {Ea} is a local orthonormal basic frame of Q.

We can easily prove that Dtr is formally self-adjoint. i.e.,∫
M

< DtrΨ,Φ >gQ
=

∫
M

< Ψ, DtrΦ >gQ
(3.14)

for all Ψ, Φ ∈ ΓS(F). We define the subspace ΓB(S(F)) of basic or

holonomy invariant sections of S(F) by

ΓB(S(F)) = {Ψ ∈ ΓS(F) | ∇XΨ = 0 for X ∈ ΓL}.
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Trivially, we see that Dtr leaves ΓB(S(F)) invariant if and only if the

foliation F is isoparametric, i.e., κ ∈ Ω1
B(F). Let Db = Dtr|ΓB(S(F)) :

ΓB(S(F)) → ΓB(S(F)). This operator Db is called the basic Dirac op-

erator on (smooth) basic sections.

Theorem 3.10 ([7,10]) On an isoparametric transverse spin foliation F

with δBκ = 0, the Lichnerowicz type formula is given by

D2
trΨ = ∇∗

tr∇trΨ +
1

4
K∇

σ Ψ, (3.15)

where K∇
σ = σ∇ + |κ|2 and

∇∗
tr∇trΨ = −

∑
a

∇2
Ea,Ea

Ψ +∇κΨ (3.16)

with ∇2
X,Y = ∇X∇Y −∇∇M

X Y for all X, Y ∈ ΓTM .

The operator ∇∗
tr∇tr is non-negative and formally self-adjoint([10]) such

that ∫
M

< ∇∗
tr∇trΦ,Ψ >gQ

=

∫
M

< ∇trΦ,∇trΨ >gQ
(3.17)

for all Φ, Ψ ∈ ΓS(F).

3.3 The transversal Dirac operator of transversally

conformal metrics

Now, we consider, for any real basic function u on M , the transversally

conformal metric ḡQ = e2ugQ. Let PSO(F) and P̄SO(F) be the princi-

pal bundles of gQ- and ḡQ-orthogonal frames, respectively. Locally, the

section s̄ of P̄SO(F) corresponding a section s = (E1, · · · , Eq) of PSO(F)

is s̄ = (Ē1, · · · , Ēq), where Ēa = e−uEa(a = 1, · · · , q). This isometry

will be denoted by Iu. Thanks to the isomorphism Iu one can define a
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transverse spin structure P̄spin(F) on F in such a way that the diagram

Pspin(F)
Ĩu−−−→ P̄spin(F)y y

Pso(F)
Iu−−−→ P̄so(F)

commutes.

Let S̄(F) be the foliated spinor bundles associated with P̄spin(F). For

any section Ψ of S(F), we write Ψ̄ ≡ IuΨ. If < , >gQ
and < , >ḡQ

denote

respectively the natural Hermitian metrics on S(F) and S̄(F), then for

any Φ, Ψ ∈ ΓS(F)

< Φ,Ψ >gQ
=< Φ̄, Ψ̄ >ḡQ

, (3.18)

and the Clifford multiplication in S̄(F) is given by

X̄ ·̄ Ψ̄ = X ·Ψ for X ∈ ΓQ. (3.19)

Proposition 3.11 ([15]) The connections ∇ and ∇̄ acting respectively

on the sections of S(F) and S̄(F), are related, for any vector field X and

any spinor field Ψ by

∇̄XΨ̄ = ∇XΨ− 1

2
π(X) · dBu ·Ψ− 1

2
gQ(dBu, π(X))Ψ̄. (3.20)

Let D̄tr be the transversal Dirac operator associated with the metric

ḡQ = e2ugQ and acting on the sections of the foliated spinor bundles

S̄(F). Let {Ea} be a local frame of PSO(F) and {Ēa} a local frame of

P̄SO(F). Locally, D̄tr is expressed by

D̄trΨ̄ =
∑

a

Ēa ·̄ ∇̄Ēa
Ψ̄− 1

2
κḡ ·̄ Ψ̄, (3.21)

where κḡ is the mean curvature form associated with ḡQ. Using (3.19),

we have that for any Ψ

D̄trΨ̄ = e−u
(
DtrΨ +

q − 1

2
dBu ·Ψ

)
. (3.22)
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Now, for any function f , we have

Dtr(fΨ) = dBf ·Ψ + fDtrΨ. (3.23)

Hence we have

D̄tr(fΨ̄) = e−udBf ·Ψ + fD̄trΨ̄. (3.24)

From (3.22) and (3.24), we have the following proposition.

Proposition 3.12 ([15]) Let F be the transverse spin foliation of codi-

mension q. Then the transverse Dirac operators Dtr and D̄tr satisfy

D̄tr(e
− q−1

2
uΨ̄) = e−

q+1
2

uDtrΨ (3.25)

for any spinor field Ψ ∈ S(F).

From Proposition 3.12, if DtrΨ = 0, then D̄trΦ̄ = 0, where Φ = e−
q−1
2

uΨ,

and conversely. So, on the transverse spin foliation F , the dimesion of

the space of the foliated harmonic spinors is a transversally conformal

invariant.

Theorem 3.13 On the transverse spin foliation with the basic harmonic

mean curvature form κ, we have that on S̄(F)

D̄2
trΨ̄ = ∇̄∗

tr∇̄trΨ̄ +
1

4
K∇̄

σ Ψ̄, (3.26)

where

∇̄∗
tr∇̄trΨ̄ = −

∑
a

∇̄Ēa
∇̄Ēa

Ψ̄ + ∇̄∑
a ∇̄Ēa

Ēa
Ψ̄ + ∇̄κḡΨ̄, (3.27)

K∇̄
σ = σ∇̄ + |κ̄|2 + 2(q − 2)κḡ(u). (3.28)
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Proof. Fix x ∈ M and choose a local orthonormal basic frame {Ea}

satisfying (∇Ea)x = 0 at x ∈M . Then by definition,

D̄2
trΨ̄ =

∑
a,b

Ēb ·̄ ∇̄Ēb
Ēa ·̄ ∇̄Ēa

Ψ̄ +
∑
a,b

Ēb ·̄ Ēa ·̄ ∇̄Ēb
∇̄Ēa

Ψ̄

− 1

2

∑
b

Ēb ·̄ ∇̄Ēb
κḡ ·̄ Ψ̄− 1

2

∑
b

Ēb ·̄ κḡ ·̄ ∇̄Ēb
Ψ̄

− 1

2

∑
a

κḡ ·̄ Ēa ·̄ ∇̄Ēa
Ψ̄ +

1

4
κḡ ·̄ κḡ ·̄ Ψ̄.

From (2.18), we have∑
a,b

Ēb ·̄ ∇̄Ēb
Ēa ·̄ ∇̄Ēa

Ψ̄ = −e−u
(
q∇̄dBuΨ̄ +

∑
a

Ēa ·̄ dBu ·̄ ∇̄Ēa
Ψ̄

)
,

and∑
a,b

Ēb ·̄ Ēa ·̄ ∇̄Ēb
∇̄Ēa

Ψ̄ =−
∑

a

∇̄Ēa
∇̄Ēa

Ψ̄ +
∑
a<b

Ēa ·̄ Ēb ·̄ R̄S(Ēa, Ēb)Ψ̄

+
∑
a<b

Ēa ·̄ Ēb ·̄ ∇̄[Ēa,Ēb]Ψ̄.

Also, we have

∇̄Ēb
κḡ =e−u

(
− e−2uEb(u)κ+ e−2u∇Eb

κ+ e−2uκ(u)Eb

− e−2ugQ(Eb, κ)dBu
)
,

and so∑
b

Ēb ·̄ ∇̄Ēb
κḡ ·̄ Ψ̄ =e−2u

( ∑
b

Eb · ∇Eb
κ ·Ψ + (2− q)κ(u)Ψ̄

)
=− |κ̄|2Ψ̄− (q − 2)κḡ(u)Ψ̄,

and

−1

2

∑
b

Ēb ·̄ κḡ ·̄ ∇̄Ēb
Ψ̄− 1

2

∑
a

κḡ ·̄ Ēa ·̄ ∇̄Ēa
Ψ̄ = ∇̄κḡΨ̄.
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Hence we have

D̄2
trΨ̄ =−

∑
a

∇̄Ēa
∇̄Ēa

Ψ̄ + ∇̄∑
a ∇̄Ēa

Ēa
Ψ̄ + ∇̄κḡΨ̄

+
∑
a<b

Ēa ·̄ Ēb ·̄ R̄S(Ēa, Ēb)Ψ̄ +
1

2
(q − 2)κḡ(u)Ψ̄ +

1

4
|κ̄|2Ψ̄.

From (3.11) and Corollary 3.8, the proof is completed. 2

Lemma 3.14 Let (M, gM ,F) be a compact Riemannian manifold with

a foliation F and a bundle-like metric gM with respect to F . Then∫
M

< ∇̄∗
tr∇̄trΨ̄, Φ̄ >ḡQ

=

∫
M

< ∇̄trΨ̄, ∇̄trΦ̄ >ḡQ
(3.29)

for all Φ, Ψ ∈ S(F), where < ∇̄trΨ̄, ∇̄trΦ̄ >ḡQ
=

∑
a < ∇̄Ēa

Ψ̄, ∇̄Ēa
Φ̄ >ḡQ

.

Proof. Fix x ∈ M and choose an orthonormal basic frame {Ea} such

that (∇Ea)x = 0 for all a. Then, from (3.27), we have

< ∇̄∗
tr∇̄trΨ̄, Φ̄ >ḡQ

=−
∑

a

< ∇̄Ēa
∇̄Ēa

Ψ̄, Φ̄ >ḡQ
+ < ∇̄∑

a ∇̄Ēa
Ēa

Ψ̄, Φ̄ >ḡQ
+ < ∇̄κḡΨ̄, Φ̄ >ḡQ

=−
∑

a

Ēa < ∇̄Ēa
Ψ̄, Φ̄ >ḡQ

+
∑

a

< ∇̄Ēa
Ψ̄, ∇̄Ēa

Φ̄ >ḡQ

+ (1− q)e−2u < ∇̄dBuΨ̄, Φ̄ >ḡQ
+ < ∇̄κḡΨ̄, Φ̄ >ḡQ

=− div∇̄(V ) +
∑

a

< ∇̄Ēa
Ψ̄, ∇̄Ēa

Φ̄ >ḡQ
+ < ∇̄κḡΨ̄, Φ̄ >ḡQ

,

where V ∈ ΓQ ⊗ C are defined by ḡQ(V, Z) =< ∇̄ZΨ̄, Φ̄ >ḡQ
for all

Z ∈ ΓQ. The last line is proved as follows: At x ∈M ,

div∇̄(V ) =
∑

a

ḡQ(∇̄Ēa
V, Ēa)

=
∑

a

ĒaḡQ(V, Ēa)− ḡQ(V, ∇̄Ēa
Ēa)

=
∑

a

Ēa < ∇̄Ēa
Ψ̄, Φ̄ >ḡQ

−(1− q)e−2u < ∇̄dBuΨ̄, Φ̄ >ḡQ
.
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By the transversal divergence theorem on F([30]), we have∫
M

div∇̄(V )vḡ =

∫
M

ḡQ(κḡ, V )vḡ =

∫
M

< ∇̄κḡΨ̄, Φ̄ >ḡQ
vḡ,

where vḡ is the volume form associated to the metric ḡM = gL + ḡQ. By

integrating, we obtain our result. 2

Proposition 3.15 Let (M, gM ,F) be a compact Riemannian manifold

with a transverse spin foliation F of codimension q and a bundle-like

metric gM . Then for any spinor fields Ψ, Φ ∈ S(F)∫
M

< D̄trΨ̄, Φ̄ >ḡQ
vḡ =

∫
M

< Ψ̄, D̄trΦ̄ >ḡQ
vḡ. (3.30)

Proof. For a transversally conformal change ḡQ = e2ugQ, we know that

vḡ = equvg. Hence we have, from (3.14), (3.18), and (3.22),∫
M

< D̄trΨ̄, Φ̄ >ḡQ
vḡ

=

∫
M

< DtrΨ, e
(q−1)uΦ >gQ

vg +
q − 1

2

∫
M

e(q−1)u < dBu ·Ψ,Φ >gQ
vg

=

∫
M

< Ψ, Dtr(e
(q−1)uΦ) >gQ

vg −
q − 1

2

∫
M

e(q−1)u < Ψ, dBu · Φ >gQ
vg

=

∫
M

< Ψ̄, e−u(DtrΦ +
q − 1

2
dBu · Φ) >ḡQ

vḡ

=

∫
M

< Ψ̄, D̄trΦ̄ >ḡQ
vḡ. 2
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4 Eigenvalue estimate with a transversal

twistor operator

4.1 Eigenvalue estimate

Let (M, gM ,F , S(F)) be a Riemannian manifold with a transverse spin

foliation F of codimension q and a bundle-like metric gM such that κ is

basic-harmonic. The existence of the bundle-like metric gM for (M,F)

such that κ is basic-harmonic is assured from ([21,22]).

Definition 4.1 For any real number s 6= 0, we put P s
trΨ =

∑
a

Ea ⊗

P s
Ea

Ψ, where

P s
XΨ = ∇XΨ +

1

s
π(X) ·DtrΨ (4.1)

for any X ∈ TM . This operator P s
tr is called the transversal twistor

operator of type s on S(F) and the spinor field in KerP s
tr is called the

transversal twistor of type s.

By a direct calculation, we have the following([12]).

Lemma 4.2 For any spinor field Ψ, we have∫
M

|P s
trΨ|2 =

∫
M

(
f(s)|DtrΨ|2 −

1

4
K∇

σ |Ψ|2
)
− 1

s

∫
M

F (Ψ), (4.2)

where f(s) =
q

s2
− 2

s
+ 1 and F (Ψ) = Re < κ ·Ψ, DtrΨ >.

Since f(s) has a minimum
q − 1

q
at s = q, we have the following theorem.

Theorem 4.3 ([10,12]) Let (M, gM ,F) be a compact Riemannian man-

ifold with a transverse spin foliation F and a bundle-like metric gM .

Assume that K∇
σ ≥ 0. Then any eigenvalue λ of Db satisfies

λ2 ≥ q

4(q − 1)
inf
M
K∇

σ . (4.3)
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Now, we estimate the eigenvalues of the basic Dirac operator with the

transversally conformal change ḡQ = e2ugQ. On S̄(F), we define the

transversal twistor operator P̄ s
tr : TM ⊗ S̄(F) → S̄(F) of type s by

P̄ s
XΨ̄ = ∇̄XΨ̄ +

1

s
π(X) ·̄ D̄trΨ̄. (4.4)

Proposition 4.4 For any spinor field Ψ, we have

P̄ s
XΨ̄ = P s

XΨ +
q − s− 1

2s
π(X) · dBu ·Ψ− 1

2
gQ(dBu, π(X))Ψ̄. (4.5)

Proof. From (3.20), (3.22), and (4.1), we have that, for any spinor Ψ,

P̄ s
XΨ̄ =∇̄XΨ̄ +

1

s
π(X) ·̄ D̄trΨ̄

=∇XΨ− 1

2
π(X) · dBu ·Ψ− 1

2
gQ(dBu, π(X))Ψ̄

+
1

s
π(X) ·̄ e−u{DtrΨ +

q − 1

2
dBu ·Ψ}

=∇XΨ +
1

s
π(X) ·DtrΨ

+
q − s− 1

2s
π(X) · dBu ·Ψ− 1

2
gQ(dBu, π(X))Ψ̄

=P s
XΨ +

q − s− 1

2s
π(X) · dBu ·Ψ− 1

2
gQ(dBu, π(X))Ψ̄. 2

Theorem 4.5 For any spinor field Ψ, we have

P̄ q
tr(e

u
2 Ψ̄) = e−

u
2P q

trΨ. (4.6)

Hence the dimension of the transversal twistor spinor space of type q is

invariant under the conformal change.
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Proof. From (4.5), we have

P̄ s
X(e

u
2 Ψ̄) =e

u
2 P̄ s

XΨ̄ +X(e
u
2 )Ψ̄ +

1

s
e−uπ(X) ·̄ dBe

u
2 ·Ψ

=e
u
2P s

XΨ +
q − s− 1

2s
e

u
2 π(X) · dBu ·Ψ

− 1

2
e

u
2 gQ(dBu, π(X))Ψ̄ +

1

2
e

u
2X(u)Ψ̄

+
1

2s
e

u
2 π(X) · dBu ·Ψ

=e
u
2 {P s

XΨ +
q − s

2s
π(X) · dBu ·Ψ}. 2

Lemma 4.6 For any spinor field Ψ, we have

|P̄ s
trΨ̄|2 = |∇̄trΨ̄|2 +

q − 2s

s2
|D̄trΨ̄|2 −

1

s
F̄ (Ψ̄), (4.7)

where F̄ (Ψ̄) = Re < κḡ ·̄ Ψ̄, D̄trΨ̄ >ḡQ
.

Proof. By direct calculation, we have, from (4.4) and (3.21),

|P̄ s
trΨ̄|2 =

∑
a

< P̄ s
Ēa

Ψ̄, P̄ s
Ēa

Ψ̄ >ḡQ

=
∑

a

< ∇̄Ēa
Ψ̄, ∇̄Ēa

Ψ̄ >ḡQ
+

1

s2

∑
a

< Ēā· D̄trΨ̄, Ēā· D̄trΨ̄ >ḡQ

− 1

s

∑
a

{< Ēā· ∇̄Ēa
Ψ̄, D̄trΨ̄ >ḡQ

+ < D̄trΨ̄, Ēā· ∇̄Ēa
Ψ̄ >ḡQ

}

=|∇̄trΨ̄|2 +
q

s2
|D̄trΨ̄|2 −

2

s
|D̄trΨ̄|2 −

1

s
F̄ (Ψ̄)

=|∇̄trΨ̄|2 + (
q

s2
− 2

s
)|D̄trΨ̄|2 −

1

s
F̄ (Ψ̄). 2

Corollary 4.7 For any spinor field Ψ, we have∫
M

|P̄ s
trΨ̄|2 =

∫
M

(
f(s)|D̄trΨ̄|2 −

1

4
K∇̄

σ |Ψ̄|2
)
− 1

s

∫
M

F̄ (Ψ̄), (4.8)

where f(s) =
q

s2
− 2

s
+ 1.
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Let DbΦ = λΦ(Φ 6= 0) and Ψ = e−
q−1
2

uΦ. By Proposition 3.12, we get

D̄bΨ̄ = λe−uΨ̄. (4.9)

Since < X ·Ψ,Ψ > is pure imaginary for any X ∈ ΓQ, we have

F̄ (Ψ̄) = Re < κḡ ·̄ Ψ̄, D̄trΨ̄ >ḡQ
= λe−2uRe < κ ·Ψ,Ψ >gQ

= 0.

From (4.8), we get∫
M

|P̄ s
trΨ̄|2 =

∫
M

e−2u
(
f(s)λ2 − 1

4
e2uK∇̄

σ

)
|Ψ̄|2

≤
∫

M

e−2u
(
f(s)λ2 − 1

4
inf
M

(e2uK∇̄
σ )

)
|Ψ̄|2. (4.10)

Since f(s) has a minimum
q − 1

q
at s = q, we have that for any basic

function u,

λ2 ≥ q

4(q − 1)
inf
M

(e2uK∇̄
σ ).

Hence we have the following theorem.

Theorem 4.8 (cf. [15]) Let (M, gM ,F) be a compact Riemannian man-

ifold with a transverse spin foliation F of codimension q ≥ 2 and bundle-

like metric gM such that κ ∈ Ω1
B(F) and δκ = 0. Assume that K∇̄

σ ≥ 0

for some transversally conformal metric ḡQ = e2ugQ. Then we have

λ2 ≥ q

4(q − 1)
sup

u
inf
M

(e2uK∇̄
σ ), (4.11)

where K∇̄
σ = σ∇̄ + |κ̄|2 + 2(q − 2)κḡ(u).

Lemma 4.9 Let Ku = {u ∈ Ω0
B(F)|κ(u) = 0}. Assume that we choose

u ∈ Ku and the positive function h by u =
2

q − 2
lnh for q ≥ 3, then we

have

e2uK∇̄
σ =

K∇
σ + 2(q − 1)∆Bu+ (q − 1)(2− q)|dBu|2,

h−1Ybh+ |κ|2 (q ≥ 3).
(4.12)
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Proof. From the equation (2.21), we have

e2uK∇̄
σ = σ∇+ |κ|2 +2(q− 1)∆Bu+(q− 1)(2− q)|dBu|2− 2κ(u). (4.13)

From (2.23), we have

∆Bu =
2

q − 2

(
h−2|dBh|2 + h−1∆Bh

)
. (4.14)

Since u =
2

q − 2
lnh for q ≥ 3, we have dBu =

2

q − 2
h−1dBh and hence

|dBu|2 =
( 2

q − 2

)2

h−2|dBh|2. (4.15)

Hence, from (4.13), we have

e2uK∇̄
σ =


σ∇ + |κ|2 +

4(q − 1)

q − 2
h−1∆Bh−

4

q − 2
h−1κ(h),

h−1Ybh+ |κ|2 − 4

q − 2
h−1κ(h) (q ≥ 3),

(4.16)

where Yb = 4 q−1
q−2

∆B + σ∇, which is called a basic Yamabe operator of F ,

and it is trivial that e2uK∇̄
σ = h

4
q−2 K∇̄

σ . Since u ∈ Ku, κ(u) = 0 = κ(h),

which proves (4.12). 2

Corollary 4.10 (cf. [15]) Let (M, gM ,F) be a compact Riemannian man-

ifold with a transverse spin foliation F and bundle-like metric gM such

that κ ∈ Ω1
B(F) and δκ = 0. Assume that K∇

σ ≥ 0. Then

λ2 ≥


q

4(q − 1)
sup
u∈Ku

inf
M
{K∇

σ + 2(q − 1)∆Bu+ (q − 1)(2− q)|dBu|2},

q

4(q − 1)
sup
h∈Ku

inf
M
{h−1Ybh+ |κ|2} (q ≥ 3).

Assume that the transversal scalar curvature σ∇ is non-negative. Then

the eigenvalue h1 associated to the first eigenvalue µ1 of Yb can be chosen

to be positive and then µ1 is non-negative. Thus

h−1
1 Ybh1 = µ1. (4.17)

Since sup inf{h−1Ybh} ≥ µ1, we have the following corollary.
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Corollary 4.11 (cf. [15]) Let (M, gM ,F) be a compact Riemannian man-

ifold with a transverse spin foliation F of codimension q ≥ 3 and bundle-

like metric gM with κ ∈ Ω1
B(F) and δκ = 0. If the transversal scalar

curvature satisfies σ∇ ≥ 0, then any eigenvalue λ of the Dirac operator

corresponding to the eigenspinor Ψ satisfies

λ2 ≥ q

4(q − 1)
(µ1 + inf |κ|2), (4.18)

where µ1 is the first eigenvalue of the basic Yamabe operator Yb of F .

4.2 The limiting case

In this section, we study the limiting case of (4.18).

Proposition 4.12 If M admits a non-zero transversal twistor spinor

field Ψ of type s with the transversally conformal metric ḡQ = e2ugQ, i.e.,

P̄ s
XΨ̄ = 0, then, for any X ∈ TM ,

∇XΨ = −1

s
π(X) ·DtrΨ +

s− q + 1

2s
π(X) · dBu ·Ψ +

1

2
X(u)Ψ. (4.19)

Proof. Let Ψ̄ ∈ KerP̄ s
tr. From (4.4), we have

∇̄XΨ̄ +
1

s
π(X) ·̄ D̄trΨ̄ = 0.

Hence from (3.20) and (3.22), we have

∇XΨ− s− q + 1

2s
π(X) · dBu ·Ψ− 1

2
X(u)Ψ̄ +

1

s
π(X) ·DtrΨ = 0,

which yields (4.19). 2

Theorem 4.13 If (M, gM ,F) admits a non-vanishing trnsversal twistor

spinor field of type q, then the foliation F is minimal.
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Proof. From Theorem 4.5, the space of transversal twistor spinor space

of type q is invariant under the transversally conformal metric change.

Let Φ ∈ KerP q
tr. Then Ψ̄ = e

u
2 Φ̄ ∈ KerP̄ q

tr be the corresponding

transversal twistor spinor field. Hence from (4.4), we have

∇̄Ēa
Ψ̄ +

1

q
Ēa ·̄ D̄trΨ̄ = 0. (4.20)

Hence we get ∑
a

Ēa ·̄ ∇̄Ēa
Ψ̄ =− 1

q

∑
a

Ēa ·̄ Ēa ·̄ D̄trΨ̄

or

D̄trΨ̄ +
1

2
κḡ ·̄ Ψ̄ =D̄trΨ̄.

Therefore we have

κḡ ·̄ Ψ̄ = 0,

and then κ = 0, i.e., F is minimal. 2

Lemma 4.14 Let Ψ̄ ∈ KerP̄ q
tr. Then we have

D̄2
trΨ̄ =

q

4(q − 1)
σ∇̄Ψ̄. (4.21)

Proof. From (2.18) and (4.20), we have

0 =
∑

a

∇̄Ēa
∇̄Ēa

Ψ̄ +
1

q

∑
a

∇̄Ēa
{Ēa ·̄ D̄trΨ̄}

=
∑

a

∇̄Ēa
∇̄Ēa

Ψ̄ +
1

q

∑
a

(∇̄Ēa
Ēa) ·̄ D̄trΨ̄ +

1

q

∑
a

Ēa ·̄ ∇̄Ēa
D̄trΨ̄

=
∑

a

∇̄Ēa
∇̄Ēa

Ψ̄ +
1

q

∑
a

e−u{Ea(u)Ēa − dBu} ·̄ D̄trΨ̄ +
1

q
D̄2

trΨ̄,

which implies

−
∑

a

∇̄Ēa
∇̄Ēa

Ψ̄ =
1− q

q
e−udBu ·̄ D̄trΨ̄ +

1

q
D̄2

trΨ̄. (4.22)
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On the other hand, from Theorem 4.13, the foliation is minimal, i.e.,

κ = 0. Hence from (2.18), (3.26) and (4.22), we have

D̄2
trΨ̄ =

1

q
D̄2

trΨ̄ +
1− q

q
e−udBu ·̄ D̄trΨ̄ + (1− q)e−2u∇̄dBuΨ̄ +

1

4
σ∇̄(Ψ̄).

From (3.20) and (3.19), we have

∇̄dBuΨ̄ =∇dBuΨ− 1

2
dBu · dBu ·Ψ− 1

2
gQ(dBu, dBu)Ψ̄

=− 1

q
dBu ·̄ DtrΨ +

q − 1

2q
|dBu|2Ψ̄

=− 1

q
dBu ·̄ {euD̄trΨ̄− q − 1

2
dBu ·Ψ}+

q − 1

2q
|dBu|2Ψ̄

=− 1

q
eudBu ·̄ D̄trΨ̄.

Hence we have

D̄2
trΨ̄ =

1

q
D̄2

trΨ̄ +
1

4
σ∇̄(Ψ̄),

which means (4.21). 2

Hence we have the following theorem.

Theorem 4.15 Let (M, gM ,F) be a compact Riemannian manifold with

a transverse spin foliation F of codimension q ≥ 3 and bundle-like met-

ric gM such that κ ∈ Ω1
B(F) and δκ = 0. Assume that K∇

σ ≥ 0. If

there exists an eigenspinor field Φ1 of the basic Dirac operator Db for the

eigenvalue λ1 satisfying

λ2
1 =

q

4(q − 1)
(µ1 + inf |κ|2), (4.23)

then F is minimal and transversally Einsteinian with a positive constant

transversal scalar curvature σ∇.

Proof. Let DbΦ1 = λ1Φ1 with λ2
1 = q

4(q−1)
(µ1 + inf |κ|2). From (4.8), we

know that Ψ̄1 ∈ KerP̄ q
tr with Ψ1 = e−

q−1
2

uΦ1. Since D̄bΨ̄1 = λ1e
−uΨ̄1,
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we have

D̄2
b Ψ̄1 = −λ1e

−2udBu ·Ψ1 + λ2
1e
−2uΨ̄1.

From (4.21), we have

λ2
1Ψ̄1 =

q

4(q − 1)
e2uσ∇̄Ψ̄1 + λ1dBu ·Ψ1.

Hence we get

λ2
1|Ψ̄1|2 =

q

4(q − 1)
e2uσ∇̄|Ψ̄1|2 and dBu ·Ψ1 = 0, (4.24)

which means u is constant and e2uσ∇̄ is positive and constant. So Propo-

sition 4.12 implies that for Ψ̄1 ∈ KerP̄ q
tr, Ψ1 = e−

q−1
2

uΦ1,

∇XΦ1 = −λ1

q
X · Φ1. (4.25)

By direct calculation with (4.25), we have

∇X∇EaΦ1 =∇X{−
λ1

q
Ea · Φ1}

=− λ1

q
(∇XEa) · Φ1 −

λ1

q
Ea · ∇XΦ1

=− λ1

q
(∇XEa) · Φ1 +

λ2
1

q2
Ea ·X · Φ1

for any X ∈ ΓQ. Hence we have

RS(X,Ea) · Φ1 =
2λ2

1

q2
Ea ·X · Φ1 +

2λ2
1

q2
gQ(X,Ea)Φ1

and so we have∑
a

Ea ·RS(X,Ea) · Φ1 = −2λ2
1

q2
(q − 1)X · Φ1. (4.26)

On the other hand, from (2.21) and (4.24), we have

λ2
1 =

q

4(q − 1)
σ∇. (4.27)
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Therefore we have, from (3.12), (4.26), and (4.27),

ρ∇(X) =
σ∇

q
X. (4.28)

This means that F is transversally Einsteinian with a positive constant

transversal scalar curvature σ∇. 2

5 Eigenvalue estimate with a modified con-

nection

5.1 Eigenvalue estimate

Let (M, gM ,F , S(F)) be a Riemannian manifold with a transverse spin

foliation F of codimension q and a bundle-like metric gM such that κ is

basic-harmonic.

Now, we introduce a new connection
f,g

∇ on S(F) as the following:

Definition 5.1 Let f and g be real-valued basic functions on M . For

any tangent vector field X and any spinor field Ψ, we define the modified

connection
f,g

∇ on S(F) by

f,g

∇X Ψ = ∇XΨ + fπ(X) ·Ψ + gκ · π(X) ·Ψ, (5.1)

where π : TM → Q.

Lemma 5.2 Let (M, gM ,F) be a Riemannian manifold with a trans-

verse spin foliation F and a bundle-like metric gM . Then, for any basic-

harmonic 1-form ω ∈ Ω1
B(F),

Dtr(ω ·Ψ) = −ω ·DtrΨ− 2∇ωΨ. (5.2)
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Proof. For any spinor field Ψ, a simple calculation gives

Dtr(ω ·Ψ) =
∑

a

Ea · (∇Eaω) ·Ψ +
∑

a

Ea · ω · ∇EaΨ− 1

2
κ · ω ·Ψ

=
∑

a

{Ea ∧∇Eaω − i(Ea)∇Eaω}Ψ−
∑

a

ω · Ea · ∇EaΨ

− 2
∑

a

gQ(Ea, ω)∇EaΨ− 1

2
{−ω · κ ·Ψ− 2gQ(κ, ω)Ψ}

=(dBω + δBω − i(κB)ω)Ψ−
∑

a

ω · Ea · ∇EaΨ− 2∇ωΨ

+
1

2
ω · κ ·Ψ + gQ(κ, ω)Ψ

=− ω ·DtrΨ− 2∇ωΨ + (dBω + δBω)Ψ.

Since ω ∈ Ω1
B(F) is a basic-harmonic 1-form, we have dBω = 0 = δBω.

Hence the proof is complete. 2

Proposition 5.3 For any real-valued basic functions f and g on M , and

for any spinor field Ψ ∈ S(F), we have

|
f,g

∇tr Ψ|2 = |∇trΨ|2 + qf 2|Ψ|2 + qg2|κ|2|Ψ|2 + g|κ|2|Ψ|2 (5.3)

− 2fRe < DtrΨ,Ψ > +2gRe < DtrΨ, κ ·Ψ >

− 4gRe < ∇κΨ,Ψ > .

Proof. Fix x ∈ M and choose an orthonormal basic frame {Ea} such

that (∇Ea)x = 0 for all a. Then we have at the point x that for any Ψ,

|
f,g

∇tr Ψ|2 =
∑

a

<
f,g

∇Ea Ψ,
f,g

∇Ea Ψ >

= |∇trΨ|2 + qf 2|Ψ|2 + qg2|κ|2|Ψ|2 + g|κ|2|Ψ|2

− f{< DtrΨ,Ψ > + < Ψ, DtrΨ >}

+ g{< DtrΨ, κ ·Ψ > + < κ ·Ψ, DtrΨ >}

− fRe < Ψ, κ ·Ψ > −4gRe < ∇κΨ,Ψ >,
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which means (5.3) together with the fact that < X · Ψ,Ψ > is pure

imaginary. 2

We now that for an appropriate choice of the real-valued basic func-

tions f and g, one gets a sharp estimate of the first eigenvalue of the

basic Dirac operator on compact foliated Riemannian manifolds.

Theorem 5.4 Let (M, gM ,F) be a Riemannian manifold with an isopara-

metric transverse spin foliation of codimension q > 1 and bundle-like

metric gM with respect to F . Assume that the mean curvature κ of F

satisfies δBκ = 0 and K∇
σ ≥ 0. Any eigenvalue λ of the transverse Dirac

operator Dtr satisfies

λ2 ≥ q

4(q − 1)
inf
M

(
K∇

σ +
1

q
|κ|2

)
. (5.4)

Proof. Since < X ·Ψ,Ψ > is purely imagnary, we have from (3.6), (3.14)

and (5.2),

− 2

∫
M

Re < ∇κΨ,Ψ >

=

∫
M

Re < Dtr(κ ·Ψ),Ψ > +

∫
M

Re < κ ·DtrΨ,Ψ >

=

∫
M

Re < κ ·Ψ, DtrΨ > +

∫
M

Re < κ ·DtrΨ,Ψ >

= 0.

Hence from Proposition 5.3, we have∫
M

|
f,g

∇tr Ψ|2 =

∫
M

(
λ2 − 1

4
K∇

σ + qf 2 − 2fλ+ qg2|κ|2 + g|κ|2
)
|Ψ|2.

If we put f =
λ

q
and g = − 1

2q
, we have∫

M

|
f,g

∇tr Ψ|2 =

∫
M

q − 1

q

(
λ2 − q

4(q − 1)
{K∇

σ +
1

q
|κ|2}

)
|Ψ|2, (5.5)

which proves (5.4). 2
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Corollary 5.5 In addition to assumptions in Theorem 5.4, if the trans-

verse scalar curvature is zero, then we get

λ2 ≥ q + 1

4(q − 1)
inf
M
|κ|2.

5.2 The limiting case

We define Ricf,g
∇ : ΓQ⊗ S → S by

Ricf,g
∇ (X ⊗Ψ) =

∑
a

Ea ·Rf,g(X,Ea)Ψ, (5.6)

where Rf,g is the curvature tensor with respect to
f,g

∇. Then we have the

following lemma.

Lemma 5.6 For any vector field X ∈ ΓQ and spinor field Ψ ∈ ΓS(F),

Ricf,g
∇ (X ⊗Ψ) (5.7)

= −1

2
ρ∇(X)Ψ− qX(f)Ψ + 2(q − 1)f 2X ·Ψ− dBf ·X ·Ψ

+ (q − 2)X(g)κ ·Ψ + (q − 2)g∇Xκ ·Ψ + 2qfggQ(X, κ)Ψ + 2fgκ ·X ·Ψ

+ 2(q − 2)g2|κ|2X ·Ψ− 2(q − 2)g2gQ(X, κ)κ ·Ψ− dBg · κ ·X ·Ψ

+ g|κ|2X ·Ψ.

Proof. A direct calculation gives

f,g

∇X

f,g

∇Ea Ψ =
f,g

∇X {∇EaΨ + fEa ·Ψ + gκ · Ea ·Ψ}

= ∇X∇EaΨ +X(f)Ea ·Ψ + f∇XEa ·Ψ + fEa · ∇XΨ

+X(g)κ · Ea ·Ψ + g∇Xκ · Ea ·Ψ + gκ · ∇XEa ·Ψ

+ gκ · Ea · ∇XΨ + fX · ∇EaΨ + f 2X · Ea ·Ψ

+ fgX · κ · Ea ·Ψ + gκ ·X · ∇EaΨ + fgκ ·X · Ea ·Ψ

+ g2κ ·X · κ · Ea ·Ψ.
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With the similar calculation, we have

Rf,g(X,Ea)Ψ = RS(X,Ea)Ψ +X(f)Ea ·Ψ−X(g)Ea · κ ·Ψ

− 2X(g)gQ(κ,Ea)Ψ− gEa · ∇Xκ ·Ψ− 2ggQ(∇Xκ,Ea)Ψ

− 2f 2Ea ·X ·Ψ− 2f 2gQ(X,Ea)Ψ

− 2fggQ(X, κ)Ea ·Ψ + 2fggQ(Ea, κ)X ·Ψ

+ g2κ · {X · κ · Ea − Ea · κ ·X} ·Ψ− Ea(f)X ·Ψ

− Ea(g)κ ·X ·Ψ− g∇Eaκ ·X ·Ψ.

Note that

X · κ · Ea − Ea · κ ·X = 2κ · Ea ·X + 2gQ(X,Ea)κ− 2gQ(X, κ)Ea

+ 2gQ(Ea, κ)X.

Hence we have

Rf,g(X,Ea)Ψ = RS(X,Ea)Ψ +X(f)Ea ·Ψ−X(g)Ea · κ ·Ψ

− 2X(g)gQ(κ,Ea)Ψ− gEa · ∇Xκ ·Ψ− 2ggQ(∇Xκ,Ea)Ψ

− 2f 2Ea ·X ·Ψ− 2f 2gQ(X,Ea)Ψ− 2fggQ(X, κ)Ea ·Ψ

+ 2fggQ(Ea, κ)X ·Ψ− 2g2|κ|2EaX ·Ψ

− 2g2gQ(X,Ea)|κ|2Ψ + 2g2gQ(X, κ)Ea · κ ·Ψ

+ 4g2gQ(X, κ)gQ(Ea, κ)Ψ + 2g2gQ(Ea, κ)κ ·X ·Ψ

− Ea(f)X ·Ψ− Ea(g)κ ·X ·Ψ− g∇Eaκ ·X ·Ψ.

From (3.12) and (5.6), the proof is completed. 2

Let DbΨ1 = λ1Ψ1 with λ2
1 =

q

4(q − 1)
inf
M

(
K∇

σ +
1

q
|κ|2

)
. From (5.5),

we see
f1,g1

∇ tr Ψ1 = 0, where f1 =
λ1

q
and g1 = − 1

2q
. Hence from (5.1),

we have

∇XΨ1 = −λ1

q
X ·Ψ1 +

1

2q
κ ·X ·Ψ1. (5.8)
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Note that ∑
a

Ea · ∇EaΨ1 =λ1Ψ1 +
1

2
κ ·Ψ1.

On the other hand, from (5.8)∑
a

Ea · ∇EaΨ1 =− λ1

q

∑
a

Ea · Ea ·Ψ1 +
1

2q

∑
a

Ea · κ · Ea ·Ψ1

=λ1Ψ1 +
q − 2

2q
κ ·Ψ1.

Hence we have κ ·Ψ1 = 0 which implies that κ = 0, i.e., F is minimal. If
f,g

∇X Ψ = 0 for any X ∈ ΓQ, then Ricf,g
∇ = 0. From (5.7), we get

−1

2
ρ∇(X)Ψ− qX(f)Ψ + 2(q − 1)f 2X ·Ψ− dBf ·X ·Ψ = 0. (5.9)

If we put X = dBf , then we have

< (−1

2
ρ∇(X) + 2(q − 1)f 2X) ·Ψ,Ψ >= (q − 1)|dBf |2|Ψ|2. (5.10)

Since for all X ∈ ΓQ and Ψ ∈ ΓS, < X · Ψ,Ψ > is pure imaginary,

the left-hand side of (5.10) is pure imaginary. But the right-hand side

of (5.10) is real. Therefore, both sides are zero. Hence, if q ≥ 2, then

we have dBf = 0. That is, X(f) = 0 for any X ∈ ΓQ. Since f is basic

function, f is constant. So from (5.9), we have

ρ∇(X)Ψ =
4(q − 1)

q2
λ2

1X ·Ψ. (5.11)

This means that F is transversally Einsteinian with a constant transver-

sal scalar curvature σ∇ =
4(q − 1)

q
λ2

1. Hence we have the following the-

orem.

Theorem 5.7 Let (M, gM ,F) be a compact Riemannian manifold with

a transverse spin foliation F of codimension q > 1 and a bundle-like
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metric gM . Assume that K∇
σ ≥ 0. If there exists an eigenspinor field Ψ1

of the basic Dirac operator Db for the eigenvalue λ1 satisfying

λ2
1 =

q

4(q − 1)
inf
M

(
K∇

σ +
1

q
|κ|2

)
, (5.12)

then F is minimal and transversally Einsteinian with a positive constant

transversal scalar curvature σ∇.

6 Eigenvalue estimate with the conformal

change

6.1 Eigenvalue estimate

Let (M, gM ,F , S(F)) be a Riemannian manifold with a transverse spin

foliation F of codimension q and a bundle-like metric gM such that κ

is basic-harmonic. In this section, we estimate the eigenvalues of the

basic Dirac operator by a transversally conformal change of the metric.

Now, we consider, for any real basic function u on M , the transversally

conformal metric ḡQ = e2ugQ. Let S̄(F) be its corresponding spinor

bundle. For any tangent vector field X and any spinor field Ψ, we define

the modified connection
f,g

∇̄ on S̄(F) by

f,g

∇̄X Ψ̄ = ∇̄XΨ̄ + fπ(X) ·̄ Ψ̄ + gκḡ ·̄ π(X) ·̄ Ψ̄, (6.1)

where f and g are real-valued basic functions on M .

Lemma 6.1 Let (M, gM ,F) be a Riemannian manifold with a trans-

verse spin foliation F and a bundle-like metric gM . Then for any basic-
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harmonic 1-form ω ∈ Ω1
B(F),

D̄tr(fω ·̄ Ψ̄) =− fω ·̄ D̄trΨ̄− 2f∇̄ωΨ̄− (q + 2)fω(u)Ψ̄ (6.2)

− 2fω · dBu ·Ψ + dBf · ω ·Ψ

where f is any basic function.

Proof. Note that we have, from (3.23),

Dtr(fω ·Ψ) =dBf · ω ·Ψ + fDtr(ω ·Ψ)

=− fω ·DtrΨ− 2f∇ωΨ + dBf · ω ·Ψ.

From (3.20), (3.22) and (3.24), we have

D̄tr(fω ·̄ Ψ̄)

=D̄tr(e
ufω ·Ψ) = e−udBeu · fω ·Ψ + euD̄tr(fω ·Ψ)

=fdBu · ω ·Ψ +Dtr(fω ·Ψ) +
q − 1

2
dBu · fω ·Ψ

=− fω̄ ·̄ DtrΨ− 2f∇ωΨ + dBf · ω ·Ψ +
q + 1

2
fdBu · ω ·Ψ

=− fω̄ ·̄
(
euD̄trΨ̄− q − 1

2
dBu ·Ψ

)
− 2f

(
∇̄ωΨ̄ +

1

2
ω · dBu ·Ψ +

1

2
ω(u)Ψ̄

)
+ dBf · ω ·Ψ− q + 1

2
fω · dBu ·Ψ− (q + 1)fω(u)Ψ̄

=− fω ·̄ D̄trΨ̄ +
q − 1

2
fω · dBu ·Ψ− 2f∇̄ωΨ̄

− fω · dBu ·Ψ− fω(u)Ψ̄ + dBf · ω ·Ψ

− q + 1

2
fω · dBu ·Ψ− (q + 1)fω(u)Ψ̄

=− fω ·̄ D̄trΨ̄− 2f∇̄ωΨ̄

− 2fω · dBu ·Ψ− (q + 2)ω(u)Ψ̄ + dBf · ω ·Ψ,

which implies (6.2). 2
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Let Ku = {u ∈ Ω0
B(F) | κ(u) = 0}. Then we have the following

corollary.

Corollary 6.2 Assume that u ∈ Ku. Then we have

D̄tr(e
−2uκ̄· Ψ̄) = −e−2u

(
κ̄· D̄trΨ̄ + 2∇̄κΨ̄

)
. (6.3)

Proposition 6.3 For any real-valued basic functions f and g on M , and

for any spinor field Ψ, we have

|
f,g

∇̄tr Ψ̄|2 =|∇̄trΨ̄|2ḡQ
+ qf 2|Ψ̄|2ḡQ

+ qg2|κḡ|2ḡQ
|Ψ̄|2ḡQ

+ g|κḡ|2ḡQ
|Ψ̄|2ḡQ

(6.4)

− 2fRe < D̄trΨ̄, Ψ̄ >ḡQ
−fRe < κḡ ·̄ Ψ̄, Ψ̄ >ḡQ

+ 2gRe < D̄trΨ̄, κḡ ·̄ Ψ̄ >ḡQ
−4gRe < ∇̄κḡΨ̄, Ψ̄ >ḡQ

.

Proof. This is a simple calculation. 2

Let DbΦ = λΦ (Φ 6= 0) and Ψ̄ = e−
q+1
2

uΦ. Since < X ·Ψ,Ψ > is pure

imaginary, we have from (4.9)

Re < κḡ ·̄ Ψ̄, Ψ̄ >ḡQ
= 0 and Re < D̄trΨ̄, κḡ ·̄ Ψ̄ >ḡQ

= 0.

Hence the equation (6.4) gives∫
M

|
f,g

∇̄tr Ψ̄|2 =

∫
M

e−2u
(
λ2 − 2feuλ− 1

4
e2uK∇̄

σ

)
|Ψ̄|2ḡQ

(6.5)

+

∫
M

(
qf 2 + qg2|κḡ|2ḡQ

+ g|κḡ|2ḡQ

)
|Ψ̄|2ḡQ

− 4g

∫
M

Re < ∇̄κḡΨ̄, Ψ̄ >ḡQ
.
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From (6.3) and (3.30), if u ∈ Ku, then

− 2

∫
M

Re < ∇̄κḡΨ̄, Ψ̄ >ḡQ

=

∫
M

Re < D̄tr(e
−2uκ ·̄ Ψ̄), Ψ̄ >ḡQ

+

∫
M

e−2uRe < κ ·̄ D̄trΨ̄, Ψ̄ >ḡQ

=

∫
M

Re < e−2uκ ·̄ Ψ̄, D̄trΨ̄ >ḡQ
+

∫
M

e−2uRe < κ ·̄ D̄trΨ̄, Ψ̄ >ḡQ

= λ

∫
M

e−2uRe < κ ·Ψ,Ψ >gQ
+λ

∫
M

e−2uRe < κ ·Ψ,Ψ >gQ

= 0.

Therefore (6.5) yields∫
M

|
f,g

∇̄tr Ψ̄|2 =

∫
M

e−2u
(
λ2 − 2feuλ− 1

4
e2uK∇̄

σ

)
|Ψ̄|2ḡQ

+

∫
M

(
qf 2 + qg2|κḡ|2ḡQ

+ g|κḡ|2ḡQ

)
|Ψ̄|2ḡQ

.

If we put f =
λ

q
e−u and g = − 1

2q
, we have

∫
M

|
f,g

∇̄tr Ψ̄|2 (6.6)

=
q − 1

q

∫
M

e−2u
(
λ2 − q

4(q − 1)
{e2uK∇̄

σ +
1

q
|κ̄|2}

)
|Ψ̄|2ḡQ

.

Hence we have the following theorem.

Theorem 6.4 Let (M, gM ,F) be a compact manifold with a transverse

spin foliation F of codimension q ≥ 2 and bundle-like metric gM such

that κ ∈ Ω1
B(F) and δκ = 0. Assume that K∇̄

σ ≥ 0 for some transversally

conformal metric ḡQ = e2ugQ. Then we have

λ2 ≥ q

4(q − 1)
sup
u∈Ku

inf
M

(
e2uK∇̄

σ +
1

q
|κ̄|2

)
, (6.7)

where K∇̄
σ = σ∇̄ + |κ̄|2.
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From (4.16), we have the following corollary.

Corollary 6.5 Under the same condition as in Corollary 4.10, we have

λ2 ≥



q

4(q − 1)
sup
u∈Ku

inf
M
{K∇

σ + 2(q − 1)∆Bu

+ (q − 1)(2− q)|dBu|2 +
1

q
|κ|2} if q ≥ 2

q

4(q − 1)
sup
h∈Ku

inf
M
{h−1Ybh+ |κ|2 +

1

q
|κ|2} if q ≥ 3,

where K∇
σ = σ∇ + |κ|2.

Corollary 6.6 Let (M, gM ,F) be a compact Riemannian manifold with

a transverse spin foliation F of codimension q ≥ 3 and bundle-like metric

gM with κ ∈ Ω1
B(F) and δκ = 0. If the transversal scalar curvature sat-

isfies σ∇ ≥ 0, then any eigenvalue λ of the Dirac operator corresponding

to the eigenspinor Ψ satisfies

λ2 ≥ q

4(q − 1)

(
µ1 +

q + 1

q
inf |κ|2

)
, (6.8)

where µ1 is the first eigenvalue of the basic Yamabe operator Yb of F .

6.2 The limiting case

We define Ricf,g

∇̄ : ΓQ⊗ S̄(F) → S̄(F) by

Ricf,g

∇̄ (X ⊗ Ψ̄) =
∑

a

Ēa ·̄ R̄f,g(X, Ēa)Ψ̄, (6.9)
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where R̄f,g is the curvature tensor with respect to
f,g

∇̄. For X ∈ ΓQ and

Ψ ∈ ΓS(F) we have the following by the direct calculation;

f,g

∇̄X

f,g

∇̄Ēa
Ψ̄ =

f,g

∇̄X

(
∇̄Ēa

Ψ̄ + fĒa ·̄ Ψ̄ + gκḡ ·̄ Ēa ·̄ Ψ̄
)

= ∇̄X∇̄Ēa
Ψ̄ + fX ·̄ ∇̄Ēa

Ψ̄ + gκḡ ·̄ X ·̄ ∇̄Ēa
Ψ̄

+X(f)Ēa ·̄ Ψ̄ + f∇̄XĒa ·̄ Ψ̄ + fĒa ·̄ ∇̄XΨ̄

+ f 2X ·̄ Ēa ·̄ Ψ̄ + fgκḡ ·̄ X ·̄ Ēa ·̄ Ψ̄

+X(g)κḡ ·̄ Ēa ·̄ Ψ̄ + g∇̄Xκḡ ·̄ Ēa ·̄ Ψ̄ + gκḡ ·̄ ∇̄XĒa ·̄ Ψ̄

+ gκḡ ·̄ Ēa ·̄ ∇̄XΨ̄ + fgX ·̄ κḡ ·̄ Ēa ·̄ Ψ̄

+ g2κḡ ·̄ X ·̄ κḡ ·̄ Ēa ·̄ Ψ̄.

With the similar calculation, we have

R̄f,g(X, Ēa)Ψ̄

= R̄S(X, Ēa)Ψ̄ +X(f)Ēa ·̄ Ψ̄− 2f 2Ēa ·̄ X ·̄ Ψ̄− 2f 2ḡQ(X, Ēa)Ψ̄

− 2fgḡQ(κḡ, X)Ēa ·̄ Ψ̄−X(g)Ēa ·̄ κḡ ·̄ Ψ̄

− 2X(g)ḡQ(κḡ, Ēa)Ψ̄− gĒa ·̄ ∇̄Xκḡ ·̄ Ψ̄− 2gḡQ(∇̄Xκḡ, Ēa)Ψ̄− Ēa(f)X ·̄ Ψ̄

+ g2κḡ ·̄
(
X ·̄ κḡ ·̄ Ēa − Ēa ·̄ κḡ ·̄ X

)
·̄ Ψ̄ + 2fgḡQ(κḡ, Ēa)X ·̄ Ψ̄

− Ēa(g)κḡ ·̄ X ·̄ Ψ̄− g∇̄Ēa
κḡ ·̄ X ·̄ Ψ̄.

Note that

X ·̄ κḡ ·̄ Ēa − Ēa ·̄ κḡ ·̄ X = 2κḡ ·̄ Ēa ·̄ X + 2ḡQ(X, Ēa)κḡ

− 2ḡQ(X, κḡ)Ēa + 2ḡQ(κḡ, Ēa)X.
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Hence we have

R̄f,g(X, Ēa)Ψ̄

= R̄S(X, Ēa)Ψ̄ +X(f)Ēa ·̄ Ψ̄− 2f 2Ēa ·̄ X ·̄ Ψ̄− 2f 2ḡQ(X, Ēa)Ψ̄

− 2fgḡQ(κḡ, X)Ēa ·̄ Ψ̄−X(g)Ēa ·̄ κḡ ·̄ Ψ̄− Ēa(f)X ·̄ Ψ̄

− 2X(g)ḡQ(κḡ, Ēa)Ψ̄− gĒa ·̄ ∇̄Xκḡ ·̄ Ψ̄− 2gḡQ(∇̄Xκḡ, Ēa)Ψ̄

− 2g2|κḡ|2Ēa ·̄ X ·̄ Ψ̄− 2g2|κḡ|2ḡQ(X, Ēa)Ψ̄ + 2g2ḡQ(X, κḡ)Ēa ·̄ κḡ ·̄ Ψ̄

+ 4g2ḡQ(X, κḡ)ḡQ(κḡ, Ēa)Ψ̄ + 2g2ḡQ(κḡ, Ēa)κḡ ·̄ X ·̄ Ψ̄

+ 2fgḡQ(κḡ, Ēa)X ·̄ Ψ̄− Ēa(g)κḡ ·̄ X ·̄ Ψ̄− g∇̄Ēa
κḡ ·̄ X ·̄ Ψ̄.

By a simple calculation, we have, from (3.12) and (6.9),

Ricf,g

∇̄ (X ⊗ Ψ̄) (6.10)

= −1

2
ρ∇̄(X) ·̄ Ψ̄− qX(f)Ψ̄ + 2(q − 1)f 2X ·̄ Ψ̄ + 2qfgḡQ(κḡ, X)Ψ̄

+ (q − 2)X(g)κḡ ·̄ Ψ̄ + (q − 2)g∇̄Xκḡ ·̄ Ψ̄

− dBf ·̄ X ·̄ Ψ̄ + 2(q − 2)g2|κḡ|2X ·̄ Ψ̄− 2(q − 2)g2ḡQ(X, κḡ)κḡ ·̄ Ψ̄

− 2fgκḡ ·̄ X ·̄ Ψ̄− dBg ·̄ κḡ ·̄ X ·̄ Ψ̄ + g|κḡ|2X ·̄ Ψ̄.

On the other hand, we have the following.

Proposition 6.7 If a non-zero spinor field Ψ satisfies
f,g

∇̄tr Ψ̄ = 0, then

∇XΨ = −feuπ(X) ·Ψ− gκ · π(X) ·Ψ (6.11)

+
1

2
gQ(dBu, π(X))Ψ +

1

2
π(X) · dBu ·Ψ.

Proof. From (6.1), we have

∇̄XΨ̄ + fπ(X) ·̄ Ψ̄ + gκḡ ·̄ π(X) ·̄ Ψ̄ = 0.

Hence from (3.20), we have

∇XΨ− 1

2
π(X) · dBu ·Ψ− 1

2
X(u)Ψ̄ + feuπ(X) ·Ψ + gκ · π(X) ·Ψ = 0.

Since Ĩu is an isometry, the proof is completed. 2
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Theorem 6.8 Let (M, gM ,F) be a compact Riemannian manifold with

a transverse spin foliation F of codimension q ≥ 3 and bundle-like metric

gM such that κ ∈ Ω1
B(F) and δκ = 0. Assume that σ∇ ≥ 0. If there exists

an eigenspinor field Ψ1 of the basic Dirac operator Db for the eigenvalue

λ2
1 =

q

4(q − 1)

(
µ1 +

q + 1

q
inf |κ|2

)
, then F is minimal, transversally

Einsteinian with a positive constant transversal scalar curvature σ∇.

Proof. Let DbΦ = λ1Φ with λ2
1 =

q

4(q − 1)

(
µ1 +

q + 1

q
inf |κ|2

)
and

Ψ = e−
q−1
2

uΦ. From (6.6), we see that
f1,g1

∇̄ tr Ψ̄ = 0, where f1 =
λ1

q
e−u

and g1 = − 1

2q
. Hence we have that from (6.1)

∇̄Ēa
Ψ̄ + fĒa ·̄ Ψ̄ + gκḡ ·̄ Ēa ·̄ Ψ̄ = 0.

Note that we have∑
a

Ēa ·̄ ∇̄Ēa
Ψ̄ =− f

∑
a

Ēa ·̄ Ēa ·̄ Ψ̄− g
∑

a

Ēa ·̄ κḡ ·̄ Ēa ·̄ Ψ̄

=qfΨ̄ + g
∑

a

(
Ēa ·̄ Ēa ·̄ κḡ + 2ḡQ(κḡ, Ēa)Ēa

)
·̄ Ψ̄

=qfΨ̄− (q − 2)gκḡ ·̄ Ψ̄,

and hence

D̄trΨ̄ +
1

2
κḡ ·̄ Ψ̄ = qfΨ̄− (q − 2)gκḡ ·̄ Ψ̄.

Since D̄bΨ̄ = λ1e
−uΨ̄, we have

λ1e
−uΨ̄ +

1

2
κḡ ·̄ Ψ̄ = λ1e

−uΨ̄ +
q − 2

2q
κḡ ·̄ Ψ̄.

Hence we have κ ·Ψ = 0 which implies that κ = 0, i.e., F is minimal. If
f,g

∇̄X Ψ̄ = 0 for any X ∈ ΓQ, then Ricf,g

∇̄ = 0. Let X = dBf . Then from

(6.10), we get

<
(
− 1

2
ρ∇̄(X) + 2(q − 1)f 2X

)
·̄ Ψ̄, Ψ̄ >ḡQ

= (q − 1)|dBf |2|Ψ̄|2. (6.12)
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Hence the left hand side in the equation (6.12) is pure imaginary but the

right hand side in the equation (6.12) is real, and so both sides are all

zero. That is, dBf = 0. So u is constnat. Also, we have from (6.10)

ρ∇̄(X) = 4(q − 1)f 2X for X ∈ ΓQ. (6.13)

Since u is constant, we have from (2.20)

ρ∇(X) =
4(q − 1)

q2
λ2

1X. (6.14)

Hence F is transversally Einsteinian with a constant transversal scalar

curvature σ∇ =
4(q − 1)

q
λ2

1. 2
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[1] J.A.Alvarez López, The basic component of the mean curvature of

Riemannian foliations, Ann. Global Anal. Geom. 10(1992), 179-194.
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operator on closed Käler manifolds of positive scalar curvature, Ann.

Glob. Anal. Geom. 4(1986), 291-326.

[19] K.-D. Kirchberg, The first eigenvalue of the Dirac oprator on Käler
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