B B A7 35 R 3 3

A Note About a Right Group in the Semigroup

18 &5 ¥ % *x # =

MR &F A

BEHEFTFEX

F # ¥

1985 F &



A Note About a Right Group in the Semigroup

°l = BEBHE LB Hros e

MR HERBR MSKEHX

B E & 5

HREE % ;3 *

1985 &£ 5 A H



PET) BLBN AL BHEY

BEHAKBERE &F A%

&@G&’
@iy

1985 4 58 H



agFgA  Zha
T3 oy
ez

Pl
o

Ab ol =

4277k obz ol

1985 d 549

0f

Axzs F4 &

Of
40



Contents

1. Introduction

2. The basic properties and definitions

3. The properties of a group as a

4, Main theorem

References

Korean Abstract

semigroup

14



1. Introduction

In (1), J.M.Howie has induced the definition of group by the
property of a semigroup, In (2], T.K, Dutta has studied the rel--
ative ideals in ga group,

In this paper we will review the definitions and proper ties of a
semigroup and study properties of a group as a semigroup, Finally

we will study the theorem with respect to a right group with

the help of [1]) and (2].

2. The basic properties and definitions

Definition 2-1) Let S be a non—empty sct on which a binary op-

eration g is defined,

We shall say that (S,¢) is a semigroup if p# is associative, i, e

if ((x,y)# yZip = (x,(y,z)ulp for any x,y,z & S,
Remark 2-2) Following the usual practice in algebra we shall

write ( x,y Jp simply as xy .

Definition 2-3) If a semigroup (S,-) has the additional property

that xy = yx for any x,9& S, then it is called a commutati—

ve semigroup

Definiton 2—4) If a semigroup(S,-) has an element 1 such that

x]l = 1lx = x for any x = S, then | is called an tdentity (element)

of S and S is called a semigroup wrth identity, or monoid,



Remark 2-5) 1f a semigroup S has no identitv element it is

very easy to adjoin an extra element | to the set S, Th-
en 1f we define 1s = s1 = s, and 11 = 1, S {1} becomes a

semigroup with identity element 1,

Definition 2-6)

S if S has an identity element
Let s!' = {

S U {1} otherwise,

St 1s called the semigroup obtained from S by adjoinig an identity i f ne—

cessary,

Definition 2~7) If S is any non-empty set and xy = x for any «x,

v &S, then S is called a ‘eff cero semigroup, Right zero semigroup

are defined analogously,

Remark 2-8) If A and B are subsets of a semigroup S, we write

AB = {ab| e € A, b & B}
la}B=aB={ab, b &B} for a8,
It is easy to see that

(AB) C = A(BC) for any A, B,C C S,

Proposition 2-9) If S js a semigroup with e, then the following

properties are satisfied,

(1) Slg = Sg U {a}



(2) aSt = aS | {a|

(3) S'aS! = SeS U Sa  aS I {a}

Proof) (1), If =x & S'a, then x = s¢ for some s&S U {1}, Here
if s& S, then x& SaC Se ' J {a} and if s = {1}, i.e. s =1,
then x = sqa = ae& {a} C Sallf{a}, Thus SleC Sa U {a}.

Conversely, if y & Sa U {a}, then y & Sa or y & {a}., Here if
y& Sa, then y = se for some s =S, it follows that y = sa <
SaC S'e and if ye {a}, i.e. 3y = a<{l}acC S'e, then Sa U
{a} € S'e. Now we can easily prove (2) and (3) by similar
me thod,

Definiton 2-10) If a semigroup S has the property ¢S = Se =

S for any ¢S, then S is called a group,

Proposition 2-11) Definition 2-10) is equivalent to the usu-—

al definiton,

Proof) Suppose that aS =S = Sa for some @a & S, Then there
exist e,e’ &S such that ge = ¢, e’a = ¢, Let g = S, Then there
exist u,ve&e S such that eu = g = va,

Here ge = (va)e = v{ae) and

I
<
2
i
m

e’g = e’(aqu) = (e’a)u = au = g,

’

Thus e = e’e = e and ge = eg = g for any g S, Hence e is

the unigue identity in S, Since e =S and aS = Se =S, there



exist way,a, = S such that e = aa,, e=a@ for any a &= S, It

follows that 4,e =a,00, = ea,, i.e. a; = a, , Hence a; = a,= a
ts the unique inverse of a, Thus S is a group,

Conversely, if S is a group, then x = s = ad’'s = aS for any
x += S, Since aScC S, we have aS =S = Sa,

Proposition 2-12) Definition 2-10) is equivalent to the fact

that there exist x,y in S such that ax =% yb =6 for any
a, b & 8,
Proof) Suppose that ¢S = Sa =S for any ¢ = S. Then there
exist x,y in S such that ax =54, ya=20& for any a, &
e S,

Conversely, assume that there exist x,y in S such that ax
=4, ya=1456, If a belongs to S, then there exists * in § su—
ch that ex = @a = aS, Thus S is a subset of Sa. Since ¢S and Sa

are subsets of S, Hence S = aS = Sa,

Definition 2-13) If (S,.) is a semigroup, then a non—empty

subset T of S is called a subsemugroup of S if it is closed under
the multiplication, i,e, if *¥» €T for any x,y < T,

Definition 2-14) If @ 1is a mapping from a semigroup (S, )

into a semigroup (T, ) we say that @ is a homomorphism if (xy)
@=(x)(y B3) for any x .y = S,
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If @ is one—one we shall call it a mononvrphism, and if 1t

1s both one—-one and onto we shall call it an 1somorphism,

Definition 2-15) Let S and T be semigroups, Then the Cartesian

product S x T becomes a semigroup i{ we define (s,t)(s’,t’) =

(ss’,tt’). We shall refer to this semigroup as the direct prodict

of S and T,

Definition 2—16) A non—empty subset A

of a semigroup S is

called a left ideal if SA CA, a righ ideal if AS C A, and

a (two— sided) rdeal if it is both a left and a right ideal,

Proposition 2-17) If S is a

semigroup with q, then Sq U

{a} is the smallest left ideal and also Se {J {a} 1s called the

principal ideal generated by a,

Proof) If x belongs to S(Sa U {a}), then x

= st for somec s

&S, te&Sal {a}, Thus ¢t =aa or t+ = e for some ae= S, It

= aa, then x = saeg = (sa)a < Sa,

If ¢t = a, then x = sa e Se., Hence S is a subset of Sa U {a}.

Furthermore, if T is the left ideal containing e, then sa bel-

ongs to T for any s &€ S, Therefore Sa U {a} is a subset of T.



3. The properties of a group as a semigroup

Proposition 3-1) Let S be a semigroup. Then S is a group if and

only if the complement of every ideal (both left and right) is also

an ideal

Proo{) Suppose that A be an ideal of group S and x & S /A,

We shall show that ¢tx = S/A and xt & S/A for any t & S,
Now, if ¢tx €A, then #H(tx) = x & A, This is a contradictian,
implying that #x & S/A. And =x¢ & S/A by the same method.
Conversely, assume that A and S 7A are ideals of S_ Let
teS and ¢ A, Then tac A and ta = S/A, since S/A is
an idal of S, Thus S has no any proper ideal, Hence S =
Se = aS for any ¢ &S, since Se is a left ideal and @S is a rig-

’

ht ideal, There exist e and e in S such that aqge = «

1
and e’a =a for any a E s,

Thus e =e’e = e’ and age = eq = ¢,1,e, eis the unique identity

in 8, Since e belongs to S and oS = Sa = S for any a& S,
there exist g1,¢; in S such that e = ge;, and e = aza for
any a & 85,

Thus a,e = ayaa, = e2; . Hence ay = a, = d'is the unique

inverse of a,



Propusition 3-2) Let S be a semigroup, Then S is a group if and

only 1f the difference A~B of two ideals is an ideal,

Proof) Suppose that S is a group and A ,B are ideals. Let

s 38 and a & A-B, Then sa belongs to A, since if sa belongs

to B, s'sa = a belongs to B, This is contradiction, Hence sa

& B, By similar method, as & A-B, Thercfore A-B is an id-

eal in S,

ideal of S,

Conversely , consider A which is any

Then S — A is an ideal, Let s&=S — A and 2 €A, Then sa

€A and seaeS - A, Hence S has no proper ideal, We can ho-

ld the proof by proposition 3—1),

Definition 3-3) 1,(S) is the set of all ideals of semigroup S,

LL(S) is the setof ali left ideals of S. Izx(S) 1is the set of all

right ideals of S, P (S) is the set of all left ideals such that

se €A imply ee& A for any s & S, PR(S) is the set of all

right ideals such that a4s & A implies e € A for any s & S, PB(S)

is the setf of all both ideals such that sa & A implies g= A and as

€ A imply acA for any s S,

Proposition 2—) Let S be 4 semigroup,

(1) If S is a group then I,(S)=R(S) and IR(S) :%(S)'



{2) S is a group if and only if IB(S) = PB(S),

Proof) (1) Evidently, I.(S) 2 B(S), Let Abe a left ideal and
ta = A, Then (¢t')ta = a=A, Thus AEIi(S) imply I (S)
= B(S) | By similar method, Ig(S) = P(S). (2) Suppose
that S is a group. Then P(S) C I(S), Let Ae I S), a
€A and tae A, Then (at) =a=A and (1)te = a = A .
Hence IB(S) = PB(S)

Conversely, assume that IG(S) = %(S), Let A be an ideal,
We shall that G, A 1is also an ideal, Let ¢ G A and ¢
&S, Then et =G /A and taes G/A, since if te € A and
at = A then a &= A, Hence G/A is also an ideal,

Proposition 3-5) Let S be a monid and let M, (S) be the set

of all ideals of S which contain an identity, Then M;(S) is
a momoid with a zero and M, (S) = {S},

Proof) Since (AB)C = A(BC) forA,B,Ce M;(S), S(AB) = (S
A)B € AB and (AB)S = A(BS) < AB, Since 1 A and 1 B,

1 € AB, Thus AB = M,(S) . Let AM (S). Then SAC A

and AS € A, Since S has an identity, ACS A and A C AS |
Thus SA = AS =A, i,e,Sis an identity in M; (S) . Hence M,(S)

1s a monoid



Let A =M, (S), Then A has an identity, Thus AS = SA = S,

i,e, S is a zcro element, Therefore M, (S) = {S}.

4. Main Theorem

Definition 4-1) If S is a semigroup and e = S with ee =

e? = e, then ¢ is called an idempotent,

Definifion 4-2) An equivalence relation L (R) on a semigroup

S is defined by the rule that aLé (aRb) if and only if a
and b generate the same principal left (right) ideal that is
Sta = S'% (aS! = S8'),

Definition 4-3) A semigroup S is called right simple (left

simple) if R=8S xS (L =Sx85)

Definition 4—4) A semigroup is called right cancellative

(left cancellative) if ac=bc impliesa=5 ( if ca= cb implies g = §)
for all a,4,ce8S,

Definition 4-5) A semigroup that is right simple and left

cancellative is called a right group,
Lemma 4—6) A semigroup S is right simple and left simple if
and only 1f 1t is a group,

Proof) Suppose that a semigroup S is a group,
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For any a, & =S we can consider b= talta,e=abf*t  Thus S!/
= S'4ad'a C S'a and Sl'a = Slapth C Sté, ie, (a,8) L,

Hence Sx§ = L,

By similar method, S x S = R,

Conversely, assume that a semigroup S is right simple and left
simple, Then aS! = 8! and S!'a = S'4 for any a ,6= S, I{ &S!
is a singleton set then the proof is trivial,

Now, we can consider @ & aS! with a # a, ie, a & aS_. Since 5S!

= aS! C aSS! C 4S and b = S C aS, there exists xin S such that

By similar method, there exists ¥ in S such that 4 = ya,
Hence S is a group by proposition 2—12).

Lemma 4-7) The set E of idempotents of right group S s
non — empty,

Proof) Suppose that E is the set of idempotents of right gro—-
up S, Since S is right simple, there exists x in S such
that ax = ¢ for any ¢=S by Lemma 4-6),

Here ax = (ax)x = ax?, i,e, x =22, Thus x<E, Hence E is nom—empty

Lemma 4—-8) The set E of idempotents of right group S is a

right zero subsemigroup of S,



M} Suppose that E is the set of idempotents of right gr—
oup S, Since e?f = ef for any e, f=E , and S is left cancel-
lative, Hence ef = f,

Lemma 4-9) If e & E then Se is a subgroup of S,

Proof) Since (Se)(Se) < SSSe © Se and a = re for some x &
S and ¢ & Se, ge = xee = xe = a,

Thus e is the identity of S and e is the right identity in Se, Since
S is right simple and S has an identity e, aS = 4S for any a,
b &S, Thus aS = eS = S and there exists x in S such that ax
= e for any a& S, Hence a(xe) = axe = ee = ¢, i.e. xe is
the right inverse of a,

Lemma 4-10) The direct product of two right simple semigroups

’

1s right simple,

Proof) Let S, T be right simple semigroups. Then there ex—
ist x in S and y in T such that ax=c, by=d for every a,
ceS and b, d=T, Thus (2,6)(x,5) = (ax,b5) = (c,d), i.e.(a,
b)Sx T = S>x T for any e=S,bT. Hence SXT is right simple,

Lemma 4—11) The direct product of two left cancellative se—

migroups 1s left cancellative,

Proof) Let S, T be left cancellative semigroups and let (¢,
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cedlay,by) = (cy,c9)(az,b,) for (ay,b1),(az,b5),(cy,c2) =8 x T,

Then (ciay,c26,) = (cyay,c3b,) and cya, = 1@z, c2b; = c,b,

Thus a; = a,, 6, = b, Hence (a,,6,) = (a,,8,).

Lemma 4-12) A right zero semigroup E is a right group.

Proof) Since xy = 35 for any x,y € E. Thus xE = E

for any

x & E, 1.,e, E is right simpie, and if ca = ¢4 for a,b,c & E

then a = &, Hence E is left cancellative,

Theorem 4-13) A

semigroup S is a right group if and only if

it is isomorphic to a direct product of a group G and a right

zero semigroup E,
Proof) Let G be a group and let E be'a right zero semigroup, Then

G X E is a right group by Lemma 4 - 10, 4 - 11, 4 -~ 12).

Conversely, suppose that a semigroup S is a right group, Con—

sider a fixed element f of E

v G =8¢ and a function @ : G X

E—S defined by (a,¢ )@ = ae

For any e, b G and e, g = E,

{{a,e)(b,8)}0 = (ab,eg)D = abeg = abg and

(a,e)o(b,8)

]

(ae)(bg) = a(eb)g = abg. Thus

(a,e )P b,g) &

{{a,e)(b,8)}@.

Hence & is @ homormorphism,

And if (a,e)@ = (6,g)D then ae = bg.

Since f 1is an identity

—-12-



of G = Sf a = af = ges = hgt = he =k ee = by = ag and
- b}

¢ = g, This implies that @ is injective. We last determine
that @ is surjective, If @ =S, then there exists e 1in S such
that ae¢ = ¢, Thus ocee = ge implies €2 = e, 1,e, e < E  Hence

caf o Sf =G and (af,e)@ = afe = a¢c = ¢« , and theorem 4—13)

is established,

—-13-
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